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Diffraction effects in thermal radiation have been produced in liquid helium II by means of a thermal 
grating radiating a primary (zero-order) beam accompanied by higher order beams at appropriate Bragg 
angles. These results at once demonstrate unambiguously the true wave nature of this thermal wave 
propagation and its conformity to Huygens’ principle in the most demanding test to which second sound 
has been subjected. The general nature of the angular pattern, including the fine structure, conforms to 
the requirements of diffraction behavior for more customary wave motions, A determination of wave 
velocity (v2) for second sound is obtainable from the observed Bragg angles 


I. INTRODUCTION 


HE thermal wave propagation in liquid helium II 

called second sound is quite generally regarded 
as a true wave phenomenon. Its apparent conformity 
to the wave equation, rather than to the classical heat 
flow equation, has been supported by various experi- 
ments based upon specific wave properties. Peshkov! 
first demonstrated the progressive change of phase 
down a traveling thermal-wave system, and _ later’ 
observed second sound using a standing-wave resonance 
technique. The ability of second sound to proceed 
independently as self-maintained thermal packets was 
established by means of the pulse method,’ which 
permitted recording photographically the arrival of 
such pulses followed by their multiple reflections. 

The remaining property required for establishing 
second sound as satisfying unequivocally all demands 
of the wave equation has been its ability to undergo 
diffraction in conformity to Huygens’ principle. The 
purpose of the present investigation has been to deter- 
mine whether such diffraction is observable and, if so, 
whether the diffraction laws characterizing more 
familiar forms of wave propagation are obeyed. This 
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is at once the most demanding, yet most conclusive, 
test to which second sound can be put. 


Il. METHOD AND EQUIPMENT 
(a) Method 


The general procedure has been to excite second 
sound waves from a “thermal grating” consisting of an 
array of heater elements possessing a spacial periodicity 
and undergoing periodic, in-phase heating. Diffraction 
results would be expected to produce a primary (zero 
order) beam normal to the plane of the elements, 
accompanied by sharply defined secondary beams at 
appropriate angles. The presence and location of such 
beams were investigated by means of a thermally 
sensitive receiver used to probe the surrounding thermal 
field. 


(b) Equipment 
(1) Thermal Grating 


A “thermal grating”? composed of a series of equally- 
spaced, parallel, line sources constituted the heater 
array. ‘This grating, shown in Fig. 1, consisted of (28) 
thin parallel strips (G) of gold evaporated onto a plane 
Lucite surface (.S). When driven in parallel by an alter- 
nating voltage applied across the terminating electrodes 
(£), the resistive elements formed a radiating antenna 
of constant-phase heating elements. 

The spacing interval (6) between adjacent elements 
was approximately 0.75 mm so that for the wavelength 
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hic. 1. Thermal grating. (/2) Electrodes, (G) grating resistance 
elements, (L) length of grating array, (S) Lucite block, (6) grating 
spacing 


employed predominantly during these experiments 
(A~0.3 mm) the relative spacing was 6/A~2.5 Con- 
structive thermal interference therefore be 
expected at angles (@) from the normal given by the 


might 


“Bragg angles” 


0, 1,2 (1) 


Dt 


O=+sin(nd/b), nm 


where the direct beam is represented by n= 0. Since the 
effective over-all antenna length (L) was about L~70 X, 
the corresponding primary angular beam-width (peak 
to first minimum) should be roughly } of one degree. 
The first-order diffraction pattern (n= 1) would then 
appear as a set of sharply defined beams at angles 
O™~+ 24° from the normal. The second-order diffraction 
2) would then be expected for the angles 
Furthermore, if the usual diffractive prin 


pattern (1 
O~+ 55°. 


ciples are operative, a fine structure of minor maxima 
should be observed accompanying each major beam. 


(2) Receiver System 


The over-all arrangement is given in Fig. 2 where the 
transmitter grating (7) is shown pivoted at its mid- 
point about the axis (A). Since the sharp beam require- 
ments of the transmitter 
extended array of sources (L~2.0 cm), the restrictions 
of the Dewar system (D) prevented placing the second- 
sound receiver at a distance large compared to L, 
Instead, we substituted a plane, phase-sensitive receiver 
surface (R) located comparatively close to the trans- 
mitter array which, as will be shown (Sec. III), was 
to examining the radiation pattern at 


system necessitated an 


equivalent 
aay . ” 
infinity. 

Customary techniques’ of detecting temperature 
waves by means of current-carrying carbon surfaces 
were employed. A rectangular receiver surface sup- 


AND J. R. PELLAM 

porting uniform current density (between electrodes 
along opposite walls) measured the instantaneous tem- 
perature fluctuation averaged over its area, and thus 
constituted a phase-sensitive thermal detector. As 
shown in Fig. 2, this receiver R remained in a fixed 
horizontal position, while the orientation of the grating 
was controlled by means of a vertical rod V. The 
relative angle @ was measured between the vertical 
(direction of observation) and the normal to 7’. 


(3) Electronic 

The thermal grating was driven by a 30,4-kilocycle/ 
sec electrical current, thus generating a_highly-col- 
limated second-sound beam at 60.8 kilocycles/sec (the 
usual frequency doubling). Upon arrival at the current- 
carrying receiver surface, temperature wave 
developed a corresponding 60.8-kilocycle/sec electrical 
voltage, as a result of the (semiconductor) variation of 
resistance with temperature. This signal was amplified 
in a narrow-band system, and finally examined (as a 
difference frequency after mixing) with a very narrow 
band (4 cps) analyzer, in order to suppress background 


this 


noise. 
III. CONSIDERATIONS OF DESIGN AND OPERATION 
(a) Equivalence to Receiver at Infinity 


The equivalence between an extended plane receiver 
surface (RX) in proximity to a transmitter T and a point 
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Fic. 2. Diffraction cell. (A) Pivot point of grating, (C) coaxial 
line to grating, (D) Dewar system, (R) receiver surface, (T) 
grating, (V) angle adjustment for grating, (W) rock-wool ab 
sorber. Indices n= (0), (1), and (2) represent zero-, first-, and 
second-order diffraction beams, respectively. 
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Fic. 3. Observed diffraction pattern for temperature waves. Received signal amplitude (arbitrary units) versus angle (6) from 


grating normal. Central beam (n=0) occurs at 60°, 
6=+55.5° in accordance with Eq. (1) 
fraction pattern asymmetry discussed in text 


receiver at infinity may be recognized in various ways. 
Qualitatively, a set of cylindrical wavelets originating 
from a plane array of line sources should present a 
single phase front (for enough sources) at each of the 
specific angles representing constructive interference. 
Since a phase-sensitive receiving surface is involved, 
the electrical signal generated falls to zero with devia- 
tion from these optimum orientations by angle ~(A/ ZL). 

Conversely, the same result may be achieved by 
employing the reciprocity theorem. Since the receiving 
surface (R) was appreciably longer than the thermal 
grating (7'), a uniform-phase signal emanating from R 
would present at 7 the same effective plane-wave front 
as a point signal originating at infinity. Accordingly, if 
one treats 7 temporarily as a receiver, the resultant 
arriving signal (.S) would be (in terms of quantities 


16 
sind /sin( sind }, 
d 


which is the same expression as for the signal at infinity 
due to the thermal grating of V elements as a generator. 


already defined) 


Ua) 


S A 


sin 
A 


(b) Spacial Separation of Beams 


Substitution of an extended receiver surface adjacent 
to the transmitter array is necessary for achieving high 
resolution without going to megacycle frequencies ; that 
is, for a transmitter length (L=2.0 cm) adequate to 
produce a sharp beam, the space constraints of the 
Dewar system effectively preclude detection at “large” 
distances, such that r >Z. On the other hand, examina- 
tion by a small receiver of the thermal wave field 
adjacent to the transmitting array could achieve at 
best a regional mapping of the beam ‘ 
But by providing an extended, plane receiver surface 
exposed to all radiation within a beam (and acting as a 


‘cross sections.”’ 


the first secondary set 
Distortion of central-beam peak probably results from standing waves. Note the dif 


n=1) at 0 24.1°, and the second (m= 2) at 


Huygens surface relative to infinity) the actual angular 
sharpness of the beams could be observed at short range. 

It will be recognized from the geometry of Fig. 2, 
where the beam boundaries are indicated by dashed 
lines, that the direct would fall 
obliquely across the right-hand portion of the receiver 


(zero-order) beam 
surface (R) at the same time that the first secondary 
beam (first-order diffraction) O~24° would 
observable by normal incidence. The practical unim- 
portance of this circumstance follows immediately upon 


at be 


noting that the resulting zones of positive and negative 
temperature fluctuations from such oblique waves 
mutually cancel, resulting in no effective signal. Any 
objection was precluded, however, by designing the 


system for detection of the second-order diffraction 


beam at sufficient angle from the normal (55°) that the 
principal beam misses the receiving surface altogether 
(the separation between the midpoints of 7 and R of 
2.5 cm permits this clearance). This is the situation 
represented in Fig. 2 where the orientation of 7 pre 
cludes the arrival of zero-order thermal radiation upon 


R. 


separated from the direct beam in space as well as in 


Accordingly, the second-order pattern has been 


phase, leaving no ambiguity in the observation that 
thermal waves leave the generator at specific oblique 

“ | 
angles. 


c) Elimination of Interference 


Interference from stray signals multiply reflected 
between Dewar and equipment surfaces was eliminated 
by placing rock-wool (W) at various positions (see Fig 
2), to intercept and absorb any extraneous second 


sound beams. 


IV. RESULTS 


where the 
units) is 


The results are summarized in Fig. 3 


observed second-sound signal (arbitrary 
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plotted as a function of angle 6, for an ambient tem- 
perature of 1.29°K and frequency of 60.8 kilocycles/sec. 
The effective angular dependence of second sound 
radiated from the thermal] antenna is in general over-all 
agreement with expectations based on usual diffraction 
behavior. 

The radiation pattern shows a sharp central (zero- 
order) peak emitted normally to the plane of the array 
(6=0), a pair of secondary (first-order diffraction) 
beams at 6~=+ 24°, and another set of secondary (second 
order diffraction) beams at 6~=+-55°. Finer structure 
in the radiation pattern is represented by the array of 
minor peaks accompanying each major peak. 

The various orders of maxima fall at positions in 
agreement with Eq. (1) and provide, in fact, an inde- 
pendent determination of the velocity (v2) of second 
sound. In this manner a velocity of (19.0) m/sec was 
observed at the temperature (1.29°K) employed for 
the measurements, in reasonable agreement with earlier 
values by other methods, An interesting aspect of this 
application is that the (slight) contraction of the 
thermal grating upon cooling from room temperature 
introduces no error. Since the contraction of the Lucite 
base produces the same proportional change in the 
lever arm (1/2) as in the grating-spacing 6, the value of 
A obtained by using room-temperature dimensions 
requires no correction for grating shrinkage. 

The observed beam-widths show order-of-magnitude 
agreement with the angular spread computed for dif- 
fractive behavior. For example, the angular half-width 
of the main peak for the central beam (n=0) measured 
from the mid-point to the first minimum is about 1.0°, 
compared to a computed value (for a/Ac~70) of 0.8°. 
Somewhat greater comparative sharpness results for the 
higher order beams. Thus the (n=1) peaks also have 
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half-breadths of 1.0° compared to an expected 0.9°; 
and for the (n= 2) peak the observed value has increased 
only to 1.2° compared to an expected 1.5° (resulting 
from the reduced effective grating-length subtended at 
this oblique angle). 

The distortion observable in the main peak of the 
zero-order pattern results from standing waves set up 
between the transmitting and receiving surfaces, and 
is therefore limited to conditions of nearly exact 
parallelism. A condition of general asymmetry in the 
over-all diffraction also persists, which evidently indi- 
cates nonuniformity of beam intensity or nonuniform 
sensitivity of receiver surface, or both. Particularly 
when enhanced by the “unbalancing” effects of wave 
absorption (the coefficient of temperature attenuation 
for second sound is‘ a=0.17 cm™ at this temperature 
and frequency), such variations can be expected to 
produce asymmetry of this nature. Actually the peak 
at 6~-+55° was below the noise level (see Fig. 3) for 
the power used in the remainder of the pattern. The 
peak was measured by increasing the generator power 
and normalizing these data to conform to the previous 
power level. 


V. CONCLUSIONS 


The capability of liquid helium IT to respond to the 
excitation of a thermal diffraction-grating to produce 
highly-collimated second-sound beams of several orders 


of diffraction provides the final evidence of the unam- 
biguous wave nature of this propagation. We regard 
this as the most demanding and conclusive test to 
which thermal waves in liquid helium II have been 
subjected. 


*W. B. Hanson and J. R. Pellam, Phys. Rev. 95, 321 (1954). 
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The properties of a Bose-Einstein gas with repulsive interpar 
ticle interactions are determined at low temperature. It is shown 
that the contribution to the energy arising from particle excitation 
with small momentum transfers computed in conventional per 
turbation theory is divergent, but that this difficulty can be 
avoided by an alternative procedure. An exact method is de 
veloped for dealing with that part of the Hamiltonian which gives 
rise to the perturbation divergence and an exact solution is 
obtained. The treatment of the region of large momentum transfers 
is then carried out by introducing the concept of the scattering 
length of the interaction. The energy is given by the well-known 
result of the optical theorem corrected by a series in powers of 
(pa*)4, where p is the density and a the scattering length. Exami 
nation of the processes contributing to the energy shows that 
95.8% of the correction of order (pa*)* results from a simple 
alteration of the perturbation energy denominators which takes 
into account the interaction energy of excited pairs with the 
unexcited pairs of the medium. The remaining 4.2% arises from 
multiple particle excitation. These methods also predict the 


I. INTRODUCTION 


ECENTLY the theory of many-body systems with 
strong interactions has received considerable 
impetus from work carried out on bosons with hard- 
sphere interactions,’ on the electron gas,’4 and on 
nuclear matter.°~§ In this paper we shall discuss a 
system of bosons at low temperature and develop 
methods appropriate to the study of strong interactions 
both at low and at high density. In this we shall show 
first how the formalism developed by Brueckner and 
Levinson® and applied extensively to the nuclear 
many-body problem gives in first approximation essen- 
tially the result obtained by Yang and Lee? using their 
“binary collision approximation method.” As a more 
important result we shall show how in good approxima- 
tion this method can be applied in the high-density 
region where the Lee-Yang procedure, which is based 
on the introduction of the concept of pseudopotentials 
and uses a low-density expansion, probably cannot be 
used. 
The principal difficulty encountered in any simple 
theory of the ground state wave function and energy 
of a many-body system of bosons is that a perturbation 


1K. Huang and C. N. Yang, Phys. Rev. 105, 1119 (1957). 

2T. D. Lee and C. N. Yang (private communication). Their 
results were first presented in preliminary form at the Inter- 
national Congress on Theoretical Physics in Seattle, Washington, 
(September 17-21, 1956). 

3M. Gell-Mann and K. Brueckner, Phys. Rev. 106, 364 (1957). 

4K. Sawada, Phys. Rev. 106, 372 (1957). 

*K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955); K. A. Brueckner, Phys. Rev. 100, 36 (1955) 

*R. J. Eden and N. C. Francis, Phys. Rev. 98, 1445 (1955); 
R. J. Eden, Proc. Roy. Soc. (London) A235, 408 (1956). 

7H. A. Bethe, Phys. Rev. 103, 1353 (1956). 

* J. Goldstone, Proc. Roy. Soc. (London) (to be published). 


existence of phonon excitation with phonon energies that are 
linear in the phonon momentum for small excitation and approach 
g/2M for large momentum. The detailed consideration of this 
spectrum forms part of the following paper. 

The results are compared with the theory of fermion systems 
with strong interactions, where again the largest correction to the 
first-order “optical” energy arises from alteration of the two 
particle propagator which is required to take into account inter 
actions with the many unexcited particles of the medium, The 
propagator corrections in the fermion and boson systems are 
similar except for a characteristic difference arising from the 
statistics. The theory for bosons is shown to be essentially identical 
with that given by Brueckner and Levinson in their general 
formulation of the theory of many-body systems with strong 
interactions 

Systems with attractive but saturating interactions are also 
considered and some new difficulties are shown to arise which 
cannot be treated by a straightforward application of the methods 
of this paper 


evaluation of the interaction energy leads to a divergent 
result. This difficulty occurs even if the interactions are 
weak and repulsive. The divergence does not occur at 
extremely low densities; it is in fact a consequence of 
the special features of the system at finite density which 
result from the Bose statistics. The divergence of the 
perturbation series is discussed in Sec. Il where it is 
shown that the divergence is intimately associated with 
the large excitation energy required to remove particles 
from the ground state. The occurrence of this “energy 
gap” is the origin of the divergence difficulty which 
results from the attempt to expand the energy in 
powers of the ratio of the finite interaction energy to 
the very small kinetic energy. An alternative procedure 
is developed in Sec. II to deal with the region of low 
excitation where the usual perturbation theory fails. 
It is shown that not only is an exact treatment possible 
of this restricted region but also that the transformation 
leading to the solution predicts a phonon excitation 
spectrum. This spectrum is discussed in more detail in 
the following paper. The existence of the phonon 
spectrum is a consequence in part of the finite energy 
gap for simple particle excitation and hence is inti 
mately associated with the statistics of the particles. 
The method developed in Sec. II for dealing with low 
excitation is extended in Sec. III to include the high 
excitations. This is most simply carried out by intro- 
ducing the concept of the scattering matrix and the 
scattering length of the interaction. It is then shown 
that the ground state energy is given as the result of 
the elementary “optical theorem” corrected by a series 


* The importance of this feature has also been emphasized by 
Huang and Yang (see reference 1) and by R. P. Feynman, Phys 
Rev. 91, 1291 (1953) 
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in powers of (pa*)*, where p is the density and a the 
scattering length.’® This result is then analyzed in Sec. 
III where it is shown that almost all of the corrections 
to the simplest approximation to the energy are the 
result of a simple modification of the perturbation 
energy denominators which includes the interaction 
energy of excited particles with the unexcited particles 
of the medium, The further corrections to the energy 
are the consequence of multiple excitation of pairs of 
particles all carrying the same momentum. These 
processes, although they alter the ground state energy 
by only 4%, are the origin of the phonon spectrum, as 
is shown in Sec. IIT. 

The simplified method of Secs. IT and III is gener- 
alized in Sec. IV where it is shown that the procedure 
of the earlier section is very similar to that followed in 
the study of fermion systems with strong interactions.° 
The particular features of the boson system resulting 
from the statistics and simplicity of the ground state 
lead, however, to a considerably simpler formulation of 
the general problem than is possible in the case of 
fermions. Some difficulties are shown to remain in the 
boson system which are the result of the complicated 
propagation properties of bosons in excited states. 
Arguments are given to show that the approximation 
to the excited state propagator (suggested in Sec. IV) 
can introduce only a small change in the properties of 
the system. 

In Sec. V the results of Sec. [IV are extended to the 
determination of the corrections to the energy of the 
ground state and the phonon spectrum. It is shown that 
the general features are similar to those deduced in the 
simple theory of Secs. IT and IIT although the phonon 
motion must represent much more complicated particle 
motion than in the simplified case. A weak phonon 
phonon interaction is also shown to exist in the more 
exact treatment, 

In Sec 
in the case of potentials which are repulsive at small 


VI some difficulties are discussed which arise 


distances but have longer-ranged regions of attraction. 
It is shown that some of the features of systems with 
such interactions are likely to be markedly different 
from those of systems with only repulsive forces. 


Il. GENERAL FEATURES OF THE THEORY 
We consider the Hamiltonian for the system 
H=Ho+H', 
where the kinetic energy is 
Ho= Xo» ny*npp?/2m, 

and the interaction energy is 

MH’ = 4D catty nens*ns* nem. (3) 
The operators n* and » are the usual creation and anni 


This structure of the energy expansion is the essential feature 
of the result obtained by Lee and Yang (reference 2). 
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hilation operators. The matrix elements 0,;, 4, are taken 
with respect to a basic set of plane wave states, i.e., 


1 
fe ik, tle ik; 1% (ri2)e%* Tiptkl dr idr, 
(? 


1 
basso f dro(re (ki kk) or (4) 
Q 


where & is the normalization volume. The interaction 
v(r) in Eq. (4) is the two-body potential. The Kronecker 
delta function 6;;,%: expresses the conservation of total 
momentum. In the following we shall consider only 
nonsingular two-body potentials so that perturbation 
theory can be used. Those features of the theory which 
we wish to discuss in detail in the next two sections are 
typical of any repulsive interaction and therefore are 
first most easily discussed by using a weak potential. 
To deal with the case of a singular interaction such as 
a hard-sphere repulsion, it is convenient still to work 
directly with the matrix elements of the potential which 
can be defined by considering the potential to be the 
limit of a repulsion of great but finite strength. In this 
we depart from the procedure followed by Huang 
and Yang' who introduced the concept of pseudo- 
potential first used by Fermi. We follow this proce- 
dure since we wish to maintain the parallelism to 
the previous theoretical development®~* and since the 
final result we wish to obtain differs radically from 
that obtained in the pseudopotential approximation. 
We will return to this point in more detail in Secs. 
IV and V. 
' We proceed by first noting the structure of the con- 
ventional perturbation theory for the energy. This 
exhibits certain peculiar features which show that a 
profound modification of the theory is necessary before 
a reasonable result can be obtained. We restrict our- 
selves to a consideration of the energy in the ground 
state, which we denote by go. We shall also first con- 
sider contributions to the energy which comes from 
transitions to low excited states so that we can regard 
the matrix elements of v to be independent of the transi- 
tion. We shall return later to the treatment of the 
contributions from states far from the ground state. 
In this approximation, we make the replacement 

Vij, kt 000, 00 = a. (5) 
The successive orders of the perturbation series for the 
energy then are: 

E1= $a( go,no*no*nonogo) 
(6) 
=taN(N-—1)— SaN?, 
N-+0 


where N is the number of particles. The second-order 
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energy is 


1 


Fo, ni*n;*neni Nm nnn Yo 


0 


0, 10°N0*Ngn-g——Na"n-q"*nonogo J (7) 


q°/m 


a (q?/m) 


For convenience in the following, we here introduce a 
graphical representation of these processes. In Fig. 1(a), 
we give the graphical representation of the process 
giving rise to /». In the next order, we first give the 
graphical representation and then write down the 
matrix elements by inspection. The process represented 
in Fig. 1(b) is the excitation of a pair to the state 
(q, —q), their scattering to the state (q’, —q’), and 
final de-excitation. The matrix element is 


od m\ fm 
EP~=N—)> > , (8) 
24 \¢ q” 

The next diagram, [ Fig. 1(c) |, represents the excitation 
of a pair to the state (q, —q), the interaction of both 
of these particles with the unexcited particles, and final 
deexcitation. The matrix element is 


N*oé m\* 
2 «NG 


the factor of 4 coming from the direct and exchange 
interactions of both particles. We now note a feature 
of these contributions to the energy. Each term is 
formally proportional to .V multiplied by a power of the 
density, since each power of @ gives a factor of &-! and 
each summation over q or q’, when replaced by an 


a 


4 
/ 
\ 


= | 
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Fic. 1. Excitations contributing to the second and third order 
of the perturbation energy. In these diagrams the excited particles 
are indicated by solid lines, the unexcited particles by dashed 
lines. The diagrams are to be read in the sense of time proceeding 
from below to above; they therefore do not have the same meaning 
as a Feynman diagram 
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Fifth Order 
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Fic. 2. Connections to the energy in fourth and fifth order, The 


paths of the unexcited particles are not explicitly indicated, but 
at each vertex indicated by a closed circle, a number of dashed 
lines must be added to make the total number of attached lines 
equal to four. In the diagrams of fifth order, the additional possi 
bilities which arise from diflerent functions of the diagonal inter 
action are indicated by arrows. These all correspond to different 
time sequences of interaction 


integration, gives a factor of 2. The two terms, however, 


are of very different magnitude for small q; the con 
tribution arising from Fig. 1(b) depends on 


} 1 1 dq pr dq 
, f f (10) 
” q” ( on ) 6 y q” 


The 


and hence is nonsingular at small values of q, q’ 
other term, however, varies as 


dq 
Sor 


and hence diverges at the lower limit 


(11) 


‘Thus, unless a 
cutoff is introduced for lony wavelengths, the third 
order energy is infinite, This feature was already implicit 
in the work of Huang and Yang.' Such a result, is, of 
course, physically meaningless and hence represents a 
breakdown in the approximation rather than a physical 
effect. A (although of different 
physical order) occurs in second order in the Coulomb 


similar divergence 


interaction; its exact treatment has recently been given 
by Gell-Mann and the authors.’ 

To proceed, we note that in higher orders, the most 
divergent terms are always associated with the excita- 
tion of one or more pairs to the state (q, —q) and their 
interaction (with exchange) with the unexcited par- 
ticles. If more momentum transfers occur, the multiple 
integral over the momentum transfer will lead to a 
lower degree of divergence. Such contributions will be 
this approximation, the 
diayrams which interest us are shown in Fig. 2 
We now make use of this result to simplify the Hamil 


we evaluate the energy for a fixed mo 


considered separately. In 


tonian. Since 
mentum transfer q and then sum over q to get the 
total energy, we can break up the Hamiltonian into 
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terms referring to a single q. A typical term we call hy. 
The structure of A, is very simple: the kinetic energy 
term is 

(12) 


¢ : 
aie” (ng*ngt+n an q): 


m 


The interaction term is also very simple. The terms - 


arising from interaction between the excited particles 
and the ground-state particles are: 


al "4" a’ nono+ 140 no*no* 


t 2ng*ngnon* ot 2n i) gno"No |. (13) 


In this the first two terms are pair creation and anni- 
hilation; the second two represent forward scattering 
and exchange (giving a factor of 2). We also must take 
into account the variation of the expectation value of 
the interaction energy of the unexcited particles which 
is 


4No(No—1)a. (14) 


This we write in terms of the occupation numbers of the 
excited states by replacing No by 


No=N-¥,(Net+N_-). 


Combining this with the interaction term of Eq. (13), 
we find for the total interaction term (writing 


Ng= 1q*nq, etc.) 


(15) 


h,’ af n*n a’ nonot UP] ao" no" { 2na*ngno*no 


+ 2n_4*n_gno*no— Nng*n,—Nn_q*n}, (16) 


where we have dropped some terms which are of order 
V,/No and 1/No. 

We now further simplify this result by observing 
that in the terms involving the n,’s, we can replace 
no* and no by /N, where N is the total number of par- 
ticles. This introduces an error of only order N,/N in 
the result. Making this simplification, we obtain 


hy = hy +h’ = B(ng*ng+n_4*n_q) 
+aN (ng*n_g*+ngn—q), (17) 
where 


B= (q°?/2m)+aN. (18) 


This result is remarkable in that it shows that the 
excitation energy of a pair, 


AE= (q*/m)+2aN, (19) 
may be very much larger than the kinetic energy alone. 
The consequence is that there is an energy gap (equal 
to aN in this approximation) between the ground state 
and any particle excited state.’ This feature is not only 
decisive in determining the ground state energy but 
also leads, as we shall show, to a quite different class of 
low-lying states which cannot be described simply in 
terms of particle excitation. It must be emphasized that 
the gap in energy is a unique consequence of the Bose 
statistics. 

The simple form of the Hamiltonian of Eq. (17) 
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allows us to obtain an exact solution.* We introduce the 
transformation, assuming A,’?<1, 


"= (1 —A,) AA gu a +h); 


not = (1—A?)-*(A qu_q+ny"), 


(20) 


to new operators y,* and yw, which are easily shown to 
have the same commutation relations as the n’s. In 
terms of these operators, the Hamiltonian becomes 


268A +aN (14 A?) 


h, -_ ) (ug e + gps a) 


1— A’ 
B(1+A*%)+2aNA 
+ = (Hg* My + aK a) 
1—A? 
2BA*+2aNA 


1—A? 


+ (21) 


The nondiagonal terms can be eliminated by choosing 


268A +aN (1+<A*)=0, (22) 


— B+ (B— a’ N*)! 


’ 


(23) 
aN 


the positive square root being taken. Inserting this 
result into /,, we obtain for the transformed Hamiltonian 


a®N2\ 3 
h,f = sft ( )| 
ig 


+ (9? —abN*)*(ug* ug t+m_o*u). (24) 


The energy therefore is given by a constant together 
with a term proportional to the number of “‘particles”’ 
present. The ground state energy is, when one replaces 


8 by g’/2m+aN, 


y 
Eo(q)=— ( ta ) 
2m 
hf 


and the total energy, when one replaces the sum over 
q by an integral, is 


1 Q 7 
Ey=— fal +av ) 
2 (29) 2m 
r a’ N? } a 
x{r-fi — + N?, (26) 
[(q*/2m)+aN P 2 


* Note added in proof.—It has been pointed out to us by Dr. R 
Brout that the following method is very similar to that used by 
Bogolubov in his theory of superfluidity; J. Phys. U.S.S.R. 11, 
23 (1947) 


a’? 4 | ; 
ox » %) 
[ (q?/2m)+aN J 
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including the constant term contributed by the unex- 
cited particles. (The factor of 4 compensates for the 
separation in A, of the sum over q into positive and 
negative q.) 

The excited state energies are 


Ey = Eo +>, Wy\ a 


We shall here tentatively identify the excited states as 
phonon states"; the phonon energy is 


(27) 


e¢ ! 
Wy= ( +2u1 )] ; 
2m\ 2m 


which, for small q is 


(28) 


wy=qlaN/m)', g’“«<4ma\. (29) 


The low excitation energy of these states is in marked 
contrast to the large energy gap for particle excitation. 
The linear dependence of w, on q is also a consequence 
of the energy gap since it follows from q’?/2m<2aN. 
Only for excitation large compared to the energy gap 
does the excitation energy take on the normal form 
wy ~¢q?/2m. We shall not discuss this “phonon” spectrum 
here in more detail; the detailed discussion and exten- 
sion of this result forms part of the content of the 
following paper. 

Now returning to the ground state energy, before 
evaluating Eq. (26) we shall analyze the contributions 
to the energy using a direct evaluation of the nontrans- 
formed Hamiltonian /, of Eq. (17). We shall again use 
a graphical representation of the perturbation terms. 
The interaction 


h,' = aN (9,*n ot NgN—q) (30) 


can only create or annihilate pairs; the unperturbed 
energy 


(31) 


hy” = (q?/2m)+aN 


describes particle propagation in a medium with a 
constant potential term of interaction with the medium. 
The term in Na in the propagator 


1 1 


* =— ? =, (32) 
Eo—h, L(q?/2m)+aN ](ng*ngt+n-q*n-a) 


’ 


if expanded as a perturbation, gives rise to an infinite 
number of interactions via the diagonal interaction 
term 


Na(ng*ngt+n-q*n-q) (33) 


which simply arises from the forward and exchange 
scattering of a particle with the unexcited particles of 
the medium. Thus, along any propagation line in a 
diagram, the potential of interaction acts an infinite 
number of times to give simple propagation. 


1 The validity of this identification is demonstrated in the fol 
lowing ee {K. A. Brueckner and K. Sawada, Phys. Rev. 106, 
1128 (1957) }, 
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Fic. 3. Correction for self-energy. The pair annihilation operator 
acting on excited pairs can annihilate one pair to give a closed and 
separated loop or a self-energy process 


Let us now examine the structure of the perturbation 
arising from the interaction term, Each term in this 
series has the form 


1 1 
eve h,! he). (34) 
h, hy 


To evaluate this matrix element, we consider the effect 
of the operation 


(35) 


where y(n) is the wave function for m excited pairs. 
The creation operators in h,’ give 


1 l ] 
nq’ nq" (Nn) (n+1)¢(n+1) 
h, h, 28 


y(n+1), (36) 


since 


hg p(n+1) = 2(n+1)By(n+1). (37) 


In operating with the annihilation operator, we must 
avoid including the self-energy which results if the pair 
annihilated forms a separable closed loop, as shown in 
Fig. 3. This term occurs only once in operating with 
nan—, Which can close only one loop out of . Conse- 
quently, the matrix element is 


1 1 


ma" ay (n) - 
) ) 
hy hy 


[ng(n—-1) 
) 


¢(n—1)(self-energy correction) | (38) 


1 
gy(n—1). 


Thus, the operator h,'h,’ multiplies the wave 
function by 1/28 and changes the number of pairs by 
+1. The number of contributions to a given order of 
perturbation theory is therefore the number of ways 
of going from a no-pair state to a no-pair state multi- 
plied by Na/28 raised to the order of the diagram. This 
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42. 132 


Fic. 4. Number of contributions to each order of perturbation 
theory with the pair interaction operator. Starting from the 
lower left, each point in the diagram can be reached in an increas 
ing variety of ways as indicated at each vertex. The sequence of 
numbers along the lower axis then gives the number of ways of 
going from a no-pair state (the origin) to a final no-pair state 
without reaching the axis along the way 


counting is easily carried by inspection of the diagram 
of Fig. 4 which gives at each vertex the number of ways 
that vertex can be reached starting at the left. The 
series is, with (Na/2B)*= x, 


Ne? 
[1a 2x24 Sat 14044-4224 1329+ «++ ], (39) 
48 


which is the expansion of Iq, (25). We shall return to 
the contribution of the successive terms in this series 
after evaluating the energy. 


Ill. EVALUATION OF THE ENERGY AT LOW DENSITY 


To evaluate the energy, we must first return to the 
consideration of the high momentum contributions. For 
large momentum transfers, Eq. (26) for the energy 
reduces to 


AF’ (40) 


Ne oy ~t 
jatde 


2 q (q*/m) 


which is the low-momentum approximation to 


N? 
AE" E oot - V00, oq Vg—q of (41) 
2 q (q?/m) 


These are the first two terms in the expansion of the 
diagonal element of the scattering operator at zero 
momentum, which is defined for general momentum 
transfer by the integral equation 


1 
S q 00 


q Vy-¢, 0074 Ei Vg—qa'—a' q’ 


S 
q — ( q? / 


/m) 
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The diagonal element is defined in terms of the scat- 
tering length a, i.e., 


(43) 


S00, 00 — (4a /mQ)a. 


Thus Ak” is the second-order approximation to the 
scattering length, 


AE" = (44/m2)a® N2/2. (44) 


We make use of these results to write the energy in 
terms of the scattering length, and a convergent integral 
over q, L.e., 


N"| 4 
Ak= a + 5° [aG(q)a | 
2 lmao q 
m 
ee Vq q 00 b | 
2 


qY 


+20 Vo09-¢ (45) 
q 


where the Green’s function G(q) is defined in Eq. (25). 
We finally shall assume that the integral over q 
converges rapidly so that we can replace in the second 
term 20, g~¢ by a. 

We now return to the evaluation of the energy. 
Inserting the explicit form for G(q), we find 


4nN? i g q 
a) — fas| ( +aN ) 
2mQ 2 (27) 2m 


a’ N? ; a’ N? | 
we 
[(g?/2m)+an PI (g/m) 


AE 


(46) 


‘To evaluate the integral, we make the change in variable 
q= (2aNm)3S, which gives 


4X) (2amN)} 


(2r)* 4m 


" 1 
xf ss| 14+.5°—[(14+S8*)?—1 ]'— (47) 
2S? 
To bring this to final form, we write 
(48) 


a= 4a" /mQ, 


where by a“ we mean the first approximation to the 
scattering length, and write 
N/Q=p, (49) 
where p is the density. The integral over S gives 
8V2/15. Collecting these results, we find 
2ap 
\ a® 


m 


128 
AL (aot 
15\/r 


128 
('p)§(1+0(0), (50) 
15/4 


where the higher order correction terms in pa* arise 
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from processes we have not yet considered. The coeffi- 
cient of (pa*)! in Eq. (50) agrees with that first obtained 
by Lee and Yang (private communication) and also 
that obtained independently by Watson and Riesenfelt 
[ Phys. Rev. (to be published) }. 

This result gives exactly the first correction to the 
leading term in a. It is interesting to note, however, 
that almost all of the correction arises from an exceed- 
ingly simple class of diagrams. To show this, we notes 
that expansion of the integrand of Eq. (47) over S$ in 
powers of (1+.S%)~! is equivalent to the expansion of 
Eq. (39) in powers of the numbers of operations of the 
pair interaction. The character of this expansion is 
most easily seen if we write the integral in an alter- 
native form which is obtained by using the identity 


145?—[(1+52)*-1]}! 


={14+S7+[(14+5%)*-1]}. (51) 


Consequently the integral of Eq. (47) can be written 


‘ S? 1 
fas 
14.S°+[(1+S872-1]}! 2 


Expansion in powers of 1/.S® yields the divergent per- 
turbation series; expansion in (1+-S*)! is equivalent 
to the series with the simple propagator modification 
in which g?/2m is replaced by (q’/2m)+a\V. We note 
that to a very good approximation, we can make the 
replacement 


Ss of ( S ) 
14.524 ((1+4+532—-1})) 2N14-827’ 


since [(1+.8?)?—1]! can be accurately replaced by 
1+-.S? except for small .S (where the integrand vanishes). 


(53) 


To verify this result, we expand the integral to obtain 
the previously considered series of Eq. (39): 


, S 1 2 
f is| i { 7 
0 2(14+S%)L [2(14+.5%)} [2(14+5%)]} 


5 1| 
be | 
[2(1 +S?) |6 2) 


T 1 5 
| , 
4 32. 1024 


Thus the corrections from higher powers of (1-+-.S*) 
are only about 4°, and it is a very good approximation 
to compute the energy with the simple correction to 
the propagator alone. We discuss this feature further 
in the next section and extend our results to a more 


| (54) 


1 


general approach. 


IV. STRUCTURE OF THE CORRECTION TERMS; 
RELATION TO FERMION MANY-BODY THEORY 


The result of the last section shows that in computing 
the ground state energy, it is sufficient to a very good 
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Fic. 5. The succession of transitions summed in the ¢ matrix 
approximation to correct the propagator for the excited 
pairs to take into account their interaction with the 
medium but to neglect the effects of the simultaneous 
excitation of many particles. (This procedure is not 
precise enough, however, to describe properly the 
phonon excitations which will be treated separately.) 
To generalize this result we now remove the approxi 
mations of the previous sections. As in the theory of the 
fermion systems with strong interactions, we introduce 
operators which take into account the repeated inter 
action of each pair of particles. In this we shall follow 
closely the formal results given by Brueckner and 
Levinson® in their general theory of fermion and boson 
systems in strong interaction, 

If the particle-particle interactions are strong, we 
expect that a pair of particles excited from the ground 
state will interact many times before returning to the 
ground state. In terms of diagrams, this multiple inter 
action is shown in Fig. 5 which shows a pair of particles 
being excited to the state (q, —q), then interacting and 
going to the state (q’, —q’), etc., and finally returning 
to the ground state. In scattering terminology, we 
expect that the pair-wise interaction will be given by 
the elements of the scattering matrix which is defined 
by the integral equation 


(=v-+061. (55) 
We wish to emphasize the fact that this matrix is equal 
(42) 


only in the limit of zero density. In this limit, the 


to the free-particle scattering matrix S of leq 


f-matrix formalism reduces essentially to the pseudo 
potential formalism used by Yang and Huang.' ‘The 
difference at finite density appears through the many 
body effects included in the propagator. In contrast to 
the scattering case, the Green’s function G describes 
propagation in the presence of the unexcited ground 
effects of the 
alteration, particularly because of the 


State party les. It is the propagator 
vap 
against particle excitation, which cannot be treated by 


energy 


perturbation methods at high density and which we 
wish to evaluate in closed form 

The interaction of the excited particles with the 
unexcited particles can as before be represented as an 
infinite number of direct and exchange interactions 
along each propagation line. In contrast to the previous 

2 This integral equation was first used extensively in scattering 
theory by B. A. Lippmann and J. Schwinger, Phys. Rey. 79, 469 
(1950). Equations of similar structure from the basis of the 


multiple scattering theory of K. M. Watson, Phys. Rev. $9, 575 
(1953) and of the many body theory discussed in references 5 # 
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F1G. 6. The diagrams contributing to the interaction between a 
propagating particle and an unexcited particle. This sequence is 
summed by introducing the ¢ matrix at the vertex instead of the 
two-body potential of interaction. 


calculation, however, where only the first-order inter- 
action was taken into account, we now include the 
multiple interactions with the ground state particles. 
This is equivalent to replacing the first-order interaction 
v by the ¢ matrix in taking account of the interaction 
between the excited and unexcited particles. Diagram- 
matically this is shown in Fig. 6. It is to be emphasized, 
however, that along each line of any diagram the initer- 
_ation via the ¢ matrix occurs an infinite number of 
times, while in computing the ¢ matrix itself, the internal 
propagation lines again include the multiple inter- 
actions. Thus a graphical representation is not directly 
possible, at least in terms of the perturbation inter- 
action. 

To determine the Green’s function, following the 
results of Brueckner and Levinson® and of the previous 
sections, we need the excitation energy of a pair taken 
from the ground state, The propagator for the pair with 
momenta q, —q is 


(q, —q/G\q, —q)=[ (0,0) — E(q, —q) }". 
q 


The ground state energy is 
(0,0) = ‘TN (N—1) Jtoo 00 
and the excited state energy is 


E(q, - q)= A(N 2)(N — 3)too, oot N (tog, og Log, go 


+o q.6 et log, qo) + g/m. (58) 
In the interaction term we have included the exchange 
contribution. The energy difference then is, if one sets 


bog, 0g * Log, 0-g, etc., 


£(0,0)— E(q, —q) = — (g/m) 


+ 2N (tog Og + log, qo loo, oo) }. (59) 


In the low-momentum limit where all ¢ elements are 
equal, we see that this reduces to the simple-energy 
denominator we previously obtained, except that a has 
been replaced by too,o0. The corrections to this propa- 
gator are, as before, the contributions of multiple 
excitation of particles through the nondiagonal elements 
of the ¢ matrix. 

It is interesting now to compare this result with the 
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result previously obtained for the fermion case.* There, 
as in this problem, the interaction energy in first ap- 
proximation is expressed in terms of the scattering 
operators computed with the Green’s function appro- 
priate to propagation in the many-body medium. In 
that case the corrections to the energy occurred as a 
series of “linked clusters” which appeared: first in 
third order. These corrections take account of the 
fluctuations in the average potential seen by a given 
pair of particles due to their interaction while excited 
with a third particle of the medium. The transitions of 
particles in that case were with (i, 7, k states in the 
Fermi gas) 
it jit], 
+k—>itk’, 
+h > jth. 


This sequence is the interaction of unexcited particles i 
and j with excitation to the states i’ and 7’ above the 
Fermi surface, the interaction of the excited ith particle 
with the unexcited Ath particle of the Fermi gas followed 
by return to the ith particle to its initial state and 
excitation of the &th particle, and final interaction of 
the excited jth and kth particles with transition back 
to their initial states. These transitions cannot be easily 
included in the definition of the propagation function 
and hence were treated as a perturbation in the fermion 
case. In the boson case such terms are very much 
simpler and can in fact be easily included in the 
propagator of an excited pair. To see this, we set 
i= j=k=0 since all unexcited particles are in the same 
state. The sequence of transitions then is 


0+0— 4+(—4), 
{q+ 
lot+g 
qt+(—q) + 0+0, 


(60) 


qg+0— 


which has already been included in the definition of 
the propagator for the excited pair. This feature also 
persists into the higher order cluster terms and allows 
the most important class of corrections of the fermion 
problem to be very simply incorporated in the boson 
system into the general propagator for the excited pairs. 

The first boson correction of double pair creation and 
annihilation corresponds to a certain class of the fourth 
order linked cluster terms in the fermion case. The 
smallness of the 3-body cluster correction in the fermion 
case arose from the statistics which entered in the high 
zero-point energy and suppressed multiple excitation. 
In the boson case, the terms are small for a different 
reason which is simply the nearly-negligible statistical 
weight of the diagrams associated with multiple exci- 
tation. 

Although these corrections to the ground state 
energy are relatively small, it is still desirable to be 
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able to evaluate them precisely. The phonon energy 
spectrum is also sensitive to the precise contributions of 
the multiple excitations. Both of these problems are 
considered in detail in the next section. 


V. CORRECTIONS TO THE GROUND STATE 
ENERGY AND PHONON ENERGIES 


To determine the corrections to the ground state 
energy computed from the ¢ matrices defined in the 
last section, we next determine the remaining processes 
contributing to the energy which have not yet been 
included. We again use a graphical representation of 
the interactions. The most obvious omission is that 
arising from multiple excitations as shown in Fig. 7. 
These are the same as those considered in Sec. II except 
that now the vertex operators are the nondiagonal 
elements of the ¢ matrix and the propagation lines 
include. infinitely repeated interactions with the unex- 
cited particles of the medium. All of these diagrams are 
generated by the interaction term 


Do alng*n-g*nonoly q, 00 +nyn gno’ No" Loo q @)> (62) 


Fic. 7. Diagrams not summed in the ¢ matrices. These repre 
sent excitation of more than one pair with the same momentum 
transfer. 


which also determines the phonon energies, as will be 
shown in the following. 

Another class of omitted diagrams is shown in Fig. &. 
These represent particle propagation with complicated 
interactions among the excited particles brought about 
by excitation of the medium. These alter the definition 
of the propagation function somewhat but do not lead 
to an appreciable quantitative change in the ¢ matrices. 
Their complete inclusion must be considered at the 
same time the very complicated question of the exact 
structure of the “off-the-shell” propagators is discussed. 
These problems also occur in the fermion system where 
they have been discussed by Brueckner® and by Bethe.’ 
Such terms can have only a small quantitative effect on 
the system properties and will not be considered 
further here. 

Finally, the last type of interaction not included in 
the ¢ matrices is shown in Fig. 9(a). This gives the 
simplest process involving successive multiple excitation 
of pairs. It is important to note that the other diagrams 
of Fig. 9(b) which might seem to contribute in a manner 
similar to the diagrams of Fig. 9(a) have already been 
included in the ¢ matrices which include all successive 
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Fic. 8. Complicated interparticle couplings brought about by 
interaction via the unexcited particles. The unexcited particles 
are shown explicitly. 


interactions at any vertex. The transition of Fig. 9(a) 
are brought about by the interaction. 


da Qe’ bo—g.q’ 4° any q’) 


which, however, can never act on the ground state and 
can only be allowed to act between successive multiple 
excitations. This term leads to phonon-phonon inter 
actions and hence has a very small effect at low phonon 


(63) 


densities. 

One final effect, which has been mentioned above in 
connection with the corrections represented by Fig. 8, 
arises from the approximations which must be made in 
computing the excited state propagators. We assume 
that the propagator for an excited particle does not 
depend on the energy states of other simultaneously 
excited particles. More explicitly, in computing the 
matrices such as which determine the excited state 
propagators, we use the integral equation 


bag’ Og Vq'q'', 0q { :o Vq'q'' mn( 2g | am 


mn 


Ea) oe Oqy (64) 


\ 


(b) 


Fic. 9. Interactions between multiple excitations are labeled (a). 
The diagrams labeled (b) are already included in Fig, 7 since the 
vertex operator already includes all repeated interactions 
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with the propagator not a function of the state of other 
particles which may be simultaneously excited. This 
“decoupling” of the energy denominators is already 
familiar in the fermion case where it forms the essential] 
part of the proof of the noncontribution of the so-called 
“unlinked clusters” to the energy. The interconnections 
of the energy denominators which appears in a con- 
nected diagram, however, are much more complicated 
and it has not yet been possible to prove the rigorous 
independence of the propagation of two excited par 
ticles which form the part of a connected diagram. 

‘The assumption of independence or a similar approxi- 
mation must be made, however, to reduce the forma! 
equation for the reaction matrix to a soluble form. The 
error introduced by this approximation is not at present 
well known, but the quantitative effect on the energy 
seems to be small. Also, as in the case of the contri- 
butions of Fig. 8, the effect of this approximation can 
only slightly alter the quantitative features of the 
phonon spectrum and will almost certainly not affect 
the qualitative features. This question is being further 
investigated at present and will be separately discussed. 

Retaining only the significant terms, we finally obtain 
the result for the effective Hamiltonian acting through 
the ¢ matrices: 


He= Sl L(g?/2m) +N (bog, got tog, go— Loo, 00) | 


* (ny*N, tn “nN q)t V loo q a(Nq"n . yn a) 


t Le dw’ lo-g.q'—a'a" 1-4" NgN-9’, (65) 
where, as we have remarked already, the last term must 
be allowed to act only on the multiply-excited pairs. 
This effective Hamiltonian, it must be remembered, 
does not have the simple interpretation of the initial 
Hamiltonian of eq. (1). It 
transformation carried out on the original Hamiltonian 
which replaced the two-body interaction potentials by 
the (matrices. This transformation is not to be confused 
with that which can be used to introduce the pseudo 
potentials of Fermi. As discussed in references 4-8, the 


is the result instead of a 


{matrix includes the most important many-body effects 
of high order through the nonlinearity of the defining 
equations [ Eqs. (55), (56), (59), and (64) |. Since the 
propagator of the integral equation defining any ¢ 
matrix depends on an infinite set of other ¢ matrices 
through a sum over their diagonal elements, the defining 
equations actually form an exceedingly complicated set 
of coupled nonlinear integral equations. In the nuclear 
problem it has been possible only recently to obtain 
accurate detailed solutions of a similar array of equa 
tions, using fast computing techniques and applying an 
iteration procedure of self-consistency."’ We shall not 
attempt here to describe the mathematical procedures 
which can be used to solve the equations, but shall 
return to these in the case of hard-sphere interactions 
in the following paper 


“SK. A. Brueckner and J. Gammel, Phys. Rey. 105, 1679 (1957). 
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In the language of the many-body fermion theory,*~* 
the Hamiltonian expressed in terms of the matrices is 
a ‘model Hamiltonian” which acts on the states of the 
transformed or “‘model” system (which are in this case 
plane waves). The actual wave function, however, is 
related to the simple model wave function by the 
exceedingly complicated correlation function or “model 
operator.” This takes precise account of the strong 
particle-position correlations which must occur since 
the interactions are strong. Thus the motion of a 
“model” particle under the influence of the / matrices as 
interaction operators represents a very complicated 
rearrangement of the “bare” particles of the original 
problem. 

The effective Hamiltonian of Eq. (65) is of the same 
form as the simplified Hamiltonian of Eq. (17) except 
for the coupling term between the g and the gq’ pairs. 
This term cannot be eliminated by an orthogonal 
transformation and remains, after elimination of the 
principal coupling terms, as a phonon-phonon inter- 
action. We shall not here consider further the effects of 
this interpretation except to note that it must be 
taken into account at appreciable phonon densities 
where it will lead to finite phon mean free paths. 

We can now eliminate the remaining interaction 
term by an orthogonal transformation of the same 
form as used in the simplified problem of Sec. I. The 
result is as given in Eq. (20) except that now the values 
of a and # as defined in Eqs. (5) and (18) are 


a loo, q-@ 


B= (q°, 2m) + N (tog, og +t tog, go— Loo, 00). (66) 
The ground state energy is only slightly shifted, with 
the shift as in the earlier calculation amounting to a 
few percent. The shift is most easily computed by using 
a conventional perturbation theory in lowest order. 
The transitions which give the first correction are, as 
in the earlier simplified calculation, 


0+0 
0+0 


>gt+(—q), 
>qt(—4), 
»O+0, 
>0O+0. 


(67) 
q+ (—q) . 


q+ (- q) 
The simpler sequence of transitions, 


0+0 — q+(—q), 


(68) 
gr (-—¢) — 0-+0, 


is not to be included since it has already been included 
in the definition of the ¢ matrix. The result for the first- 
order energy shift is 


“¢ 4 
2 2N ( log, Og + log qo loo 00) ° (69) 
m 


AE» 


\ : - 
>, toe, e~<" 
7% 
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The phonon energies are now given by 
r{[¢ 
Wy= +-2.\ (log 04g T log qo loo oo) 
2mL 2m 


+ \ *T (tog 0q + log q0 loo oo)” loo q . | ° ( 70) 


If we assume that ¢ depends only on the momentum 
transfer (which is not actually true in general), this 
takes on the simpler form 


yt¢ 


o 
Wq= 


+2N too, ¢o | | 


2mL2m 
This spectrum is discussed in the following paper. 


VI. ATTRACTIVE INTERACTIONS 


In the previous sections we have considered repulsive 
interactions only, at least in the sense that we tacitly 
assumed that the quantity a of Eqs. (5) and (25) or 

V(q) A (log 0q + log qo— too 00) (72) 
of Eq. (59) was positive. If the two-body potential is 
negative everywhere, then @ and V(q) are almost 
certainly negative and the methods we have used fail. 
This is most clearly seen in the transformation of Eq 
(20), which becomes inapplicable if 


[ (4 2m)+aV f~—a.V" (73) 


become negative. This can occur for appropriate values 
of q if a is negative. This feature, however, is not neces 
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sarily surprising since if the interaction is everywhere 
attractive, the system can find states of much lower 
energy by collapsing to a small volume in coordinate 
space and hence to a large volume in momentum space. 
In other words, the noninteracting Bose system in its 
ground state is highly unstable against the perturbing 
effects of an attraction. 

The situation is much less clear if the potential is 
nonmonotonic as, for example, is characteristic of He! 
atoms. In this case, although the strong small-distance 
repulsion in the interaction makes the diagonal elements 
of potential positive (in fact infinite), the scattering 
length of the two-body interaction evaluated for free 
particles is negative. ‘This is due to the effect of the 
longer-ranged attraction which is more effective at low 
relative velocities than is the very strong repulsion, Con 
sequently at very low density the Bose gas with an 
interaction of this type will be unstable and will tend 
to collapse into regions of higher density, at least if the 
temperature is very low. At sufficiently high densities, 
however, the effect of the relatively weak attraction 
will be small compared to that of the strong repulsion 
and the effective at high density 
will be positive 


“scattering length 


At equilibrium density neither of the two extremes 
is possible. The density is far too high for the free 
two-body scattering length to be a meaningful measure 
of the interaction, but also the / matrices are apparently 


The 


des« niption of this state therefore seems to present 


negative since the system has positive binding 


certain difficulties which cannot be clearly circumvented 
by the methods of this paper. This problem will be 


discussed in a separate paper. 
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A method developed by the authors for treating Bose-Einstein particles at low temperature is specialized 
to the case of hard sphere interactions. It is shown that the integral equations determining the energy can 
in this case be replaced by an integral involving the unknown excitation spectrum. The energy is first 
determined as a power series in (pa*)4, where p is the density and a the hard-sphere radius. This solution is 
shown to diverge badly at high density. A result is then obtained which is valid over the full range of density, 
reducing to the exact expressions at low density and to a good approximation at high density. The excitation 
spectrum of the system is shown to have a peculiar nonmonotonic relation between energy and momentum 
very similar to that deduced by Landau from the low-temperature properties of Het. 


I. INTRODUCTION 


N the previous paper (to be referred to as 1) a theory 

of the energy of the ground state and low excited 
states of a boson liquid was developed. The theory as 
given was shown to be suitable for repulsive particle- 
particle interactions. In this paper we shall specialize 
the method to the consideration of hard-sphere inter- 
actions and discuss the energy as a function of density 
from low-density to the region of close packing. We 
shall also discuss some of the properties of the excitation 
spectrum. 


Il. HARD-SPHERE APPROXIMATION; LOW DENSITY 


One of the results of the previous paper is that the 
energy of the Bose system in its ground state is given 
to good accuracy by 


Ko 4 N40, 00, (1) 
where the / matrix is defined by the integral equation, 


ta,'ay',.4,4 Vq)'da's QGy { > @,es'Pe,'a,’, q, Gy" 


G(qi’ qo’ )ta,"’as”. a4 (2) 


with the propagation function given by the equation 


11 gi” qi” 
G(qi qe ) + 
2m 2m 


loo, 00 } + N[toa,”. oa," 


t N[ tow,” 0g," 
+ toa,”’. a,"0 


{ loa,” too, 00 | & (3) 


4,0 


We here restrict ourselves to the solution to this equa 
tion for hard-sphere interactions and shall discuss more 
general interactions in a separate paper. The genera! 
methods to be used to obtain the solutions of the 
integral equations are taken from a theory of the 
nuclear many-body system developed by Brueckner.' 


'K. A. Brueckner (to be published). 


To solve the integral equation for the ¢ matrix, we 
first assume that the motion of the center of mass can 
be separated. This approximation is very accurate as 
long as the typical excited state relative momenta are 
large compared to the total momentum. This is true 
in the ground state and low excited states but becomes 
a somewhat poorer approximation in considering real 
excited states with energies above the “energy gap,” 
i.e., states in the “roton” region of excitation. Writing 
q=4(qi—qz), q’=4(qi'—q,’), etc., and dropping the 
delta function expressing total momentum conserva- 
tion, we bring Eq. (2) to the form 


ly’, q= Yq’, atdLia Vq', Gq" lq’, ” (4) 


where the Green’s function is now 


1 


q’” 
-| +2 (ter, gt the, oho] . (5) 


m 


G(q'’)= 


In this we have dropped the center-of-mass momentum 
with respect to g’’ which is exactly correct in computing 
the propagator in foo, 09 and a reasonable approximation 
in the excited-state / matrices, as remarked above. 

To solve the integral equation for ¢, we transform 
the equation to coordinate space where the infinite 
repulsion can be handled most simply. The matrix 
element of ¢ can then be written as 


to, g= (Gq, leq) = J arae oc ured, (6) 


where the g’s are plane waves for relative momentum 
q and q’. We now proceed in analogy to the scattering 
problem by defining a ‘‘wave function” by the equation 


o(r)po(r) = ferrocene, (7) 


so that the element of the ¢ matrix can be obtained from 


to. @= ferent oa. (8) 
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The function y satisfies the integral equation 


¥,(r) = edt f deGlrro(r We) (9) 


The propagation function in coordinate space is 
obtained by taking the Fourier transform of G(q’’), 


i.€., 
Q 


G(r’) = 
(2 


5 J dalee ect GU, (10) 


us 


The equations for y and ¢ are easily solved for a 
hard-sphere repulsion, which we shall take to have 
radius a. The wave function y vanishes for r<a and 
the potential vanishes for r>a; hence the product w 
is a delta function at |r| =a with a coefficient to be 
determined by the boundary conditions. To evaluate 
thie constant, first we separate the equation for y into 
states of orbital angular momentum /. The equation for 
y then becomes 


Wo (r) = gg (r) tf drGulreyor we), (11) 


We now make the replacement 


v(9’ Wg? (r’) =r, 6(r' —a), (12) 


and obtain 


We (7) = gg!) (0) + 4reGi (rary. (13) 


If the wave function is to vanish at r=a, the value of 
d,‘? must be taken to be 


(14) 


dg’? = — ¢,'" (a)/4a’G)(a,a). 
The wave function then is 


V(r) = ¢q'(r) ; [ ¢,'! (a)Gi(r,a)/G,(a,a) |. (15) 


It is to be noted that this wave function, although it 
vanishes at r=a, does not necessarily vanish for r<a. 
In fact, it will vanish only if G)(r,a) has a form for r<a 
such that 


Gilr,a)/Gi(a,a) = gy" (9)/ gg (a), r<a. (16) 


This ratio holds if G has the normal scattering form, 
but it does not hold in genera]. The error introduced by 
this effect has been considered in the fermion problem 
by Bethe? who found that there the correction is 
extremely small; we shall neglect it here. 

The ¢ matrix is now easily obtained. Returning to 
Eq. (8) and using Eq. (12) for vp, we find for the /th 
contribution to ¢ 


(17) 


by g = gar? (a)4na*h,, 
and, using Eq. (14) for A,‘”, 


bar g6 ? = — Gq (a) q'" (a)/Gi(a,a). (18) 


2H. A. Bethe (to be published). 
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The ¢ matrix then is, including all / contributions, 


¢y' (a) gy" (a) 


la.qg=—Li(2+1) P(q’-q). (19) 


G,(a,a) 


The matrix element of ¢ which determines the ground 
energy is foo, 09 So that we find 
Eo = 4 N too, 0o=- 4N? Gol a,a a ( 20) 


To determine Go(a,a), we need the diagonal matrix 
elements of ¢ in the excited state which are, when we 
use Eq. (19) for ¢, 


Ceu'(a) P 


G,(a,a) 


-2 5 (41 


(even) 


loa, oat loa, a0 (21) 


The Green’s function thus is 


0 sin*ga | q’ 
fas +2‘ es 
(2r)' ga’ le Leven 
Lesa‘ (a) P I 
t | »: GH) 
Go(a,a) 


To solve Eq. (22) for Go(a,a) is most simply done in 
the low-density case by iteration. The first approxima- 
tion for the G’s which appears in the energy denominator 
is the scattering approximation. We also drop the 
higher values of / than /=0 and return to them later. 
Thus, in zeroth approximation, we replace 


Leia‘? (a) # l 


Go(a,a) 


Go(a,a) 


X (21/+-1) 
G,(a,a) 


2>° (2l+1) 
L(even) Gj(a,a) 
by —[Go(a,a)o}', where 

Go(a,a)o= — mQ/ (4a) 


Thus we find for the first approximation to Go 
(2 sin’ga sg’ = S8rap\ '! 
J dq ( + ) , 
(2m)? ga’ \m om 


p =N/Q 


Go(a,a); 


where 

is the density. The result is 
=|: 
4a 


which, expanded to first order in the correction; gives 


exp — 2(%ma'p)? | 
Go(a,a); (27) 


2(8a'p)! 


1 4a 
[1 +- (Sar) 4(a*p)? |, 
(lm 


: (28) 
Go(a,a); 


Therefore the first correction to the ground-state 
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energy is 
\? 1 2ra ; 
Kyo Np—[1+ (8m) *(a%p)#}. (29) 
2 Gola,a); m 


The coefficient of (a*p)* is not quite correct here since, 
as discussed in I, we have not included the effects of 
multiple excitation on the energy. These replace the 
approximate coefficient (8m)'=5.01 by the exact coef- 
ficient 128/154/mr= 4.82. 

To determine the next terms in the expansion in 
powers of (pa*)', we insert the corrected propagator 
Gy(a,a), back into the integral of Eq. (22) to determine 
Go(a,a)y. ‘To the desired approximation, it is also 
necessary to include the q dependence to fog,o,. This 
enters both in the S-wave and D-wave contributions. 
To determine this, we use the expansions for the Bessel 
functions, which gives 


sin (ga/2) /’ 
| 1 (q’a* 12)-4 O(q'a‘), 
(qa fa 
[ ja(qa/2) = (q’a?/60)*. (30) 
To the desired approximation, we can drop the cor- 
rections of order g‘a‘ arising from the D wave, and have 


log Og + log, qv loo 00 


dara ya’ 


{1 + (Sar) *(a*p)! [1 | (8a) "(o%e)!)} (31) 


mQ 


The equation for the second approximation to Go(a,a) 
then is 


Gio(a,a) 


{2 sin’ga(g’ Smap 
fos | } 1+ (82) 4(a%p)! 
(2a)' ga’ im om 


» 
qe 


V 
{1 + (Sm) 4(a*p)! || « 2) 
6 


We bring this to simpler form by changing variables 


from g to ga=x, and defining the constants 


\? = Sara*p[ 1+ (8x)! (a%p)! |(m*/m), 


(33) 


] 1 4ra‘p | 


[1 + (Sma'p)! 
m* m 3 
Ihe integration thus gives 
m*Q 41—e 
( 7 
4ra 2d 
The ground-state energy then is 


dra 2d 
Eo=Nop ( ), 
m* \1—e°> 


Go(a,a) 


BRUECKNER AND K. 


SAWADA 


which to second order in (pa*)? is 


2ra 
Ey = Np—[1+ (8m) *(pa*)4+ (162/3)pa*]. (36) 
m 


This procedure can be carried out to any desired 
accuracy, although the procedure rapidly becomes very 
tedious. 

The coefficients of this expansion are large and show 
signs of increasing rapidly in size; a rough measure of 
the radius of convergence can be obtained by requiring 
that the third term be smaller than the first. This con- 
dition is 


pa’ <3/16r. 


This is more conveniently expressed by introducing 
the ratio of density to the close-packed density. At 
close packing, the particles are a distance apart, which 
gives for the density at close packing p,=1/a*. Thus 
the convergence condition is p/p. < (3/16r)~0.06. This 
procedure therefore fails except at quite low density. 
We proceed in the next section to develop a nonper- 
turbation procedure for solving the equations at high 
density. 


Ill. HIGH DENSITY 


The most general way to solve for Go(a,a) and hence 
for the energy would be to assume a general form for 
the g dependence of the ¢ matrices and determine the 
form by a self-consistency procedure. This is not exces- 
sively difficult to carry out, but fortunately certain 
simplifying features occur in the problem at high 
density which allow a solution to be obtained more 
easily. To see this, let us first consider the problem of 
constructing the Green’s function for the necesssary / 
values. 

The resolution of the Green’s function into states of 
angular momentum can also be carried out by first 
determining the function 


Q 
-r’) fae —F'G(Q), 
(2r)* 


and then determining the G,’s from the relation 


1 
f duP)(u)G(r—r’), 
2 1 


Gir (37) 


Gir, r’)= (38) 


where yw is the cosine of the angle between r and r’. To 
see the structure of the G,’s, we return to our first 
example where 


G(q)= —((q?/m)+ (8xpa/m) |! (39) 


With this simple choice for G(q), G(r—r’) is 


(mQ/4ar) 


Kexp— {(Srpa)|r—r'|} 


G(r—r’)= 
, 


> 
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To determine the G,’s, we use Eq. (38) and make the 
change in variable 

if)’ (41) 
so that 


w= (1/2rr’)(9?+9r? (42) 


We then have, setting r=r’ =a, 


1 2a ds 5 s? 
G)(a,a) = f exp] — (8mpa*)? Pi - . (43) 
24%) a a 2a? 


At high densities, the coefficient (S8mpa*)! in the ex 
ponential becomes large and we can make the approxi 
mation 

(44) 


Pl ts 2a*) |=P,(1) 


Thus we have approximately 


G,(a,a) =Go(a,a). (45) 


We shall use this as a first approximation in computing 
the ground-state energy, and return to the exact 
equation determining G, for more accurate determina- 
tion of the energy. 

This simple approximation now allows us to simplify 
the equation for the Green’s function G(q). We have 


log, Og + log, qv loo, 00 


2 (2141 


tleven 


Ta qa, 2) 
) t 


Go(a,a) Go(d,a) 


singa 
(46) 
Go(a,a) ga 


Therefore the momentum dependence of the ?’s is very 
simple. The equation for Go(a,a) is finally 


s 


(4a 
J dq sin*qa 
(2r)*a* Jy 


q’ 2\_ singa\"! 
x( ). 
m Go(a,a) qa 


Go(a,a) 


OF Oi —— — a 
pa 
Fic. 1. The solution to Eq. (49) giving \? as a function of pa* 
The point indicated by a closed circle has been calculated in the 
improved approximation of Eq. (56) 


IONS 


Fic. 2. The energy as a function of density. The energy is given 


as the ratio to the approximation valid at low density 


Making the change in variable ga 
form 


* 


rv, we bring this to the 
(lm 
{ dx sin’x{ x 
Dra “0 


2\Na’m sina : 
) , (48) 
Go(a,a) t 
7 sin*a 
vf dx, 
o x7+? sina/a 


’ 2Na*m/Go(ad,a). 


Go(a,a) 


4ir* pa’ 


where 


(50) 


This equation is most conveniently solved for pa‘ as a 
function of >’ and thus for Go(a,a). The results are 
given in Fig. 1 as a function of pa’. In giving the energy, 
the 
to give the ratio 


it is convenient to express it in units of first 


approximation to the energy, 1.e., 


2rap 1 2Na*m d* 


ity J A 


m Smrpa* Go(a,a) Sapa’ 


The energy is given in these units in Fig. 2 

To improve on the approximations made in Iq. (46) 
by replacing the G;’s by Go, we have recomputed the 
G, directly from the correct equation 


m ‘ JC (x) x*da 
Gi J 
2nr’a dy x*+?* sina/x 


( 52) 


Taking for A? the value previously obtained at pa’ = 0.27, 


i.e., A*=40, we find that 
G2= 1.250Go, 


(5.5) 


and, in general, for />2 that a good approximation is 


I 
G, ( )o 89G 
2l+1 


0.531Go. (54) 


This gives 
Gi=0.764Go, Ge 


The final result for the excitation energy is that the 
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1G, 3. Particle excitation spectrum computed (a) in the ap 
proximation G;= Go; and (6) with the G;’s recomputed taking (a) 
as the input energy spectrum in Eq. (46) 


first approximation 
+? sinw/ x 


is replaced by 


Go 
+ nf 2| a2) +5 j*(x/2) 
42 
Go 
+9—jq2(x/2)4 of | (56) 


(%, 


This is given in Fig. 3 and compared with the result 
obtained in the approximation of Eq. (45). Obviously 
the result is only slightly changed so that our original 
approximation was a reasonable one. 

These results hold with high precision at low densities 
and also should be a good approximation until very high 
density is reached, at which point the approximations 
made in determining the ¢ matrices cease to be reason- 
ably valid. 

As another measure of the error, we have also made 
a partially phenomenological correction to the energy 
denominator of Eq. (47) to take into account the 
multiple excitations. This effect is discussed in detail in 
I. The correction is to make the replacement 


y N g N _ singa 


singa 
> 


2m Gola,a) ga 2m Go(a,a) ga 


g \singa? ' 
(| . | —N "100, ¢ ‘) | (57) 
2m Go(a,a) qa 


where foo,¢-4 is the matrix element of ¢ for excitations 
from the ground state to the excited pair state (q, —q). 
These matrix elements of ¢ are (since only the /=0 term 


1 (=*) 
Go(a,a)\ ga 


Making this replacement and again introducing the 


contributes) 


(58) 


too, g~q 
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change in variable and constant ? of Eq. (50), we find 
for the equation relating \? and the density 


4’ pa’ 


2 sin*x 

——————_—__—_——__—_——————_dx, (59) 
x?-+-? sina/x+[x*(x?+ 2d? sinx/x) ]! 
This equation now shows a peculiarity which was absent 
in the simpler approximation since, for the result to be 
physically meaningful, x°+-2d* sinx/x must stay posi- 
tive. This is equivalent to the requirement that 
\? $42.1. The relationship between pa’ and \* given by 
this equation is given in Fig. 1 which shows that the 
alteration of the result is small. A solution cannot be 
obtained for arbitrarily high density; however, this 
feature of the result is probably not reliable. 


IV. EXISTENCE AND PROPERTIES OF PHONONS 


In this section we shall consider the low-temperature 
excitation spectrum and show how the properties of 
this spectrum arise. We first give a simplified discussion 
based on an approximation developed in I and then 
will go on to more exact results. In I we first considered 
the region of low momentum transfers by treating the 
simplified Hamiltonian for excitation of pairs of par- 
ticles with momenta q and —q which was 


hy=B(ng*Ng +n “nN a) +aN (ny*n et NgNn-q)- 


The operators n,*, n, were the usual annihilation and 
creation operators for the Bose particles. a was the 
diagonal element of the interaction with respect to 
plane wave states of zero momentum, 


1 
(= 090, 0=~ foe 
2 


B= (q?/2m)+aN. 


(60) 


(61) 


and 


(62) 


This reduced Hamiltonian was replaced in I by a 
generalized form of the same structure in which the 
diagonal elements of the potential were replaced by 
those of a scattering matrix ¢ and the momentum de- 
pendence of the ¢ matrix was taken into account. We 
shall, however, here first consider the simplified form 
since the main features of the phonon properties are 
already evident in this approximation. 

To determine the ground state energy, it was shown 
in I that the interaction term of Eq. (60) involving 
pair creation and annihilation could be eliminated by 
the simple orthogonal transformation from the n’s to 
the p’s: 

Ne= (1—A*)-“*(Ap_*+uq), 


ne*=(1—A*)4( Ap gt”). 


(63) 


The contribution to the ground state energy arising from 
hy was 


Eo(q) = 61 — (1 —a®N?/p?) 4}. (64) 
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This result could also be obtained as a rapidly con- 
vergent series in powers of a®.V* by the direct application 
of perturbation theory, treating the interaction terms in 
ng*n-q* +ngn-, as a perturbation. 

Let us now consider the low excited states of the 
system with the Hamiltonian /,. Although this is most 
simply done by a direct application of the transforma- 
tion of Eq. (63), it is instructive again to apply per- 
turbation methods which clearly illustrate the origin 
of the excitation spectrum. 

We suppose that the unperturbed state has one 
particle in the state q and wish to determine the inter- 
action of this particle with the unexcited particles of 
the medium. The zeroth order energy is 

wy =B= (g’/2m)+aN. (65) 

This is simply the kinetic energy together with the 
energy of the particle which arises from direct and 
exchange interactions with the unexcited particles. The 
first correction to the energy is in second order; it comes 
from the excitation of a pair of momentum q, —q fol- 
lowed by annihilation of the incoming particle. ‘The 
transitions are 


q+ (0+0)—q+ (q+ —4q), 


»(0O+0)+ q, 


(600) 
q+(q+—q) 


and are shown in Fig. (4). The contribution to the 
energy is 


1 a’? 
. : ; (67) 
2 (g°/2m)+aN 


The next order correction is in fourth order; it is 
again given by excitation of pairs of particles which 
successively annihilate with each other and the incoming 
particle, as shown in Fig. 4. The result is 


1 a'N4 
(68) 


8 [ (q?/2m) taN - 


This sequence of terms in the perturbation expansion 
is of course, the expansion of the result given in I for the 
excitation energies in this approximation, which is 


a’ N? y 


Vi 
v= ( ta )f1 _ = 
2m [ (q?/2m)+aN F 


We note that as g*/2m—0, the expansion converges (to 
zero) very slowly, which is equivalent to the result that 
for small g very high order contributions to the energy 
are important. 

We also can see this effect clearly in the properties 
of the transformation from the n’s to the y’s. As given 
in I, the constant A of the transformation is 


aN) aN. 


(69) 


A=[—8+ (#? (70) 


REPULSIVE INTERACTIONS 














Second Order Fourth Order 


Fic. 4. Contributions to phonon excitation energy in second 
and fourth order. The unexcited particles are indicated by dashed 
lines. The interactions of the excited particles while propagating 
through the medium are not shown 


For small g, this reduces simply to 


A 1+q(aNm)}. (71) 


Consider now a state in which the number of phonons is 
one, so that 


(Wo oa" hy) = 1. (72) 
We can determine the average “particle” number 
excited by the excitation of the single phonon state by 
evaluating 7,*n, (the number of “particles’’) in the 
state p,’. 

The particle number operator is, when one uses Eqs. 
(63) and (71) for small gq, 


nat ng = (1/24) (aN'm)¥(ug*— pw) (Mya). (73) 


Thus the average value of n,*n, in the one-phonon state 
of momentum q is 
(74) 


(Yo™ no*nw,”’) = (1/q) (aNm)! 


The fluctuation around the average value is 


{((ng*ng)*) — (ng*ng)*} 4 = 4V3(1/q)(aNm)'. (74a) 

Therefore not only is the mean number of particles 
excited per low-frequency phonon very large, but the 
fluctuations around the mean are also very large. This 
is readily visualized in terms of the diagrams of Fig. 4 
since if the number of pairs excited becomes very large, 
large fluctuations can be expected to occur. 

At high energies, if g’/2m>aN, then A—»0 and the 
transform of Eq. (63) becomes an identity transforma 
tion, as we Therefore the character of the 
excitations changes completely (although continuously) 
in going from small to large excitation. In the language 
of Landau,’ this is the transition from phonon to roton 
excitation, although any “‘vortex’” character of the 
rotons seems to be absent. 


expect 


+1. Landau, J. Phys. (U.S.S.R.) 5, 71 (1941) 
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hic. 5. Excitation spectrum for various values of \* 


The interaction of these excited states with the unex- 
cited particles is also very interesting. If one phonon is 
excited with a low momentum q, then a large number of 
particles are excited from the ground state. They in 
their motion through the unexcited medium see only 
unexcited particles. Only two types of interaction 
between the q particles and the unexcited particles are 
possible, i.e 
(75) 


q+0—q+0, q+0-0+4, 


which are direct and exchange scattering. These effects, 
however, simply give rise to the interaction energy of 
the particles with the medium and hence do not affect 
the motion. Another way of expressing this result is to 
describe the medium of unexcited particles as refractive 
but not absorptive. The scattering of phonons occurs 
only as the result of their interaction with other excita- 
tions so that the phonon mean free paths are large if the 
phonon density:is low 


V. PHONON-ROTON SPECTRUM 
The excitation energies as given by Eq. (70) of I, are 


Wy {{ (q’ 2m) + \ (log Og { log qo loo, 00) P A *loo q oF , 


We use the results of Sec. II for the ¢’s and bring this 


to the form 
wy = (x/2ma*)[ x*+- 2d7(sina/x) |}, (76) 


with «= ga and )? as defined in Eq. (49). We give this 


spectrum, taking A’ as a function of density as deter- 


mined in Sec. I, in Fig. 5. This result has been obtained 
at zero temperature but is still approximately valid as 
long as the population of the ground state is nearly 
equal to the total number of particles. 

To apply these results to He‘, we take as the density 
of liquid helium near absolute zero p=1/L', where 
L=3.6 A. The effective radius of repulsion in helium 
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is close to 2.5 A but may not have exactly this value, 
particularly since the so far neglected attraction has 
some distorting effect on the wave function. The most 
probable effect of the attraction is to increase the 
curvature of the wave function near the region of 
essentially infinite repulsion and so reduce the effective 
repulsive radius somewhat. Therefore we give the 
excitation spectrum for a typical value of a taken to 
be 2.2 A. We also note that if a is measured in angstrom 
units, the energy constant in w, is 


(2ma*)~' = 6.86k/a?(A), (77) 
where & is Boltzmann’s constant. These results are 
shown in Fig. 6 together with the curve deduced by 
Landau from experimental results on specific heat. The 
theoretical curve agrees qualitatively with experiment 
until values of ga are reached such that ga becomes 
equal to approximately 6. This error may be due to 
the approximations made in II in solving the equation 
for the ¢ matrices, particularly in assuming the weak 
dependence of G; on 1. This is probably valid for /=0 
and /=2 but becomes invalid for / too large. Another 
possible source of error lies in the neglect of the attrac- 
tion in the two-body interaction which may have an 
effect. varying with momentum on the excitation 
spectrum. 


VI. DISCUSSION AND SUMMARY 


In this and the previous papers we have developed 
methods appropriate to the determination of the proper- 
ties of a boson gas at low temperature. The investigation 
shows that a remarkable simplifying feature of the low- 
temperature region arises from the large population of 
the lowest state of the system. This portion of the gas, 
which almost certainly is to be identified with the 
superfluid component of liquid helium, is not only 
exceedingly simple in structure but also shows a 
remarkable “rigidity” against particle excitation. As 


We (in deg ) 
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Fic. 6. Excitation spectrum at low temperature for particles of 
Het mass and density, taking a=2.2 A. The phenomenological 
curve of Landau is also shown. 
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discussed in I, this feature appears already in a per- 
turbation evaluation of the energy, as has been em- 
phasized by Huang and Yang.‘ The rigidity against 
particle excitation manifests itself in the peculiar exci- 
tation spectrum which, as evaluated in this paper for a 
hard-sphere gas, has the essential features of the 
phonon-roton spectrum deduced by Landau from 
experiment. The energy of the system cannot be evalu 
ated, except at very low density, by perturbation 
methods based on an expansion in powers of (pa*)!. As 
we have shown, however, reasonably accurate nonper 


“K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957 
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turbation methods can be used for densities such as 
those of He’. 
These methods are being at present extended to a 


study of the A-transition region in Het which will be 
published separately. 
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It is shown that the pseudopotential method can be used for an explicit calculation of the first few terms 
in an expansion in power of (pa*)4 of the eigenvalues and the corresponding eigenfunctions of a system of 
Bose particles with hard-sphere interaction. The low-temperature properties of the system are discussed 


HIS paper is concerned with the low-temperature 

properties of a dilute system of Bose particles 
with hard-sphere interactions, at a low but finite 
density. An explicit mathematical calculation is made 
of the energies and wave functions of the ground state 
and the low-lying excited states. The results confirm 
the usual notion of phonon waves as the only low-lying 
excitation, and the idea of momentum space ordering. 
One concludes from the calculation that such a system 
does show superfluidity and exhibit the two-fluid 
behavior at low temperatures. 

It may be appropriate here to describe the motivation 
underlying the study of a system of hard spheres. One 
would like, of course, to study the general many-body 
problem with any potential of interaction between the 
particles. Such a program can be formalistically carried 
out. It is, however, generally recognized that to draw 
any definite physical conclusions from such a general 
program is very difficult. If one makes approximations 
on the general problem in order to arrive at concrete 
results, one usually encounters the great difficulty of 
defining and justifying the validity of the approximation 
made. We therefore start instead from the concrete 
model of hard-sphere interactions, which is sufficiently 
simple so that one might hope to be able to discuss the 
validity of the method of approach. 

The interaction between real He 


atoms contains 


besides a hard repulsive core, also an attractive inter 
action outside of the core, This attractive interaction 
is responsible for many properties of the He liquid 
For example, the ground state of a system of He atoms 
is known to have a negative energy corresponding to a 
binding energy per He atom of (kX7"), as determined 
from the experimental vapor pressure curve near the 
Such a system 
owes its origin, of course, to the attractive force. The 


absolute zero of temperature bound 
strength of the attractive force also determines the 
density of the He atoms in the ground state. Now at 
this density the total attractive potential that a He 
atom experiences from its neighbors is expected not to 
fluctuate very much. This fact suggests the following 
approximate picture: One replaces the attractive inter 
particle forces by a constant uniform negative external 
potential that acts on the individual particles, the 
repulsive core is retained, and the system is kept by an 
external pressure at a density equal to that of the 
ground state of He. Many qualitative features of the 
behavior of this hypothetical model may then be 
expected to resemble those of real He. Since the uniform 
external potential does not influence the system except 
to give it a negative total energy, one may consider 
simply a system of hard spheres at a given density and 
in the end add the external potential separately. ‘This 
kind of reasoning is essentially contained in the work 
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of London! on the density and the energy of liquid He 
in the ground state. 

In Secs. 1 and 2 the method of the pseudopotential? 
is applied to the problem. It is seen that the energy 
per particle in the ground state and the energy level 
spectrum near the ground state can be very easily 
obtained as power series expansions in the parameter 
(pa*)', where p is the particle density and a the hard- 
sphere diameter. That the expansion parameter should 
be (pa*)' was already pointed out before.‘ The ground 
state energy per particle calculated with the present 
method agrees with that given in reference 4. The 
excited levels immediately above the ground state 
represent “phonon” states. The excitation spectrum 
is the same as that of Bogoliubov’s.® 

In Sec. 3 the same method is used to calculate the 
wave functions for the ground state, and the pair 
distribution function for the ground state. The results 
are compared with the work of Feynman® and of 
Penrose and Onsager.’ It emerges from these results 
that one can define a “correlation length” which 
characterizes the spatial extension of the correlation 
introduced by the hard-sphere interactions. 

Section 4 is devoted to a critical discussion of the 
validity of the method of the pseudopotential in the 
present problem. The order of magnitude of the 
expected corrections to the present calculation is 
analyzed. 

In Sec. 5 the physical properties of a dilute system 
of a gas of hard spheres are discussed briefly on the 
basis of the energy spectrum obtained in Sec. 2. The 
energy spectrum near the ground state is shown to be 
that of a collection of “phonons.” The properties of the 
system, such as the existence of a normal fluid and a 
superfluid component, can therefore be inferred immedi- 
ately from the work of Landau,* Kramers,’ and others.’ 

In Sec. 6 the concept of a “correlation length” 
introduced in Sec. 3 is further emphasized, and related 
to London’s idea” of an order in momentum space. 
The question of the flow of the superfluid is discussed 
by the method of Sec. 1, It is indicated that the super- 
fluid flow is irrotational, as was pointed out by Onsager 
and Feynman," 


'F, London, Superfluids (John Wiley and Sons, Inc., New 


York, 1954), Chap. B 

*K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957) 

*Huang, Yang, and Luttinger, Phys. Rev. 105, 776 (1957) 

‘T. D. Lee and C. N. Yang, Phys. Rev. 105, 1119 (1957). 

®* N,N. Bogoliubov, J. Phys. U.S.S.R. II, 23 (1947). 

*R. P. Feynman, Phys. Rev. 94, 262 (1954). 

70. Penrose and L. Onsager, Phys. Rev. 104, 576 (1956). 

*L. D. Landau, J. Phys. U.S.S.R. 5, 71 (1940). 

*H. A. Kramers, Physica 18, 653 (1952). R. B. Dingle, Advances 
in Physics (Taylor and Francis, Ltd., London, 1952), Vol. 1, 
», 112. 

' FF, London, Superfluids (John Wiley and Sons, Inc., New 
York, 1954), pp. 142-144 and pp. 199-201. 

"1, Onsager, Suppl. Nuovo cimento 6, 249 (1949). R. P. 
Feynman, in Progress in Low Temperature Physics, edited by 
C, J. Gorter (North Holland Publishing Company, Amsterdam, 
1955), Vol. 1, p. 17. 
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1. GROUND STATE ENERGY 


We use mostly the same notation as that of reference 
2 but choose units so that A=1, 2m=1, and recall that 
the Hamiltonian of a system of hard spheres can be 
replaced in certain approximations by the pseudo- 
potential Hamiltonian [see Eqs. (32) and (33) of 
reference 2]: 


N 
H=-> V?+V, 
i~l 
0 
V=8na > 6(r;—4j)—14. 


i<j Or; 


By using the language of quantized fields, the pseudo- 
potential V can be recast in the form [see Eq. (38) of 
reference 2]: 


0 
) = tna f rite" (ewer, — ro) 


Or yo 
X [riab (11) (12) |. (2) 


We shall not enter here into a discussion of the region 
of validity of the use of the pseudopotential, a subject 
that we shall come back to in Sec. 4. In the present 
section and the next section it will be shown that the 
pseudopotential (2) leads directly and simply to an 
expression of the ground state energy per particle of 
the Bose gas and to the energy spectrum near the 
ground state. 

It was already observed and emphasized in reference 
2 that the pseudopotential V, when operating on a 
wave function that is not singular at r;;= 0, is equivalent 
to the operator 


V' = dra f rite" (e)B(r.—1 VEE). (3) 


It was further observed that using the potential (3) 
leads to divergences which arise from the singularities 
of the correct wave function. The use of the correct 
pseudopotential V, however, does not lead to any 
divergencies. For clarity we shall adopt the following 
procedure in the present paper. The potential V’ will 
first be used to compute the ground state energy per 
particle. It will be found that the expression obtained 
is divergent, as expected. It will then be easy to see 
that substituting the correct pseudopotential V, [Eq. 
(2) ], for the potential V’, [Eq. (3) ], in the calculation 
leads very simply to a subtraction procedure which 
yields a correct finite result. 

By expanding y into free-particle waves as was done 
in reference 2, we obtain 


V=24ra YD aa*as*a,ad(kat+ks—k,—k,), (4) 


aBu.r 


where a,* and dq are, respectively, the creation and 
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annihilation operators of the free-particle states with 
momentum k,, and Q=L' is the volume of the cube 
in which the N particles move. The delta symbol 
5(k.+ks—k,—k,) appearing in (4) is a Kronecker 
delta function. It is essential that the boundary condi- 
tion at the edge of the box be taken to be the usual 
periodicity condition [compare reference 17]. The 
diagonal elements of (4) are 


(n| V’|n)=Q-'4ra(2N?—N—Doa na’), (5) 


where nq is the occupation number a,*aq. Equation (5) 
has already been obtained in reference 2. Subtracting 
a constant term 4rap(N—1) from expression (5), one 
obtains 


(n| V'\n)—4map(N —1) 
4ira 


> ma, (6) 


Q) ax 


4ora 


=8rap > na- (> n.)*- 


aX Q) aX 


with p=N/Q. If one takes a system for which the 
density p is fixed and for which NV and 2 both approach 
infinity, Eq. (6) reduces to” 


Srap >. Na. (7) 


art 


(n| V'|\n)—4rapN 


The off-diagonal matrix elements of the potential V’ 
cause transitions in which two particles of momenta k, 
and kg collide and go into the states k, and k,. The 
periodicity boundary condition that we took insures 
that the matrix element is nonvanishing only if mo- 
mentum is conserved: k,+ks=k,+k,. The value of 
such an off-diagonal matrix element is equal to 


(42a/2)[ nang(n,+1)(n,+1) |}. (8) 


The crucial point is now to observe that as the total 
number of particles N approaches infinity, each of the 
Nq’s is finite except mo, which is N—}o a0 Ma. For large 
values of NV, the off-diagonal matrix elements fall into 
three categories in magnitude: 


(1) Those in which two of the four momenta k,, kg’ 
k,, k, are equal to 0. Such matrix elements are propor- 
tional to 8map. 

(2) Those for which only one of the four momenta 
k., ks, k,, k, is equal to 0. Such matrix elements are 
smaller than those of the first category by a factor VN}. 

(3) Those for which none of the four momenta kg, 
ks, k,, k, is 0. Such matrix elements are smaller than 
those of the category (1) by a factor N'. 


2 The neglect of the second and third terms of the right hand 
side of (6) as compared to the first term is consistent with the 
power series expansion of the energy in the parameter (pa*)# 
It is shown later [see (41) ] that 


N- 2 Na) ™ (pa*)?, 
Pal) 


a 


where the expectation value is taken with respect to the perturbed 
ground state of the total system 
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Starting from the free-particle ground state, by first 
considering only matrix elements of category (1), we 
would obtain the dominant term of the energy of the 
system. The matrix elements of categories (2) and (3) 
will later be shown in Sec. 4 to give rise to higher order 
corrections. To calculate the dominant term of energy, 
we thus need only consider those free-particle states S 
which are connected to the free-particle ground stale, 
directly or indirectly, through off-diagonal matrix elements 
of category (1), i.e., matrix elements that represent the 
scattering of two particles of momenta k and —k into 
the ground state or vice versa. Evidently a state in § 
is specified by /, pairs of particles each with momenta 
k,; and —ky, / pairs of particles each with momenta k, 
and —k», etc., and N— 230); particles with momentum 
zero. We denote such a state by 


hh, bs, be (9) 


In terms of the annihilation operators ay, where k#0 
ranges over half of the momentum space, we can write 
down the diagonal matrix elements (7) for the pseudo 
potential V’ between the states of S: 


4rapN + 16mrap 5 ig ay* dy, (10) 


where >~’ represents a summation over half of the k 
space with k#0. The off-diagonal matrix elements of 
V’ are given by those of 


Sap >.’ Bo(k), (11) 


where 

0 1 0 
‘1 0 2 
0 2 0 
0 0 3 


Bo(k) 


in the standard representation in which ay*a, is diag 
onal: 
‘OQ 0 0 0 
0 1 0 0 
ay" ay 10 0 2 0 
0 o ¢ 3 


One has evidently the commutation relations 
O=[ Bo(k),ay |= Bo(k),a.*] if kk’. (14) 


The Hamiltonian //’ > V2+V’ between the states 


of S is then 
H' = 4mapN +2 3 (k?+ ko?) [ au*aut yeBo(k) |, (15) 


where 
(16) 


(17) 


ky? Srap, 
Vu b hey? (k? + hy?) - 


The summation 0’ 
commuting operators. Its lowest eigenvalue is therefore 
the sum of the lowest eigenvalues of the individual 


in (15) is a sum of mutually 
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terms. It will be shown in Appendix I that the eigen- 
values of 

a*a + yBy 
are 
(18) 


Am= —h+ (m+ })(1—4y*)!, 


with m=Q0, 1, 2, One thus obtains the lowest 


eigenvalue of the Hamiltonian (15): 


| DM 4rapN + >’ (k*+ ky?)| 1 + (1 P 4y,")) | 
DLR he? — b( K+ Deg?) ). 


The above expression contains a spurious term which 
makes the sum divergent. This is because we have used 
V’ instead of the correct pseudopotential V. The 
situation is easily remedied by identifying the spurious 


(19 
4rapN 


term and subtracting it. 
The interaction V, 


momentum space, reads 


correct iq. (2), expressed in 


d 
lim4aratt'—-{r > exp[ 4i(k,—k,) -r] 
r «& $ 

or uw 


Kd da*ag*a,ad(kat+ks—k, 


ap 


k,)}. (20) 


It can be seen that the replacement of (4) by (20) does 
not affect in any essential way the general arguments 
that led to the Hamiltonian (15), which is now replaced 
by 


H = AmapN +2 3°’ (k?+ke )ay*ay 


0 
t+ hk? Lim {r > e®*Bo(k)}. (21) 


r & ar ko 


Using this Hamiltonian, the calculation of Ey proceeds 
in the same way as before except that in the final 
expression (19), the simple sum over k is replaced by a 
limiting process, namely 

0 
, Lim—{r7 > e*"( P+-ke? 


ro“) ke 


Ko 4rap\ 


or 
b(k + 2hy?)4]). 


(22) 


The mathematical problem of evaluating this expression 
is similar to the corresponding problems encountered in 
reference 2. It can be shown without difficulty that 


ky! 
. (23) 
2k? 


The sum can easily be evaluated in the limit Q-> : 


OQky?® 
f or l-y* 
tr’ 


, 
b-y(y- 2) 04+ |, as 
) 


Ko 4orap.\ 


— 


| kh? + ko? — k(k?+2k,?)8 


Ko 4rap.\ t 


sy” 
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Ko= snag + co} 
15\/r 


(25) 


a result which was first obtained in reference 4 by the 
“binary collision expansion method.” 

Another way of proving that the correct pseudo- 
potential V of Eq. (1) leads to the convergent expression 
(23) while V’ leads to the divergent one [Eq. (19) ] is 
the following: Treating the pseudopotential V or V’ as 
a perturbation, one can calculate the ground state 
energy Ey as a power series expansion in a. This was 
the procedure followed in reference 2. In the order a’, 
using the potential V’, one obtains a divergent expres- 
sion, Using the correct pseudopotential V, however, 
one obtains zero in the order a®. [See Eq. (53) below. 
Notice that a/L=0 in the limit L-+~ . | Except for the 
order a’, V and V’ give the same results. [ We stay here 
within the approximation of neglecting small off- 
diagonal matrix elements. As will be discussed in Sec. 4, 
this approximation is equivalent to retaining the 
maximum power of N to each order of a.] To obtain 
the energy expression when V is used, one therefore 
need only take the divergent expression (19) for the 
case of V’ and expand it in powers of a and strike out 
the term a*, Now 


Le t k? -k(k? +- 2k,*)! ] r| 


» 4 
0 


2k? 


ko? Sap. 


Striking out the term a*® therefore means subtracting 
from the summand ko*/2k’, leading immediately to (23). 
We shall return to this discussion in Sec. 4. 


2. ENERGY LEVELS NEAR THE GROUND STATE; 
PHONON SPECTRUM 


The method of the last section can also be applied 
to discuss the energy of a state with a nonvanishing 
momentum. We start from an unperturbed state | q) in 
which all particles have momentum zero except one, 
which has momentum q. The set of unperturbed states, 
denoted by S’, connected to |q) by large off diagonal 
matrix elements are all of the form 


13 lq5 hi, be, ek’ (26) 


which means that there is a particle of momentum 4q, 
and in addition, there are J, pairs of particles q, —q; 
pairs k,, —k,; /, pairs k,, —k»; etc., with ky~q. The 
rest of the particles, (V—23°/,;—1) in number, have 
momentum k=0, The total momentum of every state 
in S’ is q. The Hamiltonian H’ for the states S’ is very 
similar to that for the states S given before by Eq. 
(15). It is 


II’ 4rrap.\ t 2 > (R + he’) ax*ay + Vn Bo(k) 
kxq 


+2(g? +h) LN gtyqBi(q) |+8rap+q’, (27) 
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where 


Ny 


has diagonal values equal to J,, and 


0) (12)! 0 
(12)! 0 (2X3)! 


Bi(q) 0 (23)! 0 


The matrix By(k) is given by Eq. (12). The eigenvalue 
of N+yB, is discussed in Appendix I. The lowest 
eigenvalue is 

(30) 


1+[1—4y"}. 


The difference of the lowest eigenvalue of (27) and that 
of (15) is the energy of excitation into a state of 
momentum q. From (30) and (18) it is evidently equal 
to!’ 

E,— Ev (31) 


q(q?+ 2ko?)' = q(q?+16mrap)!. 


Appendix II that the 
for the 
lowest excited state 


wave 
just 
with mo- 


be shown in 


in 


It will 
function coordinate 
discussed, i.e., for the 
mentum q, is to the order of approximation considered 
equal to 


space state we 


N 
l 


7 


where Wy is the wave function of the ground state. This 
means that these excitations are density fluctuations 
(1.€., 
by Bijl* and Feynman.® 

The velocity v of sound waves of infinite wavelength 
is direc tly related to the mac roscopi compressibility, 
which can turn be computed from the energy 
expression Eq. (25) for the In fact, 
remembering that in our units m=}, 


dp ) d 
v= (2 ), and p p’ 


dp lp 
Equations (25) and (32) together give 


sound waves, or phonons), as has been discussed 


in 
ground state. 
one has 


(io/N). 


v= (16map)'[ 1+ 169! (a*p)! |. (33) 


The first term of (33) 
computes from (31) for the sound waves with momen 
tum k=0, as it should. The second term in (33) repre 
sents a correction term that 
of (31). 

In an entirely 
eigenvalues and eigenstates of the Hamiltonian (1), by 


agrees with the velocity that one 


is beyond the accuracy 


similar way, one can solve other 


the identical 
| or the correct 


4 To calculate the 
result is obtained by using either | 
pseudopotential V [Eq. (2) ] 

“4A. Bijl, Physica 7, 869 (1940) 


excitation energy (£q— Fo), 
; [Eq (3) 
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considering the excited states of (15) and (27) and also 
considering the states connected to an unperturbed 
that particle 
nonvanishing momentum. This is discussed in detail in 
Appendix I. 


shown to be 


state contains more than one having 


The eigenvalues for these states can be 


Kot & myk(k?+16mrap)), (34) 


kro 


with the corresponding total momentum 
P=>> mk, 


They represent therefore states with m, phonons of 


m,=0, 1, 2, °°: (35) 


momentum k. 


3. WAVE FUNCTIONS AND THE PAIR 
DISTRIBUTION FUNCTION 


The ground state wave function Wo of the Hamil 
tonian (15) can be written in terms of the free-particle 


Ly,lo,--+) [Eq. (9) ] as 


states 


’ 


J 


Lid 


V5 (1;,l2, yi bide, (36) 


(L,,l2, 
The 
Appendix I) 


-) representing the 
of { (1; bo, ) 18 


probability amphi 
to be 


with 


tudes. value found (see 


1 (L),Lo, ) CII a(k,) }!, (37) 


where 


a(k) (Sap) if k? , Srrap k(k? + 16map)? |, (38) 


and C' is a normalization constant given by 


[]/[1—«*(k,) J}. (39) 


II.’ 


In Eqs. (37) and (39) the product extends over 
half of the k space with 0 
(37), it 


average occupation number (1, 


the 
free-particle 


Upon using Eq is easy to compute 
of the 
ground state 


states with momentum k for the wave 


function Wo. One finds 
a? (k) 
1 a’ (k) 


ra! 
Mg onl) V1 tn) 
$4 / 


the 
means taking the 


(Ny for k¥O0, (40a) 


(40b) 


total number of particles and ( 
state of the 
For an ideal Bose system the ground state of 


where .V is 
average over the ground 
system 
the system is characterized by the fact that all particles 
In the 
owing to the interactions, particles are excited 
state, k state 


are in the free-particle ground state. present 
Case, 


from the 0, into various free-particle 
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with k#0. Let / be the total fractional number of 
particles excited. We find for the ground state of the 
entire system, this fraction is 


8 
fan“ ¥ (ms)=—-(pa)) (41) 


ko 3y/m 


It is important to note that the occupation number of 
the free-particle ground state (m,~0) is proportional to 
N while all the other free-particle states have finite 
occupation numbers as N-—+*”. The significance of 
these free-particle state occupation numbers in the 
discussion of a Bose system with interactions has 
recently been pointed out and emphasized by Penrose 
and Onsager.’ 

Another important quantity is the pair distribution 
function D(r,.), defined by 


Dr») p 2Y* (r,)W* (rob (re)W (4;)). 


The pair distribution function D(r) describes the rela- 
tive probability for finding two particles at a distance 
r apart. The normalization of the function is so chosen 
that D(r)—1 as r>~. By using Eqs. (36)-(39), the 
function D(r) can be readily evaluated. It is 


(14+-G(r) P+[14+F(r) P-1 
4f(G(r)+F(r)], 


l oc? (k) 
J eik dk, 
8r'pY 1—a*(k) 


1 a(k) 
f et dk, 
&ripJ 1—a°(k) 


with f and a(k) given by Eq. (41) and Eq. (38). To 
study the behavior of these two functions F and G, 
it is convenient to introduce a “correlation length”’ ro, 
defined as 


(42) 


D(r) 
(43) 


where 


I(r) 


G(r) 


ry== (Srap)! (45) 


ro is the inverse of kg introduced in Eq. (16). For r>ro, 
the functions F and G approach, respectively, 
1 
I (r)—+ 
wr’ pron” 
l 
G(r)— : 
pry 


while for small distances r&ro, 
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Correspondingly, we see that for r&ro, 
a\* a 

D(r) (1-- +0( +) 
r To 


and for r>ro, 
1 
D(r)—1 +0(. ; ) 
r' 


Thus the correlation length ro characterizes the exten- 
sion of the correlation between particles introduced by 
the hard-sphere interaction. Qualitative discussion of 
the physical implications of this correlation length will 
be given in Sec. 6. 

It is of interest to compare the present result with 
the work of Feynman.* The function S(k) in Feyn- 
man’s paper can be defined in terms of the Fourier 
transform of D(r) as 


(48) 


(49) 


S(k)=1 tp [ Dijewra 


From Eq. (44), one finds 


S(k) = k(k?+-16rap)*[1+O(pa*)! |, (k¥0). (50) 


Substitution into the Feynman-bBij! relation® for 
the phonon energy, 


Ey — Eo= k?/S(k) (51) 


leads to 


Ey — Eo=k(k®+16map), (52) 


in agreement with Eq. (31). This is not surprising since 
we shall see in Appendix II that the wave functions 
of the excited states have the form used by Feynman 
and Bijl from which Eq. (51) was derived.* 


4. CRITICAL DISCUSSION OF THE VALIDITY OF 
THE PSEUDOPOTENTIAL METHOD FOR 
THE PRESENT PROBLEM 


‘The method used in the present paper evokes many 
questions concerning its validity. In particular the 
following points need be analyzed : 


(1) It has been emphasized in reference 2 that the 
pseudopotential (1) is in general accurate only to the 
order a’, and that as applied to the ground state energy 
it is only accurate to the order a*. The approximations 
involved include the neglect of the D-wave scattering 
and the genuine triple collisions as explained in Fig. 2 
of reference 2. In the present paper we have used the 
pseudopotential (1) to calculate quantities which cer- 
tainly involve contributions from infinitely high powers 
of a. How could one then be sure that such use of the 
pseudopotential is justified? Also, in reference 2 the 
energy per particle for the ground state was calculated 
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up to a*. The result was 


Ey 4na(N—1) a 
=- {1-42.37: 
L 


N by 


2 
us 


a’ E 
+ [237+ -an—s)], (53) 


x 1 
f= > ;  (Lym,n) ¥ (0,0,0). 

Lm,n=—@ ([?-+-m?+-n*)? 

If one keeps p=V/Q constant and allows Q=ZL' to 
approach ”, expression (53) diverges as V'. How does 
one reconcile this divergence with the finite result 
obtained in Sec. 1 of the present paper? 

(2) Even assuming the validity of the use of the 
pseudopotential (1), how can one justify the neglect of 
the small off-diagonal matrix elements (8)? 

(3) What is the nature of the series expansion of 
which (25) gives the first two terms? What is the limit 
of validity of the phonon spectrum (31)? 


We start with a discussion of point (1) by examining 
the divergence of formula (53). If the expansion is 
carried out to higher orders of a, one can express the 
energy per particle Eo/N as a power series in a/L. The 
coefficient of (a/L)™, m= 3, is a polynomial in NV: 


1 oy. 
( ) [AN’+BN"'!+.--+Z], 
NUN L 


where A, B, ---Z are numerical constants independent 
of a, L, or NV, and »y is an integer depending on m, 
giving the maximum power of NV that occurs in the 
coefficient of (a/L)™. Of the terms in the polynomial, 
the most divergent one in the limit V+ at constant 
pis 

1 a\”™ 

_( ) AN’. (A, v=functions of m). (54) 

NEN L 

Now in the discussion of Sec. 1 the guiding principle 
was that to each order of a, only the term with the 
maximum power for N be retained. The calculation 
that leads to (25) is therefore a calculation of the sum 
of the terms (54). This calculation shows that for the 
order (a/L)™, the maximum exponent of N is 
(m2 3), 
as one verifies immediately by expanding (23) in powers 
of a. The power series for Eo/V can therefore be written 
in the following way: 


E 1 aN \* aN\* aN\* 
se ela) oa) (2) 
N NL’ L L L 
aN\* 1 aN\‘ 1 aN\* 1 
snl Lon) Lee) 
LI N LIN LIN 


aN\? 1 
+¢e(: ) teoteol 
L/ N 


v=m 


(55) 
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where terms of the form (54) are written in the first 
line. The calculation that (25) consists of 


summing the first line of the foregoing expression, and 


leads to 


the result shows that this series, namely 


ae 9 aN\' aN\* 
[a(~) +4°() + 
VP; L L 
approaches the finite limit 
1 4rx&128/Na\! 128 
( ) 4orap 
VE? i5Yr VL 15 


eh Vas 


(a'p)', 


as Na/L-« 

It is clear that D-wave scattering introduces terms 
that contain higher powers of a for given powers of V. 
Triple collisions give rise to terms also of such nature. 
Therefore, their inclusion does not affect the first line 
of (55), but only subsequent lines. 

It seems reasonable to expect that the sum of the 
terms in the second line of (55), i.e., 


1 1 aN 5 aN ‘ 
(=) +z) + 
NL? N g i 


would also converge to a finite number of the limit 
aN/L-~~«. This can happen only if the series in the 
square bracket approaches (aV/L)* as aV/L->«. In 
that case the second line of (55) reduces to an expression 
of the form 


(constant )p?a‘, 


indicating that the expansion (25) is in powers of (a*p)!. 

One arrives at the same conclusion in discussing 
question (2) mentioned at the beginning of this section 
If one attempts to include the next dominant off 
diagonal matrix elements, the additional perturbation 
energy is of the form 

AE= > (matrix element)*/ (energy difference). 

The matrix elements are of the order \V ‘ap and 
connects the ground state with states in which three 
phonons k,, ky, ks are present, where k)+ky+k,=0. 
One therefore has a sum of the form 


(ap)*N~ 


AE= > a(k +ke+ k;) 
; F-(ky,ko ks) 


Using the energy spectrum for the phonons calculated 
in Sec. 2, one obtains 


AE = (ap)*N 118 dhdksF((ap)),ks ke). 


By a dimensional argument one obtains 


AE= (ap)*N-'L*(ap)? (constant) = (constant) Nap’, 
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indicating again that the expansion (25) is in powers of 
(a*p)?. . 
The surmise that the expansion (25) is in powers of 
(a*p)' is in agreement with a conclusion already drawn‘ 
from the “binary collision expansion method.” 

We now come to the third point raised at the be- 
ginning of this section: the limit of validity of the 
formulas (25) and (31). The above discussions indicate 
that they represent the first terms of expansions in 
(a'p)*. As has been pointed out before,‘ such expansions 
are probably asymptotic expansions which even may 
not converge. For the phonon spectrum (31) the limit 
of validity, 


ka , (56) 


has to be imposed in addition to the condition 
(a*p)'<<1, 


Condition (56) is necessary for the validity of the 
pseudopotential (1). 

We conclude this section by stating that to develop 
a systematic expansion method starting from the 
pseudopotential method of the present paper seems 
difficult, because the inclusion of triple collision terms 
presents grave obstacles. On the other hand, in the 
“binary collision expansion method’”* triple and higher 
order collision terms can be automatically included. 
A approach starting from the “binary 
collision expansion method” appears hopeful. 


systemati 


5. “TWO-FLUID MODEL” AND THE LOW- 
TEMPERATURE PROPERTIES OF THE 
HARD-SPHERE SYSTEM 


In Sec, 2 we obtained the low-lying energy levels 
of a Bose system of hard spheres. The levels can be 
described as those of a collection of phonons with a 
spectrum given by (34). If one examines, by a method 
similar to the one already used, the low-lying energy 
levels of a corresponding Fermi-Dirac system, one finds 
that the energy level density near the ground state is 
infinitely greater than in the Bose case. The scarcity 
of low-lying energy levels in the Bose case has long been 
recognized! as the reason for the superfluid behavior of 
liquid helium. Feynman'® has given arguments to show 
that for a Bose system of interacting particles such 


scarcity is to be expected. The results of Secs. 1 and 2 


of the present paper confirms this conclusion in the 
case of a dilute hard sphere gas by an explicit mathe 
matical treatment. 

Knowing the spectrum of the phonons (i.e., of the 
low-lying states), one can easily obtain the specific heat 
of the system at low temperatures. Furthermore, by 
the reasoning developed by Landau,* Kramers,’ and 
others® one can conclude that the system shows a 


two-fluid'® behavior. According to these authors the 


See, e.g., R. P. Feynman, in Progress in Low Temperature 
Physics, edited by C. J. Gorter (North Holland Publishing Com 
pany, Amsterdam, 1955), Vol. 1, p. 17 

1. ‘Tisza, J. phys. radium 1, 164 (1940 


’ 
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ground state of the system is looked upon as a pure 
“superfluid.” The low-lying excited states are looked 
upon as a mixture of “superfluid” and “normal fluid” 
components, with the collection of phonons constituting 
the “normal fluid” component. The “normal fluid” 
thus can be said to be moving against a “background 
superfluid.” With such an identification of the two 
fluids, one can use all the formulas which the previously 
mentioned authors have established for the two-fluid 
model, and one can compute the density of the normal 
fluid, the velocity of second sound, and the magnitude 
of the fountain effect at very low temperatures. We 
shall not go into these discussions in detail as we have 
nothing new to add to the reasonings already developed 
in the literature quoted. It is to be noticed, however, 
that the present explicit mathematical treatment of a 
definite model allows one to visualize very clearly the 
fact that a phonon does carry a momentum equal to hk, 
where k is its wave number, and that by a superposition 
of phonon waves one does obtain a mass transport of 
the Bose particles. 


6. MOMENTUM SPACE ORDER, CORRELATION 
LENGTH, AND SUPERFLUID FLOW 


The method of Secs. 1 and 2 can be applied easily to 
the case where one starts from an unperturbed state in 
which almost all particles are in a given state of mo- 
mentum ky#0. The lowest perturbed eigenstate there 
describes a background superfluid flow with velocity 2k» 
(notice that the mass per particle is 4). The excited 
states represent various phonon states in such a 
background superfluid. 

Is it possible to start from an unperturbed state in 
which a finite fraction of the particles occupy each of 
two different momentum states? In other words, is it 
possible to have an interpenetration of two superfluid 
velocities? The answer is no, because the method of 
Sec. 1 leads in this case to very large perturbations, 
indicating” that the unperturbed state is very far from 
an eigenstate. 

The condensation of nearly all particles into a single 
free-particle momentum state is what London" called 
momentum space ordering. The foregoing discussion 
and the wave function and eigenvalues found in Secs. 
1, 2, and 3 give explicit demonstrations of this concept 
for the special model of a dilute Bose system of hard 
spheres. 

The influence of the order in momentum space does 
not, however, extend over infinite spatial distances. If 
it did, there would not be the possibility of superfluid 
flow, but only uniform motion of the superfluid as a 
whole. We shall in the following give a qualitative 


'7 For the same reason it is important to take periodic boundary 
conditions, as we remarked in Sec. 1. If one had chosen, e.g., the 
boundary condition ¥=0 on the surface of the box, the unper 
turbed ground state would have an unphysical density variation 
across the box, so that the hard-sphere interaction would not be 
a small perturbation 
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discussion'* of the superfluid flow in the present model 
and of the stability of the flow. The discussion is to be 
regarded as rather than mathematically 
conclusive. 

We first notice that the number of particles within 
one correlation distance ro= kg != (8map)~} is 


suggestive, 


> pr,’ (pa*) 1. 


The number of excited particles among these is com- 
putable from the fraction (41), and is a finite number 
of the order of 1. The correlation distance is therefore 
the within which the 
ordering is strongly effective. 

In order to allow for a variation of the superfluid 
velocity, we divide the system into small boxes each 
of which is of the dimension of the correlation length, 
within which the ordering in momentum space forces 
practically all the particles to have the same momen- 
tum. The correlation between two different boxes is, 
however, not so strong, with the result that the super- 
fluid velocity may vary from one small box to the other. 
This suggests that one makes use of the method of 
Secs. 1, 2, and 3, but takes the individual particle 
wave functions to be 


distance momentum space 


etetik se (57) 


which form a complete set. Here, g is a function of r 
(independent of k) and V¢ varies little within each 
small box. Expanding the second quantized wave 
function into these individual particle waves, 


v(r)=> , ayeirtieer 


one can calculate the matrix elements of the kinetic 
energy and the pseudopotential for the various eigen- 
states of the occupation numbers a,*d,. It is then seen 
that the pseudopotential has the same matrix elements 
1, and that the diagonal matrix elements of 
1 exc ept 


as in Sec. 
the kinetic energy is also the same as in Sec. 
for a uniform increment of the amount 


pf (vo)tar. 


To give a physical meaning to Vg, we notice that in 
each small box Vg may be taken as a constant vector. 
It is then evident that for the ground state in each 
small box the momentum of the superfluid is equal to 
V¢ per particle. In other words, 


(58) 


(59) 


v,=2V9¢. 


The expression (58) then gives simply the kinetic 
energy of the superfluid flow, which according to (59) 
is irrotational. 

Neglecting the off-diagonal matrix elements of the 
kinetic energy, one could solve for the excited states too. 
The excited states are again describable as the states 


18 See similar discussions by Onsager and Feynman, reference 11 
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of phonon waves. The off-diagonal matrix elements of 
the kinetic energy then give rise to a possible transfer 
of momentum and energy from the superfluid back 
ground flow into the phonon waves. 

The above discussion leads to the conclusion that the 
superfluid flow is described by a condensation of almost 
all particles [i.e., other than a fraction ~(pa*)! | into 
the single-particle state (57). This is clearly exactly 
what London" meant by a macroscopic quantum state. 
It is clear that from the single-valuedness of ¢ one 
would obtain a quantization of the vortices, an inter 


esting conclusion that has been discussed in detail by 
Onsager and by Feynman.” 

One of us (K. Huang) would like to thank Dr. J 
Robert Oppenheimer for the hospitality extended him 
during his stay at the Institute for Advanced Study 


APPENDIX I 


In this Appendix, we discuss the eigenvalues and 
eigenfunctions of the matrix 


M,=N+yB.,, (Al) 


where 


and 


0 [1x (s+1)}! 0 
[1X (s+1) }! 0) [ 2(s+-2) |} 


3 
B, 0 [2(s+2) }} 0 


Let y be an eigenstate, with 
M w=ny, 


and 


} 


By substituting y into (A4), we have 


nAnt+y{Ans[n(n+s) }} 
tA nyil (n4+-1)(n+s+1) }'} 


It is convenient to introduce A,’ defined by 


n! 4 
Ae As 
(n+s)! 


The difference equation for the A,’ becomes 


(n—d) An’ +y[ NA wi’ + (n+54+ WA ny |=9, 
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which can be readily solved by defining a generating 
function 


H(2)= > A,'2". 


nod) 


(A8) 
From (A7), we obtain the differential equation for H as 


(A9) 


dit sy 
[z+y2?+y]= alr ye— | 
dz Z 


In order that y be normalizable we must have 


a 

> |A,|?= finite, 

nA) 
which in turn implies that in the complex z plane except 
for z=0, H(z) has no singularity inside the unit circle 
|2| <1. Thus, the eigenvalues of M, are immediately 
determined. They are 


us 4(1+5)+(4+m+ 4s) (1—4y*)), 


‘with m=0, 1, 2, ---. 
The corresponding eigenstates are given by Eqs. 
(A5) and (A6), with 


(A10) 


A, = coefficient of 2" in H,,(z), (n>0). 


The generating function H/,,(z) is 


H (2) = 2-*(2-+-a)™**(1+-az)-"), (All) 


with 
a= (2y)"[1— (1—4y*)!]. (A12) 
In particular, for s=0 and m=0 
d $+4(1—4y*)), 
and the corresponding unnormalized A, are 


A= ( 0, 1,2--+), 


(Al3) 


a)", (n (A14) 


which yields Eq. (37). 

The Hamiltonians (15) and (27) are related to the 
matrices M, with s=0 and s=1. Consider now the 
more general case of starting with any unperturbed 
state which has s, free particles with momentum k. 
(Without loss of generality we can restrict the momen- 
tum k to range over only half of the k space.) Using 
the same arguments as that of Sec. 1, it is easy to see 
that the dominant part of the Hamiltonian 17, Eq. (1), 
connects this state with other states which has in 
addition to these s, particles also /, pairs of particles 
each of momentum k and —k, etc. Thus the Hamil- 
tonian reduces to 


H! =4wapN +23 (k +k) LN etn Be(k)+45u], (A15) 
kro 


where ko’ and yy are given by Eqs. (16) and (17). The 
sum }°’ extends over half of the k space with k#0. 
From the solution (A.10), we obtain immediately the 
complete phonon spectrums which are listed in Eqs. 
(34) and (35). 
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APPENDIX II 


In this Appendix, we discuss the properties of the wave 
functions in the configuration space. From Eqs. (36) 
and (37), the ground state wave function Wo can be 
written in the configuration space as 


N/2 


W=C> Xn; (A16) 
n=O 


where 


(N —2n)!}! 
ate | — -| N*¥ fori) fru), 
(n#0) (A17) 


and C is the normalization constant. The functions x» 
represent the part in which m pairs of particles are 
excited. In (A17), the sum extends over all different 
combinations of selecting » pairs made of 2n different 
particles among a total of N particles. Each term in 
the sum is a product of m functions f(r,;) with the 
distances between these m pairs as arguments. Alto- 
gether there are 
N! 
(N—2n)!n!2" 


terms in the sum. The function /(r) is 


1 
f(r)=-—-— fener, 
8 


1p 


ay = (8rap)[k? + 8rap— k(k? + 162ap)* ]. 
Its behaviors at large and small distances are as follows: 


f(r)>—a/r as r—0, (A19) 


and 


1D, 


f(r) — (2r'a'p'r)“ 


Using the ground state wave function Wo in the con- 
figuration space, it is also possible to obtain directly 
the pair distribution function D(r,.) [Eq. (43)] by 
integrating over the remaining spatial coordinates 
Ee 

Our ground state wave function Wo satisfies the 
boundary condition, 


Wo=0 at r,;=a, (A20) 


only approximately. Its violation of this boundary 


condition, however, has an effect on the energy spectrum 


only in higher orders of (pa*)!. To see this more clearly, 
let us consider the wave function 


Wl =CO**TT (1+ f(r) } 


i<j 


(A21) 


which satisfies the required boundary conditions. We 





BOSE SYSTEM OF 


can obtain Wo from the above wave function by ex- 
panding the above product in powers of f and then 
omitting all terms in which the coordinate of any 
particle, say r;, occurs more than once. For example, 
a term like 

(A22) 


Sf (riz) f(ri3) 


must be omitted. The difference between Wo’ and Wo, 
therefore, consists of terms like (A22), which expresses 
a correlation among more than two particles. Such 
terms belong to a higher order of (a*p)! than we have 
considered. For example, upon Fourier-analyzing (A22), 
we find that it is of the form of a sum over three 
momenta k;, ky, ks, subject to k;+k.+ks=0. Such 
terms arise from a calculation of order a‘, as shown in 


Sec. 4. 
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The wave function for the one-phonon state can be 
obtained directly from (A11). By an argument similar 
to the above one, it can be shown that upon neglecting 
terms of higher orders in (pa*)! the wave function V, 
of one phonon with momentum q in the configuration 
space is 
N 
Ve= dL eft Wo, (A23) 


where WV is the ground state wave function [ Eq. (A16) 
or Eq. (A21)]. Thus it is to be expected that the 
Feynman-Bijl relations [Eq. (52) ] correlating the 
excitation energy of a phonon with the pair distribution 
function is satisfied for a dilute system of hard spheres 
with Bose statistics. 
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The natural modes of oscillation of a cylindrical plasma of finite density at zero pressure in a longitudinal 
magnetic field are examined. When one considers frequencies well below the electron plasma and electron 
cyclotron frequencies, there appear in two limiting cases hydromagnetic waves, and waves whose natural 
frequencies are close to the ion cyclotron frequency. This cyclotron frequency resonance occurs when the 
wavelength of the oscillation in the z direction is short compared to the wavelength for light in vacuo corre 
sponding to the root square sum of the ion plasma frequency and the ion cyclotron frequency. 


I. INTRODUCTION 


HIS paper will report some calculations on the 

natural modes of oscillation of a cylindrical 
plasma, and in particular, will discuss a resonance which 
can appear near the ion cyclotron frequency. Consider 
a cylinder of fully ionized gas infinitely long, with 
finite density p, zero pressure corresponding to zero 
temperature, surrounded by vacuum and immersed in a 
uniform axial magnetic field, B,. We consider small- 
amplitude cylindrically symmetric oscillations, and 
neglect the effects of resistivity, viscosity, gravity, and 
electron inertia. The nature of the oscillations is quite 
simple in two limiting cases. (A) For frequencies well 
below the root square sum of the ion cyclotron and ion 
plasma frequencies, and for wavelengths much longer 
than the wavelength for light in vacuo corresponding to 
the above root square sum frequency, there appear the 
extraordinary and ordinary hydromagnetic waves of 
Alfvén' and Astrém (B) For wavelengths much 
shorter than the wavelength for light im vacuo corre- 
sponding to the above root square sum frequency, the 
extraordinary hydromagnetic wave becomes a wave 
whose natural frequency is in the neighborhood of the 
ion cyclotron frequency. 

For case (B), space charge neutrality is maintained 
through an interesting mechanism. The ion mass 
velocity is perpendicular to the direction of the magnetic 
field, and has a nonzero divergence. There results an ion 
density which varies periodically with distance along 
the magnetic field and with time. The ion space charge 
thus produced is neutralized by electrons flowing along 
the magnetic field. 

In this paper, Sec. I will outline the derivation of the 
dispersion relation. Section ILI gives the approximations 
to the obtained dispersion relation in the two limiting 
cases corresponding to hydromagnetic waves and ion 
cyclotron frequency oscillations. 

A physical picture of the ion cyclotron oscillations is 
presented in Sec. IV, and in Sec. V the initial assump- 
currents, 
resistivity are discussed. 


tions of surface zero pressure, and zero 


1H. Alfvén, Arkiv Mat., Astron. Fysik 29B, No. 2 (1942). 
*£. Astrém, Arkiv Fysik 2, 443 (1951). 


II. DERIVATION OF THE DISPERSION FORMULA 


To obtain the dispersion relation, we follow a normal- 
mode analysis similar to that of Kruskal and Schwarz- 
schild.* Magnetohydrodynamic equations valid in the 
plasma are matched to Maxwell’s vacuum equations at 
a free surface boundary. First-order perturbations from 
an equilibrium situation are considered. The elimination 
of all but one dependent variable yields the dispersion 
relation. We first obtain the appropriate magnetohydro- 
dynamic equations. 

The equation of motion for particles of type j can 
be derived from the Boltzmann equation and is 


Ov; vj 
nm(—, : vv;) = na( E+~xB) 
l Cc 


—V-@;—nmVyt+>d Fi, (1) 


where n;, mj, vj, qj, E, B, ®;, ¥, Fy, c are respectively 
the number of 7 particles per unit volume, mass of a 7 
particle, mean velocity for j particles, 7 particle charge, 
electric field, magnetic field, stress tensor for 7 particles, 
gravitational potential, force per unit volume on j 
particles due to particles of type k, and the velocity of 
light. Gaussian units will be used throughout. Adding 
together the equations of motion for electrons and ions, 
one obtains the equation of motion for the plasma‘: 


p(dv/dt)—jXB=cE—Vp—pVy, (2) 


where p, V, j, 7, p are respectively the plasma density 
(nym,+nm,), plasma mass velocity [ (n.m.v.+nim,v,)/ 
(n~m.+nm,) |, current (n.q.Vit-ngeV.)/c, space charge 
(ng.t+nqe), and total pressure (substituted for the 
stress tensor). Terms quadratic in velocity have been 
dropped and the Fj, terms disappear by Newton’s 
third law. 

Multiplying through in Eq. (1) by q;/m; and 
subtracting the electron equation from the ion equa- 
tion, assuming approximate space charge neutrality 
(n.git+nge~0), and neglecting terms of order m,/m, 


3M. D. Kruskal and M. Schwarzschild, Proc. Roy. Soc. 
(London) A223, 348 (1954). 

‘L. Spitzer, Physics of Fully Ionized Gases (Interscience 
Publishers, Inc., New York, 1956). 
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and the quadratic velocity terms, one obtains a general- 
ized Ohm’s law‘: 
v ae mcoajy 1 : 
E+-xXB-——jxB=—- —-—Vp.+nj. (3) 
c en, ne ot en, 


The gravitational term has canceled out. The quantity 
e is the electron charge. The rate of momentum transfer 
between ions and electrons has been assumed to be 
proportional to the difference between their mean 
velocities. The constant of proportionality is expressed 
in terms of the resistivity, 7. 

In this calculation, we consider perturbations from 
the equilibrium situation of a static, infinitely long 
cylinder of plasma of finite density and zero pressure, 
immersed in a vacuum. In the unperturbed situation, 
the only field present is a uniform axial static magnetic 


Magnetohydrodynamic equations 


OV . 
p—=jXB, 
al 


Vv 1 
E+-xB-——jxB=0, 


c ene 


(7a) 


vV-B= 


V-E=4n0, 


(a) 


(9a) 


where the superscripts p and »v indicate that the quan- 
tities are evaluated at the boundary on the plasma side 
and the vacuum side, respectively. We assume a surface 
charge, o*, and a sheet current, j*, flowing in the 
boundary layer. n is the unit normal at the boundary, 
directed into the plasma. u is the normal velocity of 
the boundary (u=n-v). In the vacuum, we use Max- 
well’s equations [ Eqs. (6a) through (9a) with j=a=0)]. 

At equilibrium there is a uniform plasma density, p, 
a magnetic field in the z direction uniform throughout 
both the plasma and the vacuum, Bo, and all other 
quantities (v,E,j,0,j*,o*) are zero. 

We consider the perturbations from equilibrium 
which are cylindrically symmetric, and assume that the 
quantities vary as f(r)e**t'+'= p(R)e*2+T, We have 
introduced the dimensionless quantities R=w,7/c, 


cyclotron angular frequency, w.:= (q:Bo)/mic = (n.eBo)/ 
(pc). The noninfinite solution of the plasma magneto- 
hydrodynamic equations is a first-order Bessel function 
of the first kind, 2y= constant X J;(vR), while the non- 
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field. We neglect gravity, assume infinite conductivity, 
and consider oscillations at frequencies small compared 
to the electron plasma and electron cyclotron fre- 
quencies. With these assumptions, all the terms on the 
right-hand sides of Eqs. (2) and (3) may be neglected, 
as they are of higher order in the perturbation analysis 
than the terms on the left-hand sides of their respective 
equations. 

We note that the }XB term in Eq. (3) is retained in 
this analysis, although it is generally neglected in 
magnetohydrodynamic problems. It becomes important 
at frequencies of the order of the ion cyclotron frequency. 

We can now write down the forms of the magneto- 
hydrodynamic equations which we will use. By inte- 
grating across a thin boundary layer in which the 
plasma density falls to zero, we can obtain a boundary 
condition from each equation. We have 


Boundary conditions 


(B+ B 
inx( ) 0, 
2 
Be+-B 

) =(), 
2 


u , ; 
(E*—E?), 


( 


(4b) 
(5b) 
(6b) 


u 
n< (E?—E*)=—(B’—B?), (7b) 


C 


n- (B°—B*)=0, (Sb) 


n: (E’—E*) = 410%, (9b) 
infinite solution of the Maxwell vacuum equations is a 
first-order modified Bessel function, y= constant 
K,((x?—2)'R). We use the notation of Watson.® The 
radial wave number v is an abbreviation for the perti 
nent quantity which comes out of the magnetohydro- 
dynamic equations 
{26 — (24 (cy? 4- 2x?) 4-0? ( 2erx? + x4) — x4 


yp? 


(24 — (2? (atx?) +? 
a (4arpc*/ By") +1. 


Equation (10) may be put into an alternative form 
which is frequently useful for calculations. If one defines 
a phase velocity, 8B, such that #?=w*/[ (k?+h*)c*] 

{2?/(x?+-v?) (where h= ww,;/c), and a direction cosine e¢ 
such that &= k?/(x?+-*), Eq. (10) becomes simply 


BY (OL? — a?) +? (14-2) (a—-(F)+é(P—1)=0. (11) 


5G. N. Watson, Theory of Bessel Functions (Cambridge Uni 
versity Press, New York, 1922). 
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By going to the limit of large radii in the cylindrical 
geometry, Eqs. (10) and (11) may be thought of as the 
dispersion relation in a Cartesian coordinate system, 
where k and h are the wave numbers in the appropriate 
Cartesian directions. In this form, Eqs. (10) and (11) 
are a specialized form of more general dispersion 
relations obtained by Astrém? and Dungey.® 

Matching the plasma solution to the vacuum solution 
at the cylinder boundary (R= R>) yields the characteris- 
tic equation for the system : 


vRoJ o(vRo) Kol(e? = 1") 'Ro) 
sto oP A grenremcenienee, 
Ki((e? —)*Ro) 


J (vRo) 


The quantity on the right of (12) is a monotonic 
function and always less than zero for real values of 
the argument, («?—{)'Ro, becoming increasingly nega- 
tive for higher wave numbers, x. The quantity on the 
left is periodic in its argument, vRo, giving solutions to 
the dispersion equation corresponding to each radial 
mode. Without specifying x, 2, or Ro, one can still 
locate the roots of Eq. (12) quite accurately. For the 
nth root (n21) of Eq. (12), vRo lies between r(n—}) 
and w(n+-}). 

Simultaneous solution of Eqs. (10) and (12) would 
give the dispersion formula for the system. In most 
cases, it will be sufficient to work only with Eq. (10), 
and regard v as a variable which can take on any of the 
discrete set of values indicated above. 


Ill. APPROXIMATE DISPERSION FORMULAS 


Adopting the approach suggested in the last para- 
graph of Sec. I, we make certain approximations which 
allow Eq. (10) to be factored, Each factor is a dispersion 
relation. For that dispersion formula where the approxi- 
mation in the zero order indicates a resonance at the 
ion cyclotron frequency, we write down the first-order 
corrections, 


a. Hydromagnetic Waves 


For the case when «a and (P<a, or equivalently, if 
one uses the ion plasma frequency w»:= [(4an.g2)/m, }}, 
when h*c*<w,.?+w,”’, and w*<w,+w,,” corresponding 
to long wavelengths and frequencies not excessively 
high, Eq. (10) factors into 


Re 
1+ (4xp2/Be). 
ke 4 he 


w _ —, (13b) 
1+ (4arpc*/ By) 


(13a) 


ww 


and 


The third factor from Eq. (10) in this approximation 
would apply to frequencies of the order of a times the 
ion cyclotron frequency, but for large a this would 


* J. W. Dungey, Nature 167, 1029 (1951). 


H. STIX 


violate the approximation, in obtaining Eq. (Sa), where 
the electron inertia term was dropped. 

Equations (13a) and (13b) are the dispersion relations 
obtained by Astrém? for what he terms the extra- 
ordinary and ordinary magnetohydrodynamic waves. 
They are the hydromagnetic waves of Alfvén! general- 
ized to the case of propagation in a direction which is 
arbitrary with respect to the magnetic field. 


b. Oscillations Near Ion Cyclotron Frequency 


For the case when x*>a and x*>a’, or more fully, 
when ke? >w,.?+w,?, and kc? >>(w*/w.2) (we?+wp?), 
corresponding to short wavelengths in the z direction, 
the dispersion relation for the extraordinary hydro- 
magnetic wave [ Eq. (13a) ] becomes 


a-1 a-1 
utwet( 1-— ee te), 
¢ +r 


The other two factors from Eq. (10) are not con- 
sidered because for such short wavelengths they corre- 
spond to frequencies so high that previous approxi- 
mations are violated. The dispersion relation (14) 
reveals a natural frequency of oscillation which ap- 
proaches the ion cyclotron frequency as the wavelength 
in the zg direction becomes shorter. 

The magnitude of the correction term is found from 


K? Rem, kc? A 1 
anil -— = 8,110" ( ), (15) 
Z;\nd2 


oes 1 4aniq? Wpe? 


(14) 


where w,,; is the ion plasma frequency, A and Z, are the 
ion atomic number and charge, and X, is the wavelength 
of the perturbation in the z direction. 

The remaining discussion will concern the nature of 
the ion cyclotron frequency oscillations of Eq. (14). 


IV. PHYSICAL PICTURE OF ION CYCLOTRON 
RESONANCE 


An examination of the electric fields, the particle 
motions and the current flow patterns will give us a 
useful physical picture of the behavior of the plasma 
near the resonant frequency. 


a. Electric Field 


From Eqs. (4a), (Sa), (6a), and (7a), one obtains in 
the first-order perturbation treatment, the following 
relation between first-order quantities : 


iE,” 


Ey (2-9) (1— 9) — (a—1) 0° 


(a— 1) 


(16) 


When Eq. (14) is valid, and for frequencies near the ion 
cyclotron frequency (Q=1), (16) reduces to the ap- 
proximate form 


1,” / Eg” = 1+ (h?/k?). (17) 
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In the plasma then, the radial and the azimuthal 
electric field are of the same order of magnitude. 
Furthermore, the electric field rotates around the 
magnetic field in the same sense as would a positive ion. 
[See Eq. (19) below. ] It is interesting to note in passing 
that when the frequency is exactly equal to the ion 
cyclotron frequency (2=1), Eq. (16) shows that the 
electric field rotates around the magnetic field in a sense 
opposite to that of the positive ions. Also in the long 
wavelength case described by (13a), the electric field 
rotation is opposed to the ion rotation. 


b. Ion Motion 


The equation of motion for a positive ion in a mag- 
netic field with no electric field is 
(e/c)uXB, 


m(du/dt) (18) 


and for u= (e,u,+e9uy)e'** one obtains the relation 
(19) 


iu,/ug=1 for w= eB/me. 


Similarly, from Eqs. (4a) and (Sa), one obtains the 
relation between first-order quantities : 


ivy 14+Q(GE,”/ Ey?) 
vy Q+(GE,”/Ey”)' 


(20) 


which reduces to 1v,/v%= 1 at Q= 1. 

Since the plasma mass velocity, v, is determined 
almost exclusively by the ion motion, Eq. (20) shows 
that near resonance the plasma ions move in circular 
paths, rotating around the magnetic field with the 
expected sense. 

Looking now at the plasma current, from Eq. (4a) 


one obtains 
, vxB 
h= “inn ), 
cB 


and when one uses Eq. (20) at Q~ 1 Eq. (21) reduces to 


(22) 


(21) 


ji~ngiv,/c. 
It is therefore the plasma ions which carry the compo 
nent of current perpendicular to the magnetic field (j,). 


c. Perturbed Ion Motion 


The motion of the ions in the plasma is perturbed 
from the situation described by Eq. (18) due to the 
electric fields present. From Eqs. (4a) and (5a), one 
obtains 

iQlv, 
i+—, 


V6 


E,”/Bo 
; -= (23) 


/ 
ve/Ce 


and when one uses (14), (17), and (20), this reduces 


ea 


to 


E,?/ Bo 
v9/¢ 


(24) 


a 


YLINDRICAL PLASMA 1149 
The electric field produces a centrifugal force on the 
plasma ions which is 180° out of phase with that force 
which is due to the magnetic field alone. The effect is 
to slow the rotation frequency of the ions. If one adds 
E,” from Eq. (24) and the corresponding EK»? as a 
perturbation to the equation of motion, (18), the new 
resonant frequency is just that given by Eq. (14). 


d. Electron Motion 


The motion of the electrons perpendicular to the 
magnetic field is a drift with velocity E? B/B*. From 
Eq. (24), the current due to this electron drift is 


+92,€09(a— 1) /x?. (25) 


Jo, electrons only 


The perpendicular component of the electron current is 
in the same direction but small compared to the total 
perpendicular current, most of which is carried by the 
ions [ Eq. (22) ]. 
The motion of the electrons parallel to the magnetic 
field is determined by the relationship 
0 
V-j=- V-E. 
4 dl 


(26) 


The right-hand side is small, so it is approximately 
true, when one combines (22) and (26), that 


OF Ng 


V-v,=0. (27) 


Oz C 


The space charge due to the radial motion of the 
positive ions is neutralized by electrons flowing along 
the lines of force. It is this mechanism of neutralization 
that allows the resonance to occur near the ion cyclo 
tron frequency. 


e. Origin of the Electric Fields 


From the Maxwell equations, we consider that the 
electric field is due to the presence of alternating 
displacement currents (which can be neglected here), 
real currents, and space charge. One can see that as the 
wavelengths of the longitudinal and radial periodicities 
are reduced, the inductances of the current distributions 
are also reduced, and the capacities of the charge 
distribution are increased. Accordingly, the electri 
fields will be smaller, the perturbation of the ion motion 
will be smaller, and the resonant frequency of the 
system will approach the ion cyclotron frequency 


V. APPROXIMATIONS 


a. Surface Current 


To simplify the calculation, a surface current, j*, was 
hypothesized. ‘This current flows only along the mag 
netic field, and from Eqs. (4) through (8), 


ja” = (ke/4aw) E,’, (28) 
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where E,” is evaluated at r=ro. Near resonance, using 
(20) and (24), 


ikj,*=ngw,/c, (29) 


where », is evaluated at r= ro. 

This surface current is just the neutralization current 
required for the positive ion space charge at the 
interface between the plasma and the vacuum. [ Equa- 
tion (27) integrated across this interface yields Eq. 29). ] 
The surface current, j*, is large because the jump in ion 
density is large. In a physical situation where the 
plasma density falls gently to zero approaching the 
interface, one would expect the surface current to be 
ZLTO. 


b. Effect of Finite Pressure 


For simplification, a zero plasma pressure was as- 
sumed. Examination shows that the pressure terms 
become comparable to the ponderomotive terms as the 
square of the velocity of sound in the plasma be- 
comes comparable to (w,;/h)*; or equivalently, when 
89rp/B~a/v’. 


c. Effect of Finite Resistivity 


The resistivity of the plasma was assumed to be zero 
in this work. If the plasma resistivity is finite, ohmic 
electric fields will appear in addition to the inductive 
fields, and the calculations and interpretation become 


more complex. It is useful to know to what extent the 
zero-resistivity approximation is valid. 
We can define a figure of merit, Q, to be the ratio of 


the mechanical kinetic energy to the mean square 


THOMAS H. 


STIX 


ohmic energy loss per radian at the ion cyclotron 
frequency : 


O= hw, ipv?/(4nj’). 


We neglect the surface current power dissipation, 
since it is indeterminate and since it could be made 
small by a density distribution which comes to zero at 
the surface. (Section Va.) 

Using Eqs. (22) and (27), we have approximately 


Bo 1 

Ne ™mt+ (v?/2x*)m1 
where », and n,, are the resistivity in Gaussian units, for 
current flow perpendicular and parallel to the magnetic 


field.’ 
Evaluating this expression very approximately, we 


obtain 
108 BT! 
i a) 
2+ (v?/2k*) n.Z; 


where T is the plasma temperature in degrees Kelvin. 
If Q is large, the damping of the oscillation per cycle 
will be small, and calculations based on zero resistivity 
may be expected to be valid. 
It is a pleasure to acknowledge the many valuable 
comments made on this work by Professor Lyman 
Spitzer, Jr. 


7L. Spitzer, Astrophys. J. 116, 299 (1952) finds n/n = 1.96. 
Values of n are given in reference 4. 
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The Brillouin-Wigner series for the energy is converted into a continued fraction. Refinements on the 
Brillouin- Wigner formulas developed in recent publications are identified with alternate (2) approximants 
to the continued fraction. A second sequence of approximants [ /\"*"/*)] occurs between successive terms of 
the EZ sequence. These are useful in calculations as shown by an illustrative example, but do not possess 
the extremum property which is a valued characteristic of the first sequence. A general proof is given that 
the approximants /’ are invariant under the uw transformation defined and verified for n=1, 2, and © in 


an earlier publication 


INTRODUCTION 

ECENTLY Goldhammer and Feenberg' have 

described a refinement of the Brillouin-Wigner 
perturbation scheme?‘ that improves the accuracy 
and rapidity of convergence of the resulting series for 
the energy. It is the purpose of the present note to 
show that the modified formulas for the energy are 
approximants to a continued-fraction expansion equiva- 
lent to the original Brillouin-Wigner series. The ap- 
proximants obtained from this continued fraction 
furnish the set of approximations given by reference 1 
in a simpler form, and also give intermediate approxi- 
mations between every two terms of this set. 

A second result is a general proof that the modified 
formulas for the energy are invariant under the yu 
transformation defined and discussed in an earlier 
publication.® 

The perturbation expansion for bound states gener- 
ated by the operator H+ V can be developed in terms 
of the complete set of functions y,, generated by the 
eigenvalue equation 

Hn= Enbm, (1) 
and the corresponding set of matrix elements V4» 
= (a|V |b). The approximate trial function 


V ao 


t—KE, 


‘ Vba V ao 
+62! vr + 
ab ~§©6(E—E,)(E—E,) 


Vu +++ Voao 
| 2) 
(E—E,)(E—E,)---(E—E,)) 


* Work done at The Rice Institute was supported in part by 
the U. S. Atomic Energy Commission. Work done at Weeliagton 
University was supported in part by the U. S. Atomic Energy 
Commision, the Office of Naval Research, and the Office of 
Scientific Research. 

1 P, Goldhammer and E. Feenberg, Phys. Rev. 101, 1233 (1956). 

2E. P. Wigner, Math. u. naturw. Anz. ungar. Akad. Wiss. 53, 
475 (1935). 

3L. Brillouin, J. Phys. 4, 1 (1933). 

*P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Chap. 9. 

5 FE. Feenberg, Phys. Rev. 103, 1116 (1956). 


1 
™ yt Uva 


+Gn ky v1 


serves for both the original Brillouin-Wigner develop- 
ment and the modified procedures. The variational in- 
tegral for the energy, E= (¥( |H+V|y™)/(W™ y™) 


now yields, with Gj=-+--=G,=1, 


E Eo V oot éxteéest::: t €2n41y (3) 


in which 
V oaV oo 
% ad 


(4) 


a,b 


etc. ‘These are the basic formulas of the Brillouin- 

Wigner perturbation scheme. £ in the energy denomi- 

nator is identified with the approximate value of the 

energy given by the variational integral. The prime on 

the summation symbols signifies that the value 0 is 

excluded; the indices range through the values 1, 2, 
‘m, +++ independently. 


DERIVATION OF THE CONTINUED FRACTION 
APPROXIMANTS 


A considerable improvement becomes possible if the 
G; are retained as independent parameters,’ The ex 
pression for the energy becomes 
E Fo Voot (2G,—G;") e244 (G+ 2G, 

+ (2G3- G4 2G ,G.— 2G G5) €4 
+ (G2 + 2G 4+ 2G\G3— 2G \G4— 2GLis) 6+ 
-} (2G,Gn 1 Gn?) €an + Gn*€on4 .. (5) 

The substitution G;= 1+ K, into Eq. (5) transforms 

it into 


2G G2) €s 


2n+1 n 


E= Kot Voot 3 €+2 > K y€;, n+l 
v2 


+S(Ky,K2,°°:Kn), (6) 


in which S is a homogeneous quadratic function of the 
K’s. The condition that # take on an extreme value is 


now 


26i+-n+1 —0S/0K;, 1: FF 2, oon, (7) 
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This is a system of linear inhomogeneous equations for 
the K’s, with the explicit solution 


K,=(> Ay) (A > Ax) 1 t=1, 2, --- 
1 I 


Ke=K_;=0, Kes 


Here A is the determinant 
€2 €3 


ote 


AM” €3 €4 €n42 


, AW €2, A®=1, (9) 


€n4y1 En+2 €2n | 


and A, is obtained from A by the substitution of €,,., 
€n43, °**€any1 for the kth column of A. (We have 
modified the notation of reference 1 by introducing 
explicitly a superscript giving the order of the 

determinants.) 
The denominator of the K, can be written conveni- 
ently as a single determinant; that is, 
€2 €3 Ent2 | 


(10) 


€n41 €n4+2 €2n41 


1 a | 


A™ i 2s Ams Dw 
vl 


We observe that 


2> K i€ipnys 


vl 


by Euler’s theorem on homogeneous functions, Insert- 
ing (11) into (5), we get 


K=Eot+Voot gc‘, 


Qn l 


EM = > etd K signs. 


--2 vel 


(12) 


By collecting over a common denominator, E™ can be 
expressed in the form 


E™=N™/D™; (13) 
D™ is the quantity defined in (10), and the numerator 


may be written as the determinant 


€3 
| 


€n4l €2n+1 


N® (14) 


9 ’ (eo4 €3) 


In order to proceed further, it is convenient to intro- 
duce a few definitions. In place of the numerator and 
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denominator used above, let 
Am2n=N™/A™, 
Ba, =D™/A™ ; 
the nth approximant to the energy is then 
E™ = Aon/ Ban. 
Next one introduces the terms 
A ony N rt?) /A (mt) 


Bans _ D(rrt2) 1A (tt!) | 
where 


V (nt1/2) 
| En42 
| €2 (€2+ €3) 


€n+3 


€3 


Dim+t!2) z=] ¢ 


A (ttl?) AG?)=1, (18) 


€4 





En42 €2n+1\ 
‘This permits an additional series of formal approxima- 
tions to the energy 


E+?) = A on41/ Bony. (19) 


whose meaning will be clear presently. Finally, one 
introduces 


A 1) A (nt/2) 
AMACK 1/2) ‘ 


AlmtD Am 1/2) 
don4) = » a= €2. (20) 
ACMA (etl!2) 
These definitions may be utilized now to investigate 
the recursion relations obeyed by the A’s and B’s. 
Consider first the A coefficients. 


N(& 1/2) A” 1) A (mt /2) N“& 1) 


Aon 1tdanA on—2 = 


A” 1/2) AMMA” 1/2) A‘ 1) 


[a” 1/2) A (nm) ] 1 AMmN (sn 1/2) _ A (mt1/2) y(n a 2 (21) 
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By Eq. (A4) of the Appendix (identifying a;= }> p22"), 
the bracketed term is just A‘ ”N“, Thus there 
results the recursion relation 


Atn= A Qn it danA 2n—2- (22) 


In a precisely similar way, using (A4) and setting a;=1, 
one finds exactly the same recursion relation for the 
B’s. For the intermediate case, 


V (n) Alt DA 1/2) N (n 1/2) 
A ant danyiA ani “ 


Ai Alm A (nt/2) A” 1/2) 


[Aim A (r1/2)} Af A (wtll2) VY (mn) — Almtl) Vy (n piel 2 (23) 


By Eq. (A9) of the Appendix (identifying a;=}02*"«,)), 
the bracketed term is just A‘ Nt’, so that the 
desired relation is found to be 


A on41° Aon + dony1A on l- (24) 


The relation for the B’s is once again exactly the same. 
Relations (22) and (24) with (20) suffice to prove® 
that the quantities Aon/Bey=E™ and Aonyi/ Bangi 
= E+ are successive approximants to the continued 
fraction 
ay 


| aie 
1 +-do 


1+, 


t= ty 


where the a; are given by Eq. (20). 

The refinement proposed by Goldhammer and Feenberg' 
is therefore to be interpreted as yielding allernate approxt- 
mants to a continued fraction expansion for the energy. 
The continued fraction is itself equivalent to the 
Brillouin-Wigner series for the energy.® 

This identification is of great interest in connection 
with the problem of convergence. Not only does the 
continued fraction generally converge more rapidly, 
but in many cases the continued fraction expansion 
will converge where the formally equivalent linear 
series may not. (Asymptotic series often behave this 
way, as for example, in the case for the gamma function.’) 

The substitution V->AV requires replacement of V 00 
by AVoo and «& by A*e,. An elementary calculation em- 
ploying Eqs. (9), (18), and (20) then shows that ao, 
and don41 (n>O) are just multiplied by . Thus A serves 


TABLE I. Successive approximations to Eo= 1.54486: - - 
2 3 4 5 


1.55505 1.54429 1.54487 
+-),0102 0.00057 +-0.00001 


Order 
Eo 2.00000 
Error +0.455 


1.26795 
0.2769 


6 Oskar Perron, Die Lehre von den Kettenbriichen (B. G. Teubner, 
Leipzig, 1929), pp. 5, 304 

7H. S. Wall, Analytic Theory of Continued Fractions (D. Van 
Nostrand Company, Inc., New York, 1948), p. 365. 
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TABLE IT. Approximation to fourth order by three methods. 


Method Ke Error 


0.3908 
0.0037 
0.0006 


Brillouin-Wigner 
Secular determinant 
Continued fraction 


as an expansion parameter in an equally direct manner 
in both the linear series approximations and the con 
tinued fraction approximants of Eq. (25). 

To illustrate the theory, consider the Mathieu 
equation 


a’ 
( —-—-+4 costs ky, 
dx* 


whose lowest eigenvalue is Ho= 1.54486: - 
approximations to this value, obtained using the con- 
tinued fraction expansion, are shown in Table I. The 
modified Brillouin-Wigner method! provides only the 
odd-numbered approximants and thus gives a set of 
monotonically decreasing elements. However, succes- 
sive approximants of the continued fraction are seen 
to oscillate about the true value. Although probably 
not a general property, this oscillatory behavior is 
quite useful when it occurs, since it also provides a 
lower bound to the eigenvalue. ‘Table IT shows approxi 
mations carried to ¢, or equivalent by means of the 
unmodified Brillouin-Wigner scheme, a secular deter- 
minant method,‘ and the continued fraction. It should 
be pointed out that in the case at hand the convergence 
is very poor in the basic series, the ¢,’s barely decreasing 
in magnitude. However, the continued fraction result 
is quite accurate and requires little additional labor. 


(26) 


-, Successive 


INVARIANCE UNDER THE pw TRANSFORMATION 


One arbitrary element in the formulation of the 
Brillouin-Wigner perturbation procedure is the choice 
of the zeroth-order Hamiltonian operator. Part of this 
freedom finds expression in the yw transformation® de 
fined by the relations 


Hy Hot (u 
V=V—(p 


1) (Ho k), 
(27) 
1) (Ho— FE) 
These imply 
E—Hj 


a uniform change of scale in all energy denominators. 
The inversion of Eq. (27) yields 

Hy Hy! + (u’—1)(Ho 

V = V’— (u’—1) (Ho 


/ 


we =1/p. 


E’), 
EF’), (29) 


‘The further discussion is facilitated by the notation 


. VitV im V 40 
M,(1) > By (40) 
im-.-¢ (E—Ey)(E—E))- «:(E— Ey) 
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for the ith-order coefficient of y, in the Brillouin- 
Wigner expansion. With this notation, Eq. (2) for py” 
becomes 


(31) 


¥ = Wt ELL CMa) 


- In the primed system the wave function has the form 


v= PotD WLE Gi My (i) ), (32) 
Ih wml 


in which 


lo sfi-!] 

M,'(i)=—¥ ( )u 1)"*Mx(i—s), (33) 
p* on Ss 

and the primed amplitude coefficients G; are inde- 

pendent variable parameters. 

It is clear that Y(™ #y” if we return to the original 
Brillouin-Wigner formulation with G/=G,=1. Then 
the corresponding approximate formulas for the energy 
are not identical and, consequently, a physically mean- 
ingful value of » may be determined by minimizing the 
energy with respect to yu. 

Primed and unprimed wave functions are identical if 

n n 
> G/M (i) => GM. (1) (34) 


ol uml 


for all values of &. This requires 


1 n fi-1 
ants) 
(u—1)' 1 \i-t 
] n fi-] 
wet) 
(u’—1)' e1\i—t 


(—1)" 9 fi—1 
— 3 ( Jury 1)G,. 


(u—1)t m1 \G—t 


The substitution of G/ from Eq. (36) into the right 
hand member of Eq. (35) yields the consistency 
condition 


n fi-l ql 
»( )( ) 1)*=(—1)%,, 
imt\i—t J 1 


an easily verified identity, since the left-hand member 


j-1 7 
Consider now the two expressions E(G;, G2, ---Gp) 


and E’(G;', G:', «--G,') for the energy. If Eq. (34) 
holds, we have 


E(G,,G2,° ° ‘G,)= E'(Gy,G ° 


(37) 


is simply 


‘G,') (38) 


BIEDENHARN, AND FEENBERG 


since the wave functions are identical. The linear rela- 
tion between the primed and unprimed amplitude 
factors means that the supplementary conditions 


8E/aG;=0, i=1,2,---n (39) 


and 
(40) 


dE'/dG/=0, i=1,2,---n 


are mutually dependent, either set implying the other. 
Equations (34) and (38) insure that the extreme values 
of E(G;, Ge, «+ -G,) and E’(G;’, Gs’, «--G,’) are equal. 
Consequently E“”’ is actually independent of y as 
surmised in reference 5 and verified there by explicit 
calculation for n=1, 2, and «. 

The yw invariance suggests the possibility of approxi- 
mate invariance or insensitivity of E“ under other 
transformations. A uniform displacement of the zeroth- 
order eigenvalues comes to mind.* The suggested in- 
sensitivity has in fact been observed in a sample calcu- 
lation of a generalized E” type.’ 


APPENDIX 


(a) Let X¥™ be defined as 


€n+2 
En+3 
YX (") == 


(Al) 


En+1 €En42 €2n4+1 


ale a3 An42 


where the ¢, are given in (4) and the a; are arbitrary. 
One may write the product, A‘ "X™), as a single 
determinant 


Alm DX (n) 


(A2) 


0 2 Se Fag 
0 ' eee Engg 
0 €n+1 €2n+1 
An+2 | 


€n4+2 
a °° GQn41 Ge a3 


In this determinant, add row n to row 1, row n+1 to 
row 2,---, row 2n—2 to row n—1. This, of course, 
leaves the value unchanged. The result is 


€3 “ee Ent 8 €2 Ent? | 


€2n—1 €n ‘?*:) ae 


Alm) X (n) = 19) — € (A3) 


€n+2 


€2n+1 
An+2 





0 nore 0 €n+1 


he) °° Qn41 M2 


*M. Bolsterli and E. Feenberg, Phys. Rev. 101, 1349 (1955). 
* E. Feenberg and P. Goldhammer, Phys. Rev. 105, 750 (1957). 





BRILLOUIN-WIGNER PERTURBATION SERIES 


Now make a Laplace expansion using rows 1 through 
n—1 and row 2n for one set of determinants. It will be 
seen that, because of either null or identical columns, 
only two terms enter. That is, 


A 1/2) ¥ (n) = X (r-1/2) A) — X (nw “VA (wtf), (A4) 


with 


€3 a SS | 

X (rt) = | * 
’ 

€ntl *** €2n 


a3 oor On+2 


in which X“ represents either VN“ or D™, 
(b) The product A‘) X‘") may be written as 
the determinant, 


Aleth X (n-1/2) 


€2 €3 


€3 ns 





€n+1 Pas, €2n 





Gn4a On4+2 
Subtract column 1 from column n+ 2, column 2 from 
column n+3, --+, column m from column 2n-+1, to 
obtain 


ACmthD yx (n 1/2) 


En+2 — €2 —™ Entl 


Ent+3 7 ~ En42 
€2n42 —~En+2 


0 €3 


—™ €2n+1 
En+2 


0 nti °° ° €2n 








im -* soe «= 


Next make a Laplace expansion using columns 1 
through n+1 for one set of determinants. As before, 
only two terms enter so that 


AMD X (wn 1/2) 
€2 hs enpe 


€3 eee eee Ents 


== A(mti/2) - Alm (rtt2) | (A8) 


Ent+l €2n+1 


M3 eee eee Any 


This is not quite the desired result, however, since the 
last row in the determinant written out in (A8) is not 
correct for X in (A1). For the two special cases we 
desire, namely a;=1 and aj=)02*"'e;, the result never- 
theless follows. It is obviously so for aj=1, but for 
aj= >>" "e; we need only subtract row 1 from row n+1 
to obtain the desired result, 


(n) V (nw+1/2 +1/2) Y (n ntl rin-1/1 \ 
A™xX /2) — Almth2aD Vy (n) — A (mtd) X ¢ 2) (A9) 


in which X is again either V“ or D™. 
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Extension of the WKB Equation 


Cuaries E. Hecut*t anp Josepn E. Maver 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received March 15, 1957) 


The WKB form suitable for the classical region of potential energy less than the total energy, ¥(x) 
= (dz/dx)~* sinz, is used to obtain a function 2(x) that reproduces the time-independent Schrédinger equa 
tion solutions ¥(x), to any desired degree of accuracy through the turning point and into the nonclassical 


region. 


1. INTRODUCTION 


HE Wentzel-Kramers-Brillouin method has been 

useful for the approximation of the solution to 
the time-independent Schrédinger equation. The normal 
approximative method uses two forms, one applicable 
to the “classical” region for which the energy is greater 
than the potential, and the other applicable to the 
“nonclassical” region for which the potential exceeds 
the total energy. The function is not represented 
through the “turning point” for which the total energy 
and the potential energy become equal. We propose a 
simple form for the argument, 2(x), of the “classical” 
approximation, which form makes this single solution 
valid in both regions. This zeroth approximation can, 
in turn, be improved to any desired accuracy. 


2. THE PROBLEM 


The one-dimensional time-independent Schrédinger 
equation can be written 


dy (x) /dx*+-y(x)p(x)=0, (1) 
with 
(x)= €n— U(x), (2) 
and 


(3a) 
(3b) 


€n= (Q2Qm/W)E,, 
u(x) = (2m/h*)U (x), 


in which £, is the energy of the nth level and U(x) the 
potential energy in conventional units, The quantity 7 
has dimensions L~*. 

Equation (1) is a linear differential equation of second 
order, the solutions of which can be mapped onto the 
solutions of any other convenient linear differential 
equation of second order by use of the Schwarzian 
derivative formalism.'~* Using this, we may say that 


* Present address: Naval Research Laboratory, Department of 
Chemistry, University of Wisconsin, Madison, Wisconsin. 

t Part of a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D., Department of Chemistry, Uni- 
versity of Chicago. 

1A. R. Forsyth, A Treatise on Differential Equations (The Mac- 
millan Company, New York, 1929), sixth edition, pp. 104, 230. 

? Per O. Léwdin has called our attention to the convenience of 
this method and to his unpublished notes thereon in the Quarterly 
Progress Report of the Massachusetts Institute of Technology 
Solid State and Molecular Theory Group, January, 1952. 

# Since the development of this paper we have noted the work 
of R. B. Dingle, Appl. Sci. Research B5, 345 (1956), which dis- 
cusses several mappings for solving linear second-order differential 


(z) is a solution of 
d'p/d2’+ R(2)p(2) =0, (4) 


with R(z) any arbitrary function of z, and 2z itself con- 
sidered as a function of x. We then have 
¥(x)=2149[2(x) J, (5) 
in which 
2,=dz/dx, %,.=d’z/dx’, 


Crc., 
provided z obeys the equation, 
R(z)=21*Ly—4(2; x) ], 


where (z; x) is the Schwarzian derivative : 


d? : eo 2 
(2; x)= —2¢,4—(2,4) = ‘). (8) 


d x? 2 


All this can be readily checked by using (5) in (1), 
with (7) for 2,, after eliminating d*p/dz? with the aid 
of (4). 

The usual use of this mapping is to choose R(z) to 
be some simple analytic expression for which @ is 
known, but for which R and y resemble each other. In 
this case (z;) can be neglected, at least in a crude 
approximation, since then the solution, 


R'z,= 3, (9) 


leads to 2; approximately equal to a constant, (2; x) <0. 
If y(x) is large and positive, and does not vary rapidly 
with x, one may choose R=1, $(z)=sinz or, cosz, 
namely, 


¥(x)=2,;~! sinz(x). (10) 


This will be an exact relationship if z(x) is the solution 
of the equation 


2°+4(2; x)= (x). (11) 


equations. However, we believe that the iteration scheme to be 
evolved in this paper is sufficiently felicitous to merit separate 
publication, 

*S. C. Miller and R. H. Good, Phys. Rev. 91, 174 (1953). 
These authors have also written of mappings and the WKB 
method but again not in such a way as to obtain a general itera- 
tion scheme. 
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The approximate solution, 2 (x), given by 


2 (a)= f [y(x) }idx, (12a) 


v(x) = [2 (x) J! sine (x) (12b) 


is then the conventional WK B® approximation for the 
classical region in which y(«)>>0, en<u(x). 

An alternative for y(x)<0, is to choose a different 
mapping variable, y, R(y)= —1, ¢(y)=e7", so that the 
zeroth approximation is 


(13a) 


y (x) = J [—1(x) ds, 


v(x) =[n J expl—y (x) J. (13b) 
We emphasize here that the y and z are utterly different 
functions of x. These, then, are the two simple WKB 
approximations for ¥(x) in the classical and nonclassical 
regions respectively, both of which become singular at 
the turning point, y(x)=0. 

It is quite possible, by choosing R other than a 
constant, to find functions @ on which the mapping 
through the turning point offers no difficulties. If R(z) 
is linear, the mapping is on the Airy integrals,*.° whereas 
a quadratic R(z) enables one to map on the Hermite 
functions‘ through two turning points. There is, how- 
ever, a certain simplicity in the mapping on a sine or 
cosine function, R=1, since in this case, 2(x) approaches 
the classical action variable in the limit €,>>u(x). We 
propose to show a method by which the 2(x) defined 
by Eq. (11) can be obtained with arbitrary accuracy 
through the turning point for which y=0, which point 
is not a singular point of the differential equation (11). 

The essence of the method is to produce a real posi- 
tive function, 2 (x), which is a satisfactory zeroth 
approximation to 2(x) in both the classical and non- 
classical region, such that (dz/dx)~4 sinz™ becomes 
asymptotically equal to the classical and nonclassical 
WKB approximations in the regions of large magnitude 
of , positive and negative respectively, and for which 
(dz /dx)~4 sinz® remains regular through y=0. We 
then show that the solution, z(x), of (11) can be com- 
puted from this 2 (x) with any desired accuracy. The 
method does, however, require that the dependence of 
(x) on x should not be excessively pathological in 
nature, namely that successive derivatives d’y/dx’ de- 
crease appropriately for large v values, and that 
dy/dx=7, be non-zero at the turning point. 


3. FORMAL GENERAL SOLUTION 


To specify the problem more closely consider the 
case that the zero of x is chosen to be at the turning 


®L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), first edition, p. 178. 

6 J.C. P. Miller, The Airy Integral, British Association Mathe- 
matical Tables (Cambridge University Press, Cambridge, 1946), 


WKB EQUATION 


point, and that y; is positive. We have 
x<0, y<0, nonclassical; 
x=0, y=0, turning point; 
x>0, y>0, classical. 
We may write Eq. (11) as 
7 


21°—2,'—(2,-#) = (x), 
dx* 


and our eigenfunction as 


y=2;' sinz=2, sin f z,dx, (15) 


in which we have imposed the condition y(— ©) = 0, 
To develop a form for 2; amenable to iteration, we 
make use of two nice properties of Schwarzian deriva- 
tives. As we have seen, if ~(x) obeys the equation 
Py /dx?+yy=0, and $(z) the relation d’6/dz?+ Ro= 0, 
then p=(dz/dx)' if (7) obtains. Similarly, @ 
= (dx/dz)~y if 
¥ (x)= (dx/dz)*LR—4}(x; 2) ]. (16) 
Compare this with (7) to derive 
(3; x)= — (dz/dx)*(x; 2). (17) 


Now suppose 6(n) obeys the relation d*6/dn*+Q00=0. 
One can obtain equations from equating y= (dn/dx) 40 
or @= (dn/dx)~ 0. With (7) these are 


(dz/dx)*+} (a5 x)= 
Q(dn/dx)?+ }{n; x)=y(x), 
(dz/dn)*+-$(z;)=Q(n). 


Use y in (18a) from (18b) replacing Q by+¢18c). One 
finds 


(18a) 
(18b) 
(18c) 


v(x), 


(2; x)= (n; x) + (dn/dx)*(z; 0). (19) 


Multiplication of (18a) by (dx/dn)* and substitution 
of (19) for (2; x) in the resulting form yields a relation 
which holds for any function 7: 


(dz/dn)?+-4(2; n)= (dn/dx)*[-y—4(n; x) ]. 


This equation now serves as a possible iteration 
equation. If 7 is such that the right hand side of (20) 
is exactly unity, then 7 is exactly the correct solution, 
n= 2, of Eq. (11), and (20) gives dz/dn= 1. If, however, 
n iS an approximate solution, say n=2‘”, so that the 
right hand side of (20) is nearly unity, then the approxi- 
mation of neglecting (z;) on the left leads to a better 
solution 2°’*) as 


d2't)) /da) = (da) /dx)[y—4(2™ ; x) |i. 


(20) 


(20’) 


Actually, however, in order to use this scheme we 
must choose 2° such that the quantity under the 
radical always remains positive. 
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We prefer, however, an alternative iteration method 
which has the advantage of leading us directly to an 
acceptable equation for 2, namely one in which the 
Schwarzian 4(2;) on the left of (20) is replaced by 
4(Inz; Inn), so that instead of neglecting (z;) in suc- 
cessive iterations the neglect is of (Inz; Inn). To carry 
this out, write 
e, A=Inz, 
(21) 


2") =e", n=Inz‘”, 
We then express (y; x) in terms of derivatives of 2°” as 
4(n; x)= 32/2 P92 ; x) (22) 


from (8), and (z;) in terms of (A; 7) as 


1 /dz\? 
4A; 0) = +4(2; n) 
42° \ dn 


to find that, after multiplication of (20) by (dn/dx)* 
[noting that (dz/dn)(dn/dx) = dz/dx= 2, |, 


(22’) 


1 1 /dn\? 1/z°"\? 
( )ee + ( ) A; n=y—-42™ ; x)— ( ) . 
42? 2\dx 4\2,™ 


Elimination of A and 9 from the notation by use of 
(21) leads to 


1 1 2°"? : 
a4 ( (Inz; Inz‘”?) 
423 2 zg”) 


1 2°"? 2 
~4(z°"); x) (——). (23) 
We may check (23) by noting that if 2°” is the correct 
solution 2°?=z, so that the Schwarzian derivative 
(Inz; inz'”)) is zero, the equation is just Eq. (8) with 
the added term — }(2,/2)?= —}(2,°"/z"”)? on each side. 

Equation (23) is now exact, with 2° any approxi- 
mate solution. We write the (v+-1)th approximation by 
omitting the term (Inz; Inz‘”’) on the left, as 


g,\7t!) dz\"*)) /dx 


=[y+ q(z°”) }*L1 — (22°"+?) J ‘ 


1 23 3 Ze 2 
— (2,/22)?—- -—+ ( ) 
2 Zi 4 2 
1 d s 1 d dz 
( ns) ( In- ‘) 
2 dx 2dx* dx 


1d dz\? 
} ( In ) _ 
2dx dx 


4. ZEROTH-ORDER SOLUTION 


(24) 


with 


q(z) 


We call the zeroth-order solution that obtained from 
(24) by setting z‘” equal to a constant, so that g(z)=0, 


AND J. E. 


MAYER 


or, omitting the superscript zero which indicates the 
order, we use the equation, 


¥ 4 
dz/dx -| — | ; 
1— (1/42*) 


with the boundary condition at the turning point, 


z(x=0)=}, 


(26) 


y(x=0)=0. (27) 


The asymptotic solutions of (26), that is, 


z(x)c + f Cr Pay, x>>0,y>>0 (28a) 


0 
a(x)} exp| -af [-v(9)¥y| x<K0, KO (28b) 


lead to the known WKB solutions, 


W(x) = (dz/dx)! sinz 


é~y snl f ry, 
0 


0 
>(—-y) texo| — f (—)'y}, xK0 (29b) 


(29) 


x>0 (29a) 


for the classical and nonclassical regions, respectively. 
The latter form, (29b), is obtained by setting sinz=z, 
21. The function z of (26) is regular, through the 
turning point. 

We may proceed to obtain expressions for the func- 
tion 2(x) in the three regions, x>>0, a0, x0, in terms 
of the two dimensionless positive integrals, 


. “2m , 
B.(x) f [y(y) ]idy -f E (E.- vi) dy, (30a) 
0 o& 


Baclx)= f C-v1y) Py, (30b) 


by the use of the two implicit equations, 


. 1}! 173 14) 
au(x)= f ! = | de 1- ,| 4 aresin| 1-—| 
i 42* 42? Ag? 
17 1 
=s) 1—- —} arc cos . 
4? 22 
ri 6 1+ (1—42%)4 
Bne(X) f| -1] d:=4 nf —_—— | 
42? 22 


(31a) 


~4(1—42%)! (31b) 


for z>4 or 2 <4, respectively. 
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For the classical region, we find 


- = Q[1-40-*— (7/384)0- 
— (83/15 360)0-*+-+-], (32a) 
Q=8.(x)+4, (32a’) 
which, even at the turning point, B=0,Q0=41, gives 
z=0.56 instead of the exact z=2=4. One has, with 
dQ/dx=', 
dz/dx=2,= y*[1+}407+ (7/128)0-4 
+ (83/3072)0°®+ +++], 
For the nonclassical region, one obtains 
z= 1+ ¢-294 3¢49-4 (37/3)e- O94 «++, 
N= 2B ae(x)+1, 
dz/dx=2%,= 2(—¥)4e~® 
X [14+ 3e-29+- 1 5¢-49-+- (259/3)e- 8+ -- - 


(32a’’) 


(32b) 
(32b’) 


(32b’’) 


The approximation of (32b) gives z=0.45 at the turn- 
ing point. 


For the region of the turning point, we write 


Be f yidy frau» \dy, 
0 0 


and integrate by parts repeatedly to obtain, 
2 ||! 
p= —[1+F(y) ] 
3m” 
2%: 4 ; v? 3 
F(y)=4—+—7| 3—- 
5 yi 35 


8 x? 
7 15 —10 
315 vi Y) 


4 3 


vt #69 


Y2Y¥s Ya 
4. 


5 4 


71 
16 2 7s 
— 105 


8 


¥ 
| 105 
Yi 


3465 a" 


ve Sys 
+10—+———-- 
vi° vi° v1 


(33’) 
5 


Equation (33) with the absolute value of y is valid for 
both 8, and 6,.; however, the algebraic values are to 
be used in F(y). The expansions for z and 2; then come 
out in a simple power series of (68,)' for «>0 and of 
— (6B8.-)' for x<0. The equations, after a great quan- 
tity of algebraic manipulation of (31a) and (31b), 
become 


2= 4+ (2y) (I+ FE (271) (1+ FY 
2 479 
—— (291) (1+ F)?—— (21) (1+) 
175 7875 
140178 | 
fo (271) 10/85 (4 +f) 0/8 £ oS ais 
336 875 


(34) 


WKB EQUATION 
6 
(dz/dx) = 2y=}(2y,)4(1+F) [+-2n) ty (1+ F)! 


6 1916 
——(2y;)-4y*(14+-F)!— 
175 7875 


(2y1)*8(1+F)? 


140 178 
+ (2y1)-9*44(1+ F)**+--- | (34’) 
75 


~ 


67 3 


It is clear that the equations are valid only for 
nonzero ,=dy/dx=— (2m/h*)dU/dx. If the second 
and higher derivatives of U(x) are identically zero the 
functional, f(y), is zero, and y= y\x gives 

2=4[1+ (2yi)bet 1% (21) fa? + «+ + J. 
For nonzero y;, the Schrédinger solution, 
(x)= 2"! sinz(x), 


goes smoothly through the turning point. 


(34’’) 


5. HIGHER ORDER SOLUTIONS 


The higher order solutions are to be obtained from 
(24) by replacing the y(x) = (2m/h*)[ E,— U(x) ] occur- 
ring in the last section by (2m/h*)(E,—U)+q(s), 
with 2°” the solution of one lower order. However, the 
limit of integration over x is now chosen at that value 
of x for which the new (x) is zero, and the two integrals 
8.(x) and By-(x) of Eq. (30) are evaluated from this 
new origin of x. 

One may conveniently use the second expression of 
Eq. (25) for the operator g(z) with the three equations, 
(32a), (32b), or (34) to find the new y(x) in terms of 
that of lower order. The equations obtained from the 


first two for y") are 
ly, Sy 1 
yl) v 1 | -—() 


47? 16 7 


ive 3 97 
yh) BY 1- } 
4 7 


+ 166%" 
16 7° 


+ 240 e484 267 26° 68+... (35b) 


’ 
for the classical and nonclassical regions, respectively. 
If, in turn, y"’ and the corresponding Q™ or Q are 
used in the right hand side, the expressions give yy’, 
etc. For the region of the turning point, one has 


(27)! 


fg LEC 
y? t 
35 47, 140\y, 


vi" 63 yi 
23 Y1Va 


tO(y"). (36) 
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In the case that all derivatives of U higher than the 
first are zero, y2= a= ---=0, one has y=, and the 
zero of 7"? is now at 


30 


re (271) + 
69 


(36’) 


Using this in (34’’), we see that, whereas 2 is 4 (1—30 

469) at this value of x for this case, the first order 2 
will take its boundary condition value of exactly one- 
half. Thus the first and zeroth-order values of z at the 
turning point differ by less than 10% for this case of 
constant dU /dx. 


6. GENERAL SOLUTION FOR z 


Finally we wish to discuss briefly the most general 
solution of Eq. (11) for z, which, even with a fixed 
boundary condition, such as the one which we em- 
ployed z+ 0, x—»—®, does not uniquely determine 
the function z(x). 

Plaskett,’ using a method due to Milne,* has ob- 
tained a general solution for z; in (14) by considering 
the Wronskian, W, of two independent solutions, y; 
and W2, of the Schrédinger equation. Of these, only one 
can be taken as an eigenfunction. The Wronskian is 
defined as 


W W2(dp,/dx)—Y,(dp2/dx), (37) 
and is a nonzero constant.’ By defining 
(Wi2t+y2*)!, 
one can verify from (1) and (37) that 
1 Ww? 
(d*s/dx*) + 
s4 


5 


s(x)* (38) 


Hence, by (14), 2; can be identified as 
z= W/ (Wi? +-y2’). 


Commenting on this derivation, Ballinger and 
March" suggest that 2, cannot be determined uniquely 
by (40) since if yz is a solution of (1), then so is a2 with 
¢ an arbitrary constant. They would write a more 


(40) 


1]. S. Plaskett, Proc. Phys. Soc. (London) A66, 178 (1953). 

*W. E. Milne, Phys. Rev. 35, 863 (1930). 

* See any book on differential equations. 

RK. A. Ballinger and N. H. March, Proc. Phys. Soc, (London) 
A67, 378 (1954). 


AND J. 


MAYER 


general function Z;: 
Z,:=cW/(Wr+cep?), 


Z\=%, 


(41) 
(42) 


We now show that this is no more than a formal 
difficulty and that aside from normalization the most 
general form [Z;~4 sinZ ] is the same function [z,~ sinz }. 
Let (dp,/dx*)+yh.=0 and (d4f2/dx*)+y2=0 so that, 
if z; is a particular solution of (14), we have two inde- 
pendent solutions: 


c=1, 


(43) 


Yi=2 'sinz; po=2,! cosz. 


¥; is an allowed function of the type (15). 2 will not 
go to zero at x= — », and does not obey the boundary 
condition. The Wronskian of these is +1 by Eq. (37). 
Inserting into Eq. (41), we obtain 


C2) 
Z\=—-——_- : 
(c?—1) cos*z+1 


. ‘ cdz 
Z= f Z\dx= f - 
= 0 (c?—1) cos’z+1 


2c sinz cosz 


(44) 


=4 arc tan - 
.c* cos*z— sin*z 


From (45), we have 
CZ, 
/,=—_—_——---. 
(c?—1) cos*s+1 
The trigonometric relations, 
sin[ 4 (arc tan@) ]}=[4—4 cos(arc tané) }}, 
cos(arc tan@) = (14+6)~4, 
combined with (45), lead to 
sing 
sinZ = ——___-_——_——_ 
[ (—1) cos’z+1 }! 
Then the most general eigenfunction would be 
¥=Z, 'sinZ= czy sing. (48) 


This is seen to be the same function as (15), since 
neither function is normalized as written. The different 
c’s can be of no real significance, because they will be 
“‘washed out” in the normalization. 
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Intensities in Inorganic Complexes 


AnpREW D. Lrenr* ann C, J. BALLHAUSENT 
Mallinckrodt Laboratory, Harvard University, Cambridge, Massachusetts 


(Received August 1, 1956) 


A method for calculating the intensity of d” electronic transitions in inorganic complexes is developed 
and subsequently applied to the computation of the intensity of the visible absorption bands of Ti(IID 
and Cu(II) complexes. The observed and calculated oscillator strengths are in good agreement. 


INTRODUCTION 


T is now generally conceded that the visible absorp 

tion bands of inorganic complexes are vibronically 
allowed electric dipole transitions among the various 
d” electronic configurations. However, to date, no 
quantitative confirmation of this assignment has been 
attempted.! In this paper we shall present a theory of 
vibronic (vibrational-electronic) interactions in inor- 
ganic complexes which, when applied to the deter- 
mination of intensities, conclusively proves the hitherto 
assumed spectral assignments. 


THEORY 
(a) Intensity Formulas 


In the absence of symmetry-destroying vibronic per- 
turbations, electric dipole transitions between the 
various d” electronic states of “‘octahedrally” coor- 
dinated inorganic complexes are rigorously forbidden 
(g+>g). Thus to compute the intensity of these d” 
transitions, we must consider the scrambling of d” 
configurations V,"(d), with d™"'p configurations, V,(p), 
under vibrational perturbations. To facilitate this 
computation we shall employ first-order perturbation 
theory. 

According to the perturbation theory the required 
mixing coefficients, ya‘) (p), are given by 


~ (.9(p) | 3’ (Ox) |¥,°(d)) 
va") (p) =—__—__—_ —, 
B= Ee, 


(1) 


and the corresponding first-order electronic wave func- 
tions by 


(2) 


V(d)=V(d)+d > Ovva® (pyv.'(P). 
k op 


In Eq. (1), ’(Q,) represents the linear variation of 
the Hamiltonian, 3, as a function of the normal mode 


* National Science Foundation Postdoctoral Fellow, 1955 
1956. Now at Bell Telephone Laboratories, Murray Hill, New 
Jersey. 

ft On leave from the Technical University of Denmark, Chem 
istry Laboratory A, Copenhagen, Denmark. 

1 The origin of the visible absorption spectra of rare earth and 
transition metal complexes has been qualitatively discussed by 
J. H. Van Vleck, J. Phys. Chem. 41, 67 (1937), and by Broer, 
Gorter, and Hoogschagen, Physica 11, 231 (1945). 


Q,. Then, as the intensity, in terms of the oscillator 
strength, f, is given by* 
f(d", v4¢—>9d", r+ 1) = 1.085 XK 10" (Nu /N) 


« |(¥(d), vm] er] (d’), m%+1)|?ARg(cem='), (3) 


we have, to good approximation, 


f(d" >”) } Bp B {(d", Hd", %+1) 
ko» 


he 
1.085 10" ¥°, coth (ty /2kT) AK 
x 13>, (0/ Ox! DLva (p) (d’| | p) 


bya) (p)(d|r| p)J|?. (4) 


In Eqs. (3) and (4), Nox is the molar population, in the 
ground electronic state, V(d), of the (04+ 1)th harmonic 
of the normal mode Q, (frequency vx). 


(b) Matrix Elements 


Retaining only linear terms in the nuclear displace- 
ments sj, we have 


K' (8) => 5; 8) Way IC(s), (5) 
the sum being carried over all the atomic nuclei con- 
tained in the complex. Now, taking the ligands of the 
transition metal complex to be octahedrally situated 
point masses and charges (see Fig. 1), we have the 





( 


Fic. 1. Molecular geometry assumed for hexa-coordinated 
inorganic complexes 


(1941). 


1161 





A. D. LIEHR AND 


Tasie I. Numerical resuits. 


Tit?* (Zsa =4,00; Zep =3,14; a =2 A) 


N= (dy deedys) ; V = (d,* y?,d,7) 
I Noa*-4?™ 2.43 X10 XK (Ti) 
I Nave? 243K 10 (Ti) 
Inav =4.86X10°*X (Ti) 
Inov = 1.1% 10~4(Ti(HO)6***, experimental)* 


A(s) = (8/5)q*(s)LR*(Ey —Ew)/(Ep—Ea)* fap, (S= Ti, Cu); R= Rydberg constant. 


ae 


J. BALLHAUSEN 


Cutt (Za =7.85; Zap =4.36; a =2 A) 


N= (W,1_ py W*,) ; V= (Wey M22. VY ys) 
I Novey = 1.27 10-*« (Cu) 
SN+v@ ory):™ 1.27 10-* (Cu) 
fev =3.81X10-§Xd (Cu) 
ISnav =2.9X 10~4(Cu(H,O).**, experimental) » 





* Hartmann, Schiafer, and Hansen, Z. anorg. u. allgem. Chem. 284, 153 (1956). 


» Bjerrum, Ballhausen, and Jg¢rgensen, Acta Chem. Scand, 8, 1281 (1954). 


electronic potential energy, U, as 
qi? gi 


ee ae, rt ee oe 
ecin > ROI if |r(i)—ay| 


17 


where q; is the effective charge associated with the jth 
ligand. In this approximation, the mixing coefficient 
va") (p) is defined by the following relation : 


6 6 
ie Onva (p) 5 (E, . Fa) PP (8; ~S) 
k 


i—f) j= 


qi’ 
Vay frew = 


W,°(d)dr. 
| r(i)—a,| 


(7) 


Since 3c’ is thus the sum of one electron perturbations, 
we need only consider the interaction of individual d 
and p wave functions. Thus, after proper account has 
been taken of all the antisymmetrizing factors contained 
in ¥,°(d) and ¥,°(p), the total vibrational perturbation 
in Eq. (7) is reduced to a sum of all permissible one 
electron d and p vibronic interactions. 


(c) Calculation of the Intensities 


The calculation of the intensities now proceeds as 
follows? : 


(1) The electronic integrals of Eq. (7) are evaluated 
by use of antisymmetrized products of 3d and 4p 
hydrogenic wave functions. 

(2) The nuclear displacements of Eq. (7) are then 
expressed in terms of symmetry coordinates. In the 
octahedral point group O; only perturbing nuclear dis- 
placements of symmetry 7, and rt. yield nonzero 
mixing coefficients. Thus only the r,;, and r2, symmetry 
coordinates appear in (7). 

(3) The normal coordinates are determined. 

(4) The symmetry coordinates of step (2) are then 
replaced by the appropriate linear combination of 
normal coordinates. 

(5) The result of steps (1) through (4) is substituted 
into Eq. (4) and the intensities are computed. 


* We have omitted the details of the calculation as the algebra 
involved, although long and tedious, is quite straightforward. The 
final intensity formulas, if published, would fill an entire page 
of the sey As these formulas are not very inspiring, we have 
not published them. 


RESULTS 


In calculating the normal vibrations we have em- 
ployed the vibrational potential of Wilson.‘ Taking 
y;=300 cm™, v2=275 cm™, and vs=150 cm", we 
obtain vg= 137 cm™, »44= 356 cm™, and v= 106 cm™, 
The substitution of these latter vibrational frequencies 
in Eq. (4) yields the results given in Table I (for room 
temperatures). In Table I, q*(s), (s= Ti, Cu), represents 
the square of the effective charge associated with the 
crystal field of the ligands, Z,—E, is the mean energy 
separation of the d and p orbitals, and fg, is the mean 
oscillator strength of an ordinary d— transition. 

Now for the complexes under consideration, we have 
Ey—Ey=(2/11)R, (R is the Rydberg constant), 
E,—Ea™4R, and fa4,~0.2.5 Thus A(s) is approxi- 
mately given by 0.5q°(s), (s=Ti, Cu). As a simple 
crystal field calculation yields ¢°(Ti)=0.56 and q*(Cu) 

=15 for the hexaquo complexes, we have fy+v(Ti) 
=1.4K10~ and fys4y(Cu)=2.9X10~. These values 
are in good agreement with experiment (see Table I).° 
Moreover, we also have the result 


fnrty(Cu) ¢(Cu)X0.78x 10 
—___—=— ——=2.1 


fn-sv(Ti) ¢’ (Ti) 
independent of our choice of A(s), (s= Ti, Cu). This 
proportionality of the intensity to the square of the 
* Quoted by Yost, Steffens, and Gross, J. Chem. Phys. 2, 311 
(1934). The formulas given in this paper contain several errors. 
They should read as follows [using the now standard notation 
of G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand 
Company, Inc., New York, 1945) ]: 

md, = K+10K,; md.= (K —2K,); 

m*ds\4=[ (M+6m)/M ](2Kq)(K—2K;); 
m(As+Ag) = [(M +4m)/M )(2Ka)+[(M +2m)/M ](K —2K;); 

m\y=4Kq; md6=2Kgq; 

‘ 


2 
“1; 


12 
(Ar;) (Ars) +Kq 2 (rAay)?. 
ivi i~| 


6 
V=K2 (Ari)?+2K, 
i-1 ii 


* For the free ions, E,—Ea~R. However, the ligand crystal 
field lowers the free-ion value to about 4R (assuming that the 
strong absorption of all complexes at ~2000 A is due in part to a 
d—»+p transition. 

* Since copper does not form truly octahedral complexes, we 
have compared our octahedral intensities with the sum of the 
intensities of the two observed electronic transitions (V-W,,°, 
W <2 or ye) Of the tetragonal (D4) copper complexes. Note, how- 
ever, that the octahedral model predicts an intensity ratio for 
these two bands of 2:1, in good agreement with the observed 
ratio of 3:1 (reference b). 





INTENSITIES IN 
crystal field parameter g explains the observed corre- 
lation between the intensity and position in the spectro- 
chemical series. 
DISCUSSION 

As the predicted and observed oscillator strengths 
are in good agreement for Cu(II) and Ti(II1) com- 
plexes, we may say that in these molecules the inten- 
sities of the visible absorption bands are predominantly 
governed by vibronic perturbations. We expect that 
the interaction of vibrational and electronic motions 
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will quantitatively account for the intensities of other 
transition metal complexes also. It is also hoped that 
the calculations now in progress will confirm this 
expectation. 

The theory outlined in this paper for the d" electronic 
configurations of the transition metal complexes applies 
equally well to the /" configurations of the rare earth 
complexes. A future calculation of the intensities of the 
f” electronic transitions of the rare earth complexes is 


planned. 


NUMBER 6 JUNE 15, 1957 


Auger Electrons in the Secondary Electron Spectrum in Magnesium* 


Orto H. Zinket 
Department of Physics, Washington University, St. Louis, Missouri 
(Received March 4, 1957) 


By continuously depositing fresh magnesium onto a target surface in high vacuum, it was possible to 
obtain the spectrum of secondary electrons liberated from atomically clean metal. The results show excellent 
agreement with predicted Auger transitions, and the continuous background spectrum between Auger peaks 


vanishes. 


SECONDARY electron spectrum has _ been 
obtained from a freshly deposited surface of 
magnesium evaporated onto a metal surface in vacuum. 
The procedure was not originally planned for production 
of uncontaminated surfaces, but the results and the 
method used pointed strongly to the conclusion that 
clean surfaces were being obtained and to the interest 
df the results for publication. Extensive reconstruction 
df the equipment was called for to attain any further 
esults, and this has added to the desirability of 
ommunicating the results in their present form without 
elay. 
The spectrometer used was a conventional, ring-focus 
‘type described by DuMond.! The vacuum chamber was 
/ metal; the anode was stainless steel. Magnesium in an 
auxiliary anode was bombarded by electrons from an 
auxiliary filament (3000-5000 volts, 5-20 ma) causing 
the magnesium to evaporate in gram amounts and 
deposit on the stainless steel anode (and elsewhere). 
The mechanism of evaporation was not certain because 
of the use of a nontransparent tube, but it appeared to 
be a critical factor in the success of the experiment. A 
discharge between the auxiliary filament and anode 
seemed to occur although it would have had to be 
in metal vapor because the ionization gauge showed 
far too little gas, its reading being in the range of 
(2—4)X10-* mm Hg. The source anode, however, 
* Assisted in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission and the 
Office of Scientific Research of the Air Research and Development 
Command. 

t Now at Linde Air Products Company, Tonawanda, New York. 

1 J. W. DuMond, Rev. Sci. Instr. 20, 160 and 616 (1949). 


did not seem to have been melted as etched crystalline 
planes were visible after disassembly. 

The experiment began with a preliminary bombard- 
ment of the stainless steel anode as a degassing opera 
tion. A temperature of 400°C was maintained until 
massive gas evolution had ceased. At this point, the 
evaporation of magnesium was begun and, simul 
taneously, automatic, repetitive taking of secondary 
spectra was initiated using a primary voltage of 235 
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Fic. 1, Secondary electron spectrum of evaporated magnesium, 





1164 


volts and an electron current of 3 ma. The first severa] 
repetitions of the secondary spectrum showed the 
characteristic appearance of contaminated surfaces as 
judged from earlier work. In due course, usually 
following electric breakdown in the auxiliary electron 
circuit, the spectrum changed abruptly. The new curve 
is displayed in the upper part of Fig. 1 together with an 
enlarged view of the same curve and another taken 15 
minutes later (hence certainly gas-contaminated) in 
the lower portion of the figure. The target temperature 
was recorded as 345°C during the run. Subsequent 
study of the target disclosed approximately 0.17 g of 
magnesium deposited giving an apparently uniform 
coating of 0.005 cm thickness. From the curves, it is 
possible to read the energy in ev of the upper edge of 
secondary spectrum peaks and the approximate width of 
each peak. These results, together with Auger transi- 
tions predicted on the basis of x-ray data for magnesium, 
are shown in ‘Table I. The symbol V refers to the energy 
of an electron in the conduction band. 


TABLE I. Predicted and observed Auger transitions in magnesium 


Observed 
data in ev 


Predicted 
data in ev 
Upper 
edge 


Type of Auger 
transition 


Upper 
edge 
Iy— ; 59 12 58 5 
Ly-V-—V’' 46 12 59 15 
Ly , V 9 6 10 6 


Approx 
width 


Approx 
width 


OTTO H. 


ZINKE 


Agreement is generally satisfactory, such deviations 
as appear being potentially attributable to misinterpre- 
tations. This seems likely as the relative areas of the 
peaks are also in general agreement with theory. The 
Li—V—V’' peak should have the largest area as the 
Ly level has the largest number of electrons and the 
largest probability of ionization per electron. It is 
finally also indirectly ionized by the Ly and Ly;—-V 
transition. The latter transition should give the next- 
largest area, and the L;—-V—V’ the least,? in agree- 
ment with the data. 

One feature of the magnesium curve stands out 
both by comparison with other work in the field on 
low-Z metals and with the curve taken after 15 minutes 
of aging : It is the absence of signal current in the middle 
of the secondary electron energy spectrum. This 
compares quite favorably with the work by Harrower’ 
but contrasts sharply with that of Lander.‘ It may be 
that the absence of secondary electrons in the middle of 
the secondary-electron spectrum is characteristic of 
atomically clean surfaces. 

The author wishes to acknowledge the constant 


encouragement of Professor R. N. Varney and the 


help of Mr. Otto Retzloff with equipment design. 


*H. W. B. Skinner, Trans. Roy. Soc. (London) A239, 118 
(1940). 

3G. A. Harrower, Phys. Rev. 102, 340 (1956). 

‘J. J. Lander, Phys. Rev. 91, 1382 (1953). 
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Thermodynamics for Elastic Solids. General Formulation 


Tsuan Wu Tinc* AND JAmeEs C. M. Lif 
Department of Chemistry, Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


(Received August 9, 1956; revised manuscript received October 4, 1956) 


A condensed collection of all the thermodynamic formulas involving first derivatives for elastic solids 
under the outside variations of only temperature and stress is presented. The application is illustrated 


with some examples 


INTRODUCTION 


ITTLE attention has been concentrated on the 

thermodynamic treatment of elastic solids.’* One 
of the possible difficulties arises from the fact that most 
of the discussions concerning the relations between 
stress and strain are confined at constant temperature. 
To be able to apply thermodynamic principles to 
elastic solids, the definition of strain has to be general- 
ized to use only one configuration as reference state 
for the calculation of all strain at different temperatures 
and stress. Let the thermodynamic system for strained 
solids be a very small volume element in the body. 
If one regards temperature and stress as the only 
outside variables, this system of constant composition 
has seven degrees of freedom. On applying the principle 
of Jacobians,® it is possible to prepare tables which will 
help to obtain all first derivatives in terms of measurable 
quantities and consequently all possible relations 
among the first derivatives. It is the purpose of this 
communication to present these tables and to illustrate 
the application with some examples. 


DEFINITION OF SYMBOLS 


The six components of strain, €:, €2, «++, és, at any 
point of any configuration are defined as relative to a 
particular configuration the reference 
state. * The strain will therefore vary with the 
temperature 7 as well as with the six components of 
stress, 71, T2, °**, 7, at this point. There are six 
coefficients of thermal expansion, a;= (0¢,/07),, and 
thermal stress, §;=(07,;/07),.; and 36 isothermal 
elastic coefficients, ¢;;= (07;/0e;)7,¢ and the coefficients 


chosen as 


* Present address: Graduate Institute of Mathematics and 
Mechanics, Indiana University, Bloomington, Indiana. 

t Present address: Westinghouse Research Laboratories, 
Churchill Borough, Pittsburgh, Pennsylvania. 

1W. Thomson, Quart. J. Math. 1, 57 (1857) or Phil. Mag. 5, 
4 (1878). 

2 Mathematical and Physical Papers by Sir William Thomson 
(Cambridge University Press, Cambridge, 1882), Vol. I, p. 291. 

3 The Collected Works of J. Willard Gibbs edited by W. R. 
Langley and R. G. Van Name (Longmans Green and Company, 
New York, 1928), Vol. I, p. 184. 

4A. E. H. Love, Mathematical Theory of Elasticity (Dover 
Publications, New York, 1944), fourth edition, p. 108. 

®F, H. Crawford, Am. J. Phys. 17, 1 (1949); see also J. C. M. 
Li, J. Chem. Phys. 26, 909 (1957) 

® Reference 4, Chap. I. 

7C. Zener, Elasticity and Anelasticity (The University of 
Chicago Press, Chicago, Illinois, 1948), p. 7. 

®1.S. Sokolnikoff, Mathematical Theory of Elasticity (McGraw 
Hill Book Company, Inc., New York, 1956), Chap. I. 


of isothermal compliance k,;= (0¢/07,;)r,,', where 
both i and j7=1, 2, ---, 6, 7 and ¢ represent the stress 
and strain respectively, and ¢ and 7’ represent all the 
components of strain and stress respectively except the 
jth component. Through simple mathematical manip- 
ulation, it can be shown that these coefficients are 


connected by the following relations: 
ay DL skis), (1) 
Bi dD iCigaty, (2) 


(Ci;) (Rij) .. (3) 


where (__) represents the 6X6 square matrix with the 
inside coefficients as elements. It is also easy to prove 
that these matrices are symmetric. 

In view of the fact that small deformation of short 
duration happens usually at constant entropy instead 
of constant temperature, another two sets of the 
adiabatic elastic coefficients and the 
adiabatic compliance are defined: a,; 


coefficients of 
(O7,/€;) 8,0; 
qij= (0€;/O7;)8,7. They are again connected by (a,;) 
(qi;)', where the matrices are also symmetric. By 
the use of simple relations of partial derivatives, 
these coefficients are related to the isothermal coeffi 
cients through the following equations: 


44j;= Ci t+ TV BBi/C., (4) 


Jij kj; TV ua; Ges (5) 


where C, is the heat capacity at constant strain and 
C, that at constant stress for the small material element 
at the point of consideration. This small materia] 
element has volume Vo at the reference state. 

For simplicity of later presentation, the following 
symbols are defined : 


Isothermal Hooke’s law stress: 9, lis), 


Li shists, 
Do ise), 
Lo M6s7, 
Temperature coefhaent of strain energy at 
Vod_ aut; 


Temperature coefficient of strain energy at 


Vo>_ gly * 


Isothermal Hooke’s law strain: — e, 
Adiabatic Hooke’s law stress: My 
Adiabatic Hooke’s law strain: f, 


constant stress: w, 


Voo_ iP )€), 


constant strain: w, Vo2_ Bye; 
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Tasie I, First derivatives with —s < songea and 
strain as independent variables. 


6/6T 


Ci 

Vo(ry— TB;) 

Vo(—TB;—a;) 
V 


TABLES OF FIRST DERIVATIVES 


Tables I, I, I, and IV give the first derivatives of 
the functions T, €, €2, -: -, te, U, H, 
S, F, and A with respect to the following independent 
variables: 


*» 6, Ti, Ta, °° 


Table I, temperature and the six components of strain; 
Table II, entropy and the six components of strain; 
Table IL], temperature and the six components of stress; 
Table IV, entropy and the six components of stress. 


In these tables, i=1, 2, ---, 6, and 6,;=0 for iA#7 
and 64=1. The thermodynamic functions have the 
usual definitions except that between H and U, the 
following relation is defined : 


H=U—VoDisreei. 


C.—o, 
0 I 


0 () 
J (H,€\,€2, 





JI(F y€1,€2,: ' 





AND 


Vol . B,\T—o}) 


Ou. LI 


Taste II. First derivatives with entropy and 
strain as independent variables. 


8/aS 
T/C, 
0 


6/deqj 


TV 0Bj/Ce 


aj 


TBi/Ce aij 
, Vor; 
= V ops; 
0 
Vol — TSB; /C.) 
Vo(rj—TSB;/C) 


T(Ce—we)/Ce 
1 
—T(S+w,)/C, 
—TS/C, 


The Jacobians of any set of seven variables or functions 
can be calculated from each table with respect to the 
same independent variables as used by the table. 
Any first derivative such as (0H/dF), can be obtained 
from the ratio of two Jacobians as explained by Craw- 
ford.* However, different expressions representing the 
same quantity may result from different tables. Also 
the complexity of the Jacobian determinants is different 
for different tables. Therefore in order to take full 
advantage of these tables, first derivatives with most 
of the independent variables indicated in the title of 
the table can probably be obtained most easily from 
the very table. 

To illustrate the application of these tables, let us 
evaluate (0H/0F), from each table: It is equal to the 
ratio of the two Jacobians: J(H,¢,,€:,--+,¢5) and 
J (F ,€:,€2,:++,€6). Thus from Table I: 


Vo(- BoT 02) V0(—Bel' —az)| 


0 tee 0) 


0 
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TABLE III, First derivatives with n> gmat and 
stress as independent variables. 


0/aT 
1 


a 


0 


Gy + Wr 
CG Vo(Taj — €;) 
C/T V oa 
—S§ — Voe; 
— $+, V ce; 


Therefore (0/1/0F).= (w.—C,)/(w.+§). Similarly, from 
Table I, J (1, €1,€2,- - -,¢6) = 7 (1—w,./C,) and J (F,€,,€2, 
-++,6,)= —T(w.+S)/C,, which gives the same result 
for (0H/0F),. Now if Table ITI is used, J (/7,€1,€2, « - -,€6) 
=(C,+7V od. aBi—«.)| (Rij)| and J(F,e1,€2,- «+ ,€6) 

— (w.+S)| (ki;)|, where |(k,;)| is the determinant of 
the (k;;) matrix. It is seen that (01/0F).=(w.—C, 
—TV0o>. a8i)/(w.+5S) which is identical with the 
result from Tables I or II since it will be seen later 
that C-=C.—7Vo>_ a8,. To complete the illustration, 
let us calculate also from Table IV: J(1,€:,€2,- - -,€6) 
= T(C,+TV 0d. aB8i—,.)| (kij)|/C, and J(F,e1,6,---, 
€s)= —T(S+w,)| (kij)|/C,. This gives again the 
identical result for (@H/dF), but with more complicated 
Jacobian determinants. In evaluating these deter- 
minants, the relation between q;; and kj; as shown by 
Eq. (5) has been used. 


HEAT CAPACITIES AT CONSTANT STRESS 
AND STRAIN 


As an example of the application of these tables, 
the most important first derivatives, namely the heat 
capacities, will be discussed here. When C,= (01/07), 
is evaluated from Table I or C,= (0U/0T), is evaluated 
from ‘Table ITI, one obtains 


C.=C.-TVid ads 
=CATViX Sd fira;. 


This may be compared with the equation for fluid 
which is equivalent to an isotropic elastic solid under 
uniform pressure. Let the configuration in question be 
the reference state for the calculation of strain, that is 
Vo=V. Since the pressure is uniform, €;= = 3 and 
€,= €5= €¢=0 will hold at any temperature and therefore 
ag=0. If @ is the coefficient of 


(6) 


ay = ag a3 and a4 = 5° 
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TABLE IV. First derivatives with entropy and 
stress as independent variables 


8/8 
T/C, 


0/ar; 


TV oa;/C, 


Ta;/C, qij 

0 by; 

T (Cy +we)/Cy 
T 


V ob; 
V oe; 
1 
~TS$/C, Vo(—e;+TSaj/Ce) 
T(—S+,)/Cy Volts + TSa;/C,) 


volumetric thermal expansion, a= 3a,; and if k& is the 
coefficient of isothermal volumetric compressibility, 
k=> i1*D jo'ky, where ki; are the elements of the 
isotropic (Rij) matrix. Since (kyj)= (ey), ku= (ey 
+12)/[ (C11 C12) (Cr+ 212) ] and = kyg=Cy2/[ (er — e142) 
X (C114 2¢12) |. With all the above relations, Eq. (6) 
is reduced to 
Cp Cy + TVad ‘k, (7) 
which is identical with that usually found for fluids.*:"” 
Now if C, is evaluated from Table II orC, is evaluated 
from Table IV, one obtains 


CA | (a;;) | 
Cy | (ei;)| 


| (is) | 
(qi) 


Again this equation can be compared with that for a 
fluid. In addition to the above relations concerning 
isotropic solids under uniform pressure, the relation 
between k;; and gi; as shown by Eq. (5) is useful, 
and if q is the coefficient of adiabatic volumetric 
compressibility, then g=)>o in") jar*giy. Equation (8) 
is reduced to 


(8) 


Cp/Cy=k/9, (9) 


which is identical with that usually found for fluids.“ 

Equations (6) and (8) are believed to be new. This 
illustrates the numerous possible applications of the 
tables which will prove useful in deriving exact thermo- 
dynamic relations for elastic solids. More discussion 
will be published elsewhere. 


*F. D. Rossini, Chemical Thermodynamics (John Wiley and 
Sons, Inc., New York, 1950), p. 107. 

0 FE. A. Guggenheim, Thermodynamics (North-Holland Publish 
ing Company, Amsterdam, 1949), p. 87. 

4 Reference 10, p. 102. 

2M. W. Zemansky, [eat and Thermodynamics (McGraw-Hill 
Book Company Inc., New York, 1951), p. 255. 
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The lattice vibrations of aluminum have been studied by means of the inelastic scattering of ‘“cold” 
neutrons, in which the neutron absorbs a phonon whose energy is typically much larger than the incident 
neutron energy. Neutrons with a wavelength about 5 A were obtained by filtering a beam of thermal neutrons 
through eight inches of beryllium. After scattering in an aluminum single crystal, the neutron energy 
distribution was determined by time of flight, using a mechanical chopper. The peaks observed in the 
energy distribution of the scattered neutrons for various crystal orientations were used to determine the 
“scattering surface” in a plane parallel to one face of the cubic lattice. The scattering surface gives the 
dispersion law for the crystal, that is, the frequency, w, of the lattice vibration phonons as a function of 
the wave vector, q. Dispersion curves, obtained for three different directions in the crystal, agree well with 
x-ray results and with theoretical calculations of the dispersion based on the assumption of harmonic forces. 


I, INTRODUCTION 


HE properties of lattice vibrations of crystalline 
materials were first investigated theoretically in 
connection with specific heats. In order to account for 
the observed variation of specific heat with temperature, 
Debye considered the crystal vibrations as a set of 
waves traveling in a continuous elastic medium,! with 
a velocity, independent of frequency, determined by the 
elastic constants of the medium. A more realistic mode] 
of the crystal as a set of coupled oscillators was devel- 
oped later by Born and von Kérmén.? On the basis of 
such a crystal model, it is possible in principle to 
- calculate the detailed behavior of the lattice vibrations, 
with results dependent on the particular interatomic 
force model used. Thus detailed measurements of the 
lattice vibration properties can lead to a better under- 
standing of interatomic forces. 
Measurements of elastic 

dynamic methods give information on the long-wave- 
length vibrations only. For these wavelengths, however, 
the crystal medium is accurately represented by a 
continuum and the Debye theory holds. In order to 
observe deviations from the Debye model, which occur 
in the region where the details of the crystal structure 
and the interatomic forces become important, it is 
necessary to observe the behavior of the extremely 
high-frequency (10"/sec) vibrations whose wavelengths 
are of the order of the interatomic spacings. For many 
years, no direct methods of investigation were available 
for the interesting high-frequency region of the lattice 
vibration spectrum. Some information was available 
from the diffuse scattering of x-rays, and recently 
this method has been advanced greatly,’ with the 


constants by static or 


* Work performed under contract with the U. S. Atomic Energy 
Commission. 

t Now at Westinghouse Research Laboratories, Pittsburgh, 
Pennsylvania. 

!P. Debye, Ann. Physik 39; 789 (1912). 

*M. Born and T. von K&rmdn, Physik. Z. 13, 297 (1912); 
14, 15 (1913). 

+E. H. Jacobsen, Phys. Rev. 97, 654 (1955). 

*C. B. Walker, Phys. Rev. 103, 547 (1956). This paper and 
reference 3 contain references to much of the earlier work on 
the thermal diffuse scattering of x-rays. 


result that dispersion curves have been obtained 
extending to the frequency limit. With the high 
neutron fluxes available from nuclear reactors, a new 
method of great potentiality now becomes possible,’ 
viz., the study of the large changes in neutron energy 
and momentum produced by interactions with the 
lattice vibration phonons. As will be seen below, these 
large energy and momentum changes offer a more direct 
and easily interpreted technique than the use of x-rays. 
The present paper reports preliminary results utilizing 
long-wavelength or “cold” neutrons, and primarily 
serves to establish the feasibility of the method; 
precision results must await the availability of even 
higher neutron flux than was used in the present 
apparatus. 


II. THEORY 


The theory of the interaction of neutrons with crystal 
lattices has been developed by several authors," of 
which we shall use the results obtained by Placzek and 
Van Hove. The energy quantum of an elastic wave, 
the phonon, is characterized by its energy, hw(w, the 
angular frequency, rad/sec), which is a function of 
its wave vector q (q¢=2m/\, where is the wavelength 
of the vibration). Similary, k represents the neutron 
wave vector, and the neutron energy is h*k?/2m where 
m is the mass of the neutron. In the usual case of 
one-phonon scattering, the neutron absorbs or emits 
one phonon. Conservation of energy requires that 
h?/2m(ko?—k/?) =hw; hence 


k?—k? = (2m /h)w, (1) 


°B. N. Brockhouse and A. T. Stewart, Phys. Rev. 100, 756 
(1955). 

* B. N. Brockhouse, Can J. Phys. 33, 889 (1955). 

7B. Jacrot, Compt. rend. 240, 745 (1955). 

* Carter, Muether, Hughes, and Palevsky, Bull. Am. Phys. 
Soc. Ser. II, 1, 55 (1956). 

* Carter, Hughes, and Palevsky, Phys. Rev. 104, 271 (1956). 

® G. C. Wick, Physik. Z. 38, 403, 689 (1937). 

" R. Seeger and E. Teller, Phys. Rev. 62, 37 (1942). 

2 R, Weinstock, Phys. Rev. 65, 1 (1944). 

A, Akhiezer and I. Pomeranchuk, J. Phys. (U.S.S.R.) II, 
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where the subscript 0 refers to the incident neutron 
and f to the scattered neutron. Equation (1) must be 
satisfied for both coherent and incoherent scattering, 
but for the former, an additional condition holds. 
When the neutron is scattered coherently, the inter- 
ference of the scattered waves requires 


ko—ky= q+ 2re, (2) 


where ¢ is an arbitrary vector of the reciprocal lattice. 
Since k and q are proportional to momentum, Eq. (2) 
can be considered as expressing the conservation of 
momentum between the neutron, the phonon, and the 
crystal, with ¢ representing the momentum taken up by 
the crystal as a whole in the interaction. 

Experimental results obtained from incoherent 
scattering and their interpretation in terms of lattice 
vibration spectra have already been reported.®” Here 
we are interested in the more revealing and more 
complex coherent inelastic scattering. In the case of 
coherent elastic scattering, in which no phonon is 
exchanged, Eq. (2) reduces to kop—ky= 222, which is 
just the Bragg scattering condition. Since w is a function 
of q, Eqs. (1) and (2) can be satisfied simultaneously for 
only particular values of ky, if one assumes that ko 
is fixed. The conditions imposed by the vector Eq. (2) 
are illustrated in Fig. 1. The magnitude of ky and gq 
are uniquely determined by the additional conditions 
imposed by Eq. (1). As the direction of the incident 
neutrons, ko, is varied relative to the orientation of the 
crystal, determined by +, the end point of the vector 
k, sweeps out the surface S. S, which is called the 
Scattering surface, determines the allowed energy for the 
inelastically scattered neutrons. S will depend, of course, 

- on the value of ko and on the angle between ko and ky. 
Since only those neutrons with ky lying on S will appear 
in the scattered beam, the energy distribution will show 
a sharp peak at an energy corresponding to the partic- 
ular value of ky. In the actual crystal, there will be three 
modes of propagation of the elastic waves corresponding 
to the three different types of polarization—two 
transverse and one longitudinal. Thus, in genera] 
there will be three scattering surfaces corresponding to 
the different types of waves, so the energy distribution 
of the scattered neutrons should exhibit at least three 
discrete peaks. Actually, fewer peaks may be observed 
owing to degeneracy of the transverse modes in partic- 
ular crystal directions, or more peaks may appear 
because of complications of the surface, which allow 
k, to cross the same surface in two or more different 
points. 

The foregoing discussion covers the basic principles 
of the manner in which experimental results can be 
used to infer the properties of the lattice vibration 
phonons. Experimentally, it is only necessary to 
measure the energy of the peaks in order to determine 
both q and w(q), utilizing Eqs. (1) and (2). The 
parameters k, +, and the relative angles are determined 
by the experimental conditions, i.e., the incident 
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Fic. 1. Vector representa 
tion of the conditions ex 
ywressed by Eq. (2) ie, 
k, ky=q+2re. S is the 
scattering surface generated 
by varying ko with respect 
tof 





ho 


energy and the crystal orientation. The energy of the 
peak gives ky directly so that q can be determined from 
the vector diagram in Fig. 1, and w(q) from the con- 
servation of energy, Eq. (1). The function w(q), the 
dispersion relation, for the three polarizations, con- 
stitutes the fundamental information concerning the 
lattice vibrations. 

In principle, the above discussion applies to x-rays 
as well as neutrons. The change in the wave vector, 
k,—ko, giving q, can be easily determined for x-rays, 
but the energy of the x-rays is so large compared to 
the phonon energy that the energy change of the x-rays 
cannot be determined. Instead, w(q) can be determined 
only indirectly from the intensity of the thermal 
diffuse scattering. Thus, the interpretation of x-ray 
data requires the use of a rather fundamental assump- 
tion, and furthermore, the intensity data must be 
corrected for contributions from Compton scattering 
and multiple-phonon processes. In addition, results can 
only be obtained for waves traveling in directions of 
high symmetry in the crystal, since it is only by 
suppression of one or more of the modes of polarization 
that it is possible to separate the contribution of 
the different types of waves to the intensity. On the 
other hand, neutrons with the same wavelengths, 
because of their appreciable mass, are available with 
energies, aS in the present results, much smaller than 
the phonon energies—so the energy changes can be 
easily measured, Even multiple-phonon and incoherent 
processes do not affect the shape of position of the peaks, 
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but add a continuous background, which is slowly 
varying with energy so that the one-phonon coherent 
peaks can easily be identified. As each mode of polariza- 
tion is represented by a distinct peak, it is not necessary 
to limit the observations to waves traveling in particular 
directions in order to separate the different modes of 
propagation. Thus, the use of neturons offers a very 
direct approach, employing only the basic concepts of 
conservation of energy and momentum and requiring no 
serious corrections. In spite of the inherent advantages 
of neutrons over x-rays, the neutron experiments are 
still in the preliminary stage because of the limited 
neutron intensities available at present relative to 
x-ray intensities. 


Ill. EXPERIMENTAL TECHNIQUE 


An aluminum crystal was chosen for investigation 
because of its low absorption and incoherent cross 
section, and because large single crystals are easily 
obtainable. These considerations are important in order 
to obtain sufficient intensity. Very low-energy or ‘“‘cold” 
neutrons from the Brookhaven reactor were used. 
Although the neutron flux is greater for neutrons nearer 
thermal energies, their use requires very good energy 
and angular resolution to obtain significant results. 
A fairly monochromatic beam was obtained by filtering 
the neutrons through a _ polycrystalline beryllium 
filter. The Be filter, 8 in. thick, was cooled to liquid 
nitrogen temperatures, its transmission for the long- 
wavelength neutrons thereby being increased a factor 
of three. In the filter, only those neutrons with wave- 
lengths greater than 4 A were transmitted, and the 
mean transmitted wavelength was 4.7 A, corresponding 
to a temperature of 40°K, with a half-width spread of 
about 15°K, a result of the shape of the neutron energy 
distribution in the reactor. The effectiveness of the 
cooled filter was such that the intensity for neutrons 
with A>4 A was a factor of 1000 greater than for 
neutrons with A<4 A. Since the Debye temperature of 
aluminum is 400°K, the neutron energy gain will be 
of the order of 300°K, which is large compared to the 
spread in incident energy. 

The experimental arrangement is shown in Fig. 2. 
The filtered beam, with an angular spread of 3°, is 
incident on the scattering crystal, at room temperature. 

The neutrons scattered at 90° to the incident beam 
pass through a mechanical chopper, and travel a 4-m 
flight path to a bank of shielded BF; counters, the 
angular spread of the scattered neutrons being 5°. 
The energy distribution of the scattered neutrons is 
determined by standard time-of-flight techniques. 
Points on the scattering surface are determined for 
different orientations of the crystal with respect to the 
fixed directions of the incident and scattered beams. 
A large, single crystal of aluminum was available in 
the form of a cylinder 3 in. in diameter and 5 in. long. 
The large crystal, combined with the filter and chopper 
technique, allowed a beam with cross-sectional area as 
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large as 8 sq in. to be used. The incident flux of filtered 
“cold” neutrons was about 10° neutrons per cm? per 
sec, so the total number of neutrons incident on the 
crystal per sec was about 5X 10°. 

The difficulty of the present type of experiment is 
strikingly illustrated by the fact that because of the 
very small cross section for inelastic scattering the small 
solid angle subtended, and the duty cycle of the 
chopper, only one neutron per sec was scattered into the 
detector, in spite of the high intensity in the beam 
emerging from the reactor. Although a ton of shielding 
was placed around the counter, the rate due to room- 
background neutrons was about 5 per sec. Fortunately, 
the inelastically scattered neutrons are concentrated in 
narrow energy peaks; hence, when their intensity is 
determined as a function of time, distinct peaks can 
be seen above the background. The true counting rate 
in a channel at the peak is about equal to the back- 
ground counting rate. Since twelve points are taken 
stimultaneously, the large background, being independ- 
ent of time, does not have to be accurately determined. 
Being constant, the effect of the large background 
appears primarily in the large statistical uncertainty 
it introduces into each point, rather than in any shape 
distortions. Some typical energy distribution curves 
are shown in Fig. 3. The flux of neutrons per given 
wavelength interval, d(nv)/dX, is shown as a function of 
\. The vertical scale is the total number of counts per 
channel, with background subtracted. The statistical 
accuracy is indicated by the scatter of the points. It 
was necessary to overlap three sets of 12 points each 
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Fic. 2. Schematic diagram of experimental arrangement 
at the Brookhaven reactor. 
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in order to cover the whole energy range, and each 
curve represents about 48 hours running time. 


IV. ENERGY DISTRIBUTION OF SCATTERED 
NEUTRONS 


Some examples of the peaks present in the various 
energy distributions of the scattered neutrons are shown 
in Fig. 3. The location of the peaks are indicated by 
numbers, which correspond to the numbered points in 
the experimental scattering surfaces of Fig. 5. The 
observed width of the peaks is a result of the resolution 
of the time-of-flight equipment and the spread in the 
incident neutron energy. The data are shown on a 
wavelength scale since \ is proportional to the directly 
measured neutron time-of-flight. On this scale, the 
time-of-flight resolution is 0.14 A (full width at half- 
maximum), and is independent of the neutron wave- 
length. The contribution of the spread of the incident 
neutron energy to the resolution width is difficult to 
determine, as it varies with the orientation of the crystal 
and the shape of the scattering surface. On the average, 
the contribution is about equal to that of the time-of- 
flight equipment, giving a total resolution width of 
0.2 A. The position of the center of the peaks determines 
ky, and this position can be determined to about one- 
fifth of the resolution width, corresponding to a 4% 
error in ky. This error in ky ranges from 0.04 to 0.10 in 
units of (24 A~'), whereas the spread in ko resulting 
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Fic, 3. Energy distribution of the inelastically-scattered 
neutrons from aluminum for four different orientations of the 
crystal relative to the incident neutron beam. The numbers 
indicate the position of the peaks and correspond to the numbered 
points in Fig. 5. The resolution, shown by the triangle, is constant 
on a wavelength scale. 
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Fic. 4. Dependence of peak intensity upon costa, where a is 
the angle between the polarization vector e (assumed to have 
the same direction as q) and the vector ky—ko. The intensities 
have been corrected for all other factors in the theoretical intensity 
expression. The open circles represent those peaks believed to be 
due to one-phonon coherent scattering, and the closed circles 
represent the “anomalous peaks.” 


from the width of the incident neutron distribution 
is about 0.16 on the same units. 

In a few of the energy distribution curves, a very 
broad peak of low intensity appeared at unusually 
high energies. No peak of normal width and magnitude 
was found at such high energy indicating that the low, 
broad peaks were due to some other process than 
one-phonon coherent scattering. It was shown, experi 
mentally, that these “anomalous peaks” were not the 
result of instrumental or room-background effects, 
hence they resulted from neutrons scattered from the 
aluminum crystal. In order to separate this type of 
scattering from the one-phonon coherent type, the 
relative intensities of the peaks were studied. The 
intensity of the one-phonon coherent scattering depends 
along with other factors, directly on the square of the 
cosine of the angle, a, between the phonon polarization 
vector, e, and the vector ky—ko."* If one assumes that 
the high-energy peaks result from absorption of 
longitudinally polarized phonons, the direction of q is 
approximately the same as e, and thus the angle a is 
known. Figure 4 shows the intensity (after correcting 
for the other intensity factors) of all the peaks with 
\<1.6 A as a function of cos* a. The closed circles, 
those suspected of being “anomalous,” show no varia- 
tion with cos’a, and, therefore, cannot be due to the 
one-phonon coherent process. The open circles, rep- 
resenting the normal peaks, show a marked dependence 
on a, as expected, although the dependence is not 
precisely linear. The anomalous peaks were not used in 
the analysis of lattice vibrations since they did not 
result from one-phonon coherent scattering. Further 
work is being planned to identify their source. 


V. SCATTERING SURFACE 


With ko known and ky measured, it is necessary to 
have only the orientation of the crystal relative to 
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k, and ko, that is, ¢, in order to determine the scattering 
surface. The face-centered cubic aluminum crystal was 
oriented so that one face of the cubic lattice lay in the 
plane defined by the directions of the incident and 
scattered neutrons. In reciprocal lattice space, ko and 
k, thus lie in the plane containing the (000), (200), and 
(020) reciprocal-lattice points. Different regions of 
the scattering surface were investigated by orienting 
the crystal about an axis perpendicular to this plane. 
Figure 5 is a diagram of this plane, showing the angle, 
6, defining the orientation of the crystal relative to 
ky and ky, and the experimentally determined scattering 
surface. The angle 6 was varied in 5° steps until energy 
distributions had been determined over one quadrant 
of the diagram. For each value of 6, a line was drawn 
perpendicular to ky and the corresponding value of 
k, obtained from the scattering data used to fix the 
length of ky. Each end point of ky thus determined is a 
point on the scattering surface. The points are numbered 
in order to identify them with the peaks shown in Fig. 
3 and with the points on the curves in the next section. 
The dotted oval around each point delineates the error 
arising from the various sources already discussed. 
The regular octagonal pattern defines the boundaries 
of the Brillouin zones. 

The several branches of the surface 
constructed simply by connecting the points smoothly. 
In some regions no data could be obtained, and in 
other regions the errors or the points overlapped so as 
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Fic. 5. Scattering surface 
for aluminum in reciprocal 
lattice space. The reciprocal- 
lattice points, which define 
the plane, are denoted by 
crosses. The numbered 
points are the end points of 
the measured neutron scat- 
tering vectors ky and are 
numbered to correspond to 
the peaks in Fig. 3 and the 
points in the following 
figures. The errors of the 
points are shown by the 
dotted ovals. The heavy 
solid line is the scattering 
surface, and the dotted 
sections show where the 
data were insufficient to 
determine the surface. The 
octagonal pattern defines 
the Brillouin zones. 








to obscure the surface. In these doubtful regions, the 
dotted line represents a guess at the shape of the 
surface. That the outer surface is the longitudinal 
branch is readily determined from the intensity of 
point 4 at the top of the diagram. If it were on a 
transverse branch, the factor cos’a would be about 
zero and the peak would be of very low intensity. 
Instead, the peak is intense, indicating that cos’a is 
approximately unity and that the point belongs to 
the longitudinal branch. The small circle around the 
(020) reciprocal-lattice point also belongs to the 
longitudinal branch. Since all the q’s on this circle are 
small, it lies in a region of long wavelength where the 
simple Debye model holds. When one uses the elastic 
constants for aluminum with the Debye model, a surface 
very similar to the experimentally determined one 
results for the longitudinal but not for the transverse 
branch. Furthermore, the peak represented by the 
point 13 at the top of the circle has too much intensity 
to belong to the transverse branch. The remaining 
surface, that not ascribed to the longitudinal, must 
correspond to the transverse branch. Actually, there 
should be two surfaces for the two transverse branches, 
but they are too similar to be separated with the 
present resolution. 

The surfaces should be symmetric around the (020) 
and the (220) directions. The open circle, point number 
10, thus seems spurious for it has no counterpart on 
the other side of (020) axis of symmetry, even though 
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it was well defined in the experimental energy distribu- 
tion. Calculations based on a simple, assumed relation- 
ship between w and q, were carried out which showed 
that it would be possible for the peak to arise entirely 
from the scattering of incident neutrons with ko 
smaller than the mean value used in the diagram. This 
possibility was confirmed experimentally by using a 
narrow-wavelength band determined by two filters, 
and measuring the difference in the energy distributions. 
The distribution was first measured with a Be filter 
with a 4-A cutoff, then with a BeO filter with a 4.67-A 
cutoff. Subtraction of the two sets of data gave the 
distribution curve resulting for incident neutrons with 
ky between 1.57 and 1.34 in units of 27 A~. In this 
way, the contribution of the lower-energy neutrons 
(k<1.34) was eliminated. The suspected peak vanished 
in the difference curve, showing that it was completely 
due to the low-energy tail. Consequently, it was not 
used in drawing the scattering surface. The two-filter 
method improves the resolution and makes interpreta- 
tion of the data easier and more accurate. It requires 
much more running time, however, since two sets of 
data must be taken, each with sufficient statistical 
accuracy to make the difference between the two sets 
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Fic. 6, Dispersion curve for phonons traveling in the (100) 
direction. The open circles correspond to the longitudinal branch 
and the closed circles to the transverse branches; the numbers 
identify the experimental points in Fig. 5. The calculations of 
Squires'* and the experimental results of Walker‘ are also shown. 
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Fic. 7. Dispersion curve for phonons traveling 
in the (110) direction 


meaningful. The present intensity did not allow the 
use of this method for all the data taken. 

In order to obtain the desired dispersion law, w as 
a function of q, the direction and magnitude of the 
phonon wave vector, q, is read directly from Fig. 5 
for any direction of q. Its circular frequency w is then 
determined directly from Eq. (1). As the function 
w(q) varies with the direction of q in the crystal, any 
plot of w vs q must be made using only those points 
with equivalent directions of q. Thus plots were made 
for q’s in the (100), the (110), and the direction of 
the the Brillouin zone labeled W. The 
experimental points lying within +8° of each direction 


comers of 


were used. 

The dispersion curves thus obtained are shown in 
Figs. 6, 7, and 8. Each experimental point is numbered 
to correspond to Fig. 5, and the errors, shown by the 
dotted regions, are derived from Fig. 5. The open circles 
correspond to the longitudinal, and the closed circles 
to the transverse branch. The solid curves are derived 
from Squires’ calculations on aluminum,!® in which 
he assumes that the crystal forces are harmonic and 
exist only between first- and second-nearest neighbors, 
The 


thus requiring a total of five force constants 


6G. L. Squires, Phys. Rev. 103, 304 (1956) 
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Fic. 8. Dispersion curve for phonons traveling in the direction 
of the corners of the Brillouin zone labeled W. No x-ray data are 
shown since they cannot be obtained in this direction. 


five constants are related to the three well-established 
elastic constants. In order to determine numerical 
values for all five constants, however, he chose them 
to be the best fit to Walker’s x-ray data‘ in addition 
to the measured elastic constants. The *’s are Walker’s 
experimental data for the dispersion relation obtained 
from the diffuse scattering of x-rays. 

The neutron data, on the whole, agree well with the 
calculated curve and the x-ray data. In the (100) 
direction (Fig. 6), the open circles fit the lower part of 
the theoretical curve, but indicate that it should be a 


PALEVSKY, 


AND HUGHES 

little higher at the upper limit. The large scatter of 
the closed circles does not allow any definite conclusions 
to be drawn, concerning the transverse branch, but does 
indicate, as do the x-ray data, that the calculated curve 
should be higher for large q. In this direction the two 
transverse branches, 7; and 7», are degenerate. There 
are only a few neutron points in the (110) direction 
(Fig. 7); here the longitudinal branch again agrees 
quite well with the calculations. The two transverse 
branches are separated in this direction, but the 
neutron data are not sufficient to distinguish them. It 
is not possible to obtain x-ray data for the point W 
direction since the contribution of the several modes to 
the diffuse x-ray intensity cannot be separated. For 
neutrons, however, there is no such distinction. The 
open circles again indicate that the calculated curve 
should be higher for large g. The closed circles, however, 
agree very well with the theoretical curves, although 
the two branches are not resolved experimentally. 

In summary, the neutron data agree fairly well with 
the x-ray data and the theoretical calculations. Where 
some difference does appear to exist, however, the 
present data are not sufficiently accurate or detailed 
to warrant a re-evaluation of the force constants for 
aluminum. They indicate that the constants need some 
modification and possibly that a more detailed model 
must be used; however, recalculations should await 
better neutron results. The present work demonstrates 
the value of the scattering of cold neutrons as a tool 
for the investigation of lattice vibrations. The accuracy 
is limited only by the resolution, which at present is 
handicapped by the available intensity. Since the 
interpretation of the results is based directly on such 
fundamental princip'es as the conservation of energy 
and momentum, there is no possibility of hidden 
systematic errors arising out of the necessity of making 
corrections, or depencing on assumptions. Because of 
the promise of the neutron approach, extensive modifi- 
cations of the equipment have been made'® to obtain 
greater neutron intensity, and work with better 
resolution is now in progress. 


‘6 Pelah, Eisenhauer, Hughes, and Palevsky, Bull. Am. Phys. 
Soc. Ser. IT, 2, 43 (1957). 
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Elastic Constants of LiF from 4.2°K to 300°K by Ultrasonic Methods* 
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The values of the elastic constants of LiF at 4.2°K are found to be ¢,;,;=12.46 10", 


Cu = 6.49X 104, 


and ¢1.= 4.24 10" dynes/cm*, At 300°K ¢.,= 11.12 10", c44= 6.28 10", and ¢4.=4.20X 10" dynes/cm?, A 
Debye characteristic temperature, 6p, has been calculated from these values by using the Houston method 
of averaging the velocity over different directions in the crystal. At 4.2°K, @9=734°K in good agreement 
with the specific heat work of Martin. At 300°K, @p)=708°K which is not in good agreement with values 
derived from specific heat measurements. A model has been suggested in which a combination of Debye 


and Einstein terms is used in the specific heat theory. 


INTRODUCTION 


N investigation of the elastic constants of single 

crystals of LiF has been undertaken for the 
purpose of giving needed fundamental information in 
solid state physics. For example, Léwdin! has calculated 
theoretical values for ¢44, C12, and the compressibility at 
the absolute zero of temperature which we may now 
compare with our new results. The elastic constants 
may be used in computation of the frequency spectrum 
of lattice vibrations.? More simply, of course, the 
velocity of longitudinal and of transverse waves may 
be used to compute the Debye characteristic tempera- 
ture, #p, and the values may be compared with the 
experimentally derived 9p from specific heat measure- 
ments.’ Finally, we are interested in detailed knowledge 
of the lattice-vibration spectrum for purposes of 
understanding nuclear magnetic resonance studies on 
relaxation effects and line shape. 


EXPERIMENTAL 


The experimental apparatus was essentially the same 
as that used by Overton and Swim? in this laboratory 
and very similar to that described in more detail by 
Huntington.® The echo ranging technique was used to 
determine the velocity of longitudinal and transverse 
10-megacycle waves along specific directions in the 
LiF single-crystal specimens. It has been experimentally 
established that in order to obtain well-defined echoes 
it is necessary to have the quartz-crystal transducer 
physigally bonded to the specimen in some manner. 
As the temperature is lowered, a problem occurs since 
the differential thermal contraction between the 
specimen, the binding agent, and the quartz crystal may 
result in the breakage of any one of the three. For the 
temperature range 4.2°K to 200°K a Dow Corning 


* Supported by the Welch Foundation Grant. 

t Magnolia Petroleum Company Fellow in Physics. 

! Per Olov Léwdin, in Advances in Physics (Taylor and Francis, 
Ltd, London, 1956), Vol. 5, No. 17. 

2J. DeLaunay, in Solid State Physics (Academic Press, Inc., 
New York, 1956), Vol. 2. 

* Clusius, Goldman, and Perlick, Z. Naturforsch. A4, 424 (1949). 

4D. L. Martin, Phil. Mag. 46, 751 (1955). - 

*W. C. Overton and R. T. Swim, Phys. Rev. 84, 758 (1951). 

*H. B. Huntington Phys. Rev. 72, 321 (1947). 


Silicone Adhesive XC-270 was found to work very 
well if the temperature of the specimen was lowered 
at a rate of 10°K per hour or less. Measurements above 
200°K were made using stopcock grease and beeswax 
as binding agents. There is very little attenuation of 
the pressure waves in Lik and we could see 75 or more 
return echoes on the 1000-ysec sweep of the DuMont 
256 scope. We are studying the attenuation as a 
continuing problem, particularly at very low tempera- 
tures and under conditions of nuclear-spin precession 
frequencies equal to the frequency of our pressure 
waves, 

The optically clear single crystals of Lif used in 
this investigation were obtained from the Harshaw 
Chemical Company. One specimen was of dimensions 
3 in.X1 in.X1 in. with the 1-inch square face perpen 
dicular to the (100) plane while the other specimen was 
14 in.X1 in.X1 in. with 1-inch square face perpen- 
dicular to the (110) plane. It was necessary to polish 
the 1l-inch square faces so that they were both flat 
and parallel to each other. 


RESULTS 


The velocities shown in ‘Table I were calculated from 
measurements of the time between successive echoes 
and the length of the specimen. From these velocities 
the three independent elastic constants of the cubic 
crystal were computed by using the following expres 
sions, where p is the density of the specimen and v is 
the velocity of the particular type wave used: 


(1) a longitudinal wave with the direction of 
propagation perpendicular to the (100) plane pv? = cj), 
(2) a transverse wave with the direction of propaga 
tion perpendicular to the (100) plane pv’ 
(3) a longitudinal wave with the of 
propagation perpendicular to the (110) plane pv’ 


. Ken + C12+ 2644). 


CAhy 
direction 


In Table If our data are compared with the experi 
mental work of Huntington® and of Bergmann’ at 
room temperature and with the theoretical calculations 


7L. Bergmann, Ultrasonics and Their Scientific and Technical 
A pplications (J. W. Edwards, Ann Arbor, 1944), p. 332. 
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Fic. 1, Elastic constants of LiF as a function of temperature. 


of Léwdin' for the absolute zero of temperature. A 
plot of the three elastic constants vs temperature is 
given in Fig. 1. The variation from room temperature 
to’ 4.2°K of c,, and cq is seen to be about 12% and 3%, 
respectively, while ci, is practically independent of 
temperature since its variation is less than 1%. In 
making the preceding calculations the data of Adenstedt® 
on linear expansion as a function of temperature were 
used in correcting for the change in the length and 
density of the LiF specimens as the temperature was 
lowered, 

The compressibility 6 can be calculated from the 
elastic constants by using the following expression’: 


B= 3/(C1i+ 212). 


When one uses the values of ¢;; and cy, obtained from 
Fig. 1, the value of 8 is computed to be 1.54 10~-" 
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FG, 2. Debye characteristic temperature, @p, of LiF from various 
sources as a function of temperature. 


*H. Adenstedt, Ann. Physik 26, 69 (1936). 


°F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 373. 
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cm*/dyne at room temperature and 1.43 10~ cm?/ 
dyne at 4.2°K. Slater’ gives an experimental value of 
1.53 10~" cm?/dyne for 8 at room temperature, and 
by an extrapolation estimates it to be 1.4X10~" 
cm*/dyne at T=0°K. According to the theoretical 
calculation of Léwdin,’ B=1.3K10~" cm?/dyne at 
T=0°K. The temperature variation of the compressi- 
bility modulus, K=1/8, of LiF is seen to be quite 
similar to that of KBr as deduced by Kittel" from the 
experimental work of Galt.’ Kittel showed that this 
dependence of K on temperature could be accounted 
for by considering the theory of anharmonic lattice 
dynamics as formulated by Debye.” 


DISCUSSION 


In the Debye theory of specific heat of solids the 
medium is considered to be an isotropic elastic con- 
tinuum and the frequency distribution arising from the 
standing waves gives the number of normal modes 
between v and v+dy as 


f(v)dv=3V (4r/v*) v*dv, (1) 


where V is the volume of the specimen and v is the 
velocity of sound. If there are 3N degrees of freedom, 
we must have an upper limit to the integral of this 
expression, and this leads to the well-known maximum 
frequency given by 


Vinax= (35/42) 40, (2) 


TABLE I, Ultrasonic velocities in LiF as a function of tempera- 
ture. V,(100)=velocity in meters/sec of longitudinal wave 
propagated in the (100) direction. V7(100) = velocity in meters/sec 
of transverse wave propagated in (100) direction. V,(110) 
=velocity in meters/sec of longitudinal wave propagated in 
(110) direction. 


Compress- 

ibility 

in units 

Vi (110) 2 
+0.5% 6p °K 


7494 734 
7494 734 
7486 734 
7483 734 
7476 733 
7470 732 
7460 730 
7449 728 
7438 726 
7426 724 
7415 721 
7400 719 
7382 716 
7365 714 
7344 711 
7325 708 


Vi (100) Vr (100) 
+0.5% 40.5% 


T°K 


4.2 6866 
20 6866 
40 6862 
00 6855 
80 6844 

100 6827 
120 6804 
140 6778 
160 6750 
180 6722 
200 6692 
220 6061 
240 6630 
260 6599 
280 6567 
300 6536 


cem?*/dyne 


4951 1.43 
4951 
4951 
4951 
4951 
4951 
4951 
4950 
4950 
4949 
4947 
4943 
4938 
4932 
4926 
4920 
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2 J. K. Galt, Phys. Rev. 73, 1460 (1948). 

‘SP, Debye, in Vortrdge uber die kinetische Theorie der Materie 
und Elektrizitat, edited by M. Planck et al. (B. G. Teubner, 
Leipzig, 1914). 

“P. Debye, Ann. Physik 39, 789 (1912). 
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where s is the number of atoms per cell, A is the cell 
volume, and v is the velocity of lattice waves (taken 
equal to the velocity of sound). At very low tempera- 
tures and for a monotomic solid made up of an Avogadro 
number of atoms, the well-known expression for the 
specific heat is 


C,=464.5(T/@p)* cal/(°K) (g atom), (3) 


where O@p=hAvmax/k is the characteristic temperature 
computed from the measured sound velocity in the 
medium by use of the above equations. 

In a cubic crystal such as Lik’, which is not isotropic 
[the ratio 2¢44/(¢11—¢12) = 1.58 |, the observed velocity 
does depend on the direction of propagation through 
the crystal. In order to obtain a meaningful value for 
the 6p, the velocity must in some manner be averaged 
over the different directions in the crystal. The method 
proposed by Houston!’ was used to calculate an average 
6p from the measured elastic constants and the results 
are given in Table I. Actually we followed the procedure 
of Betts et al.,!° in which the velocity was averaged 
over six directions in the LiF crystal. 

Figure 2 shows the computed value of @p as a function 
of temperature as listed in Table I, and also shows the 
values of Clusius ef al.’ and of Martin‘ which they have 
deduced by comparing the simple Debye theory to their 
experimental results. The agreement is good at very 
low temperatures. We would emphasize that the 
averaging process is quite important because, for 
example, using the velocities of waves moving perpen- 
dicular to the (100) plane we get 0p =787°K at very 
low temperatures, and this is clearly not valid. 

In Fig. 3 the experimental specific heat from the 
work of Clusius et aJ.’ and of Martin‘ is plotted. The 
specific heat calculated from the simple Debye theory, 
with our value of 8p, is shown on the plot and gives a 
poor fit indeed at temperatures above 20°K. In an 
attempt to throw light on the kind of frequency 


TABLE II. Elastic constants of LiF in units of 10" dynes/cm*. 
The values quoted here due to Huntington have been corrected 
by using the known value of 2.601 g/cc for the density of LiF 
at room temperature. In his paper Huntington reported using a 
value of 2.295 g/cc obtained from the Handbook of Chemistry and 
Physics, which is incorrect. 

Elastic 
constant 

10" Huntington 
dynes/cm? T ~300°K 

Cu 11.07 

Cu 6.28 

Cie 4.57 


Present 
experimental work 


T =300°K T =0°K 


1112 12.46 
6.28 6.49 
4.20 4.24 


Liwdin 


T =0°K 


Bergmann 
T 300° K 
11.77 
6.28 
4.33 


5.544 
4.044 


16 W. V. Houston, Revs. Modern Phys. 20, 161 (1948). 
6 Betts, Bhatia, and Wyman, Phys. Rev. 104, 37 (1957) 
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Fic. 3. Experimental and calculated specific heat of LiF 
as a function of temperature. 


spectrum needed for better agreement, the following 
scheme was used to calculate the specific heat. In the 
face-centered cubic lattice structure of LiF the small 
Li ion (radius 0.60 A) occupies a sort of cell surrounded 
by the larger F ions (radius 1.36A). The large ions 
nearly touch all around and strongly repel one another, 
If one assumes that the Li ions behave as a set of 
Kinstein oscillators and that the F ions obey a Debye 
distribution function, the expression for the specifi 
heat per mole of LiF then becomes 


C,=3RF p(0p/T)4+3RF p(02/T). 


The value of 0g¢=hv/k is computed from the frequency, 
v, taken from the infrared absorption'® as 9.210" 
cycles/sec. However, the 0p) was taken to be 580°K, 
which is different from the values listed in Table I, 
because our model insists that the fluorine ion occupies 
the entire volume to be used in the calculation of Eq. 
(2). The results of the calculation are also shown on 
Fig. 3. Obviously, only a true vibration spectrum can 
give the correct result. If there is an element of truth 
in our model, then such a theory should be even more 
valid for the salts LiCl, LiBr, and Lil, where the 
anions are even larger and the Li ion is indeed left in a 
pocket where it may behave as a simple oscillator. 
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Hyperfine Splitting in the p° *P, Metastable State of I’*’t 
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The hyperfine structure of the p**Py metastable state of I?” was investigated by means of a vacuum 
echelle spectrograph. The doublet separation in the #4 state was obtained as 0.667 cm™ and 0.673 cm™ 
from 42062 and 1876, respectively, the mean value being 0.670 cm™. 


HE measurement of the hyperfine structure of the 

ground state p®*P, of I’? by Jaccarino et al. by 
means of the atomic-beam magnetic-resonance method 
was so accurate that one is able to calculate the octupole 
moment of the nucleus, though the accuracy of this 
calculation is limited, at least in part, by the accuracy 
of our knowledge of the electronic state. The electron 
configuration of iodine is p*, but the actual electronic 
state seems to be an admixture of s and p electrons. This 
can be estimated by the deviation from 5 of the ratio of 
the hyperfine structure constants in the *?, and *Py 
States. 

As all spectral lines ending in the p°?P, state appear 
in the wavelength region shorter than 2062 A, the 
hyperfine structure of this state was investigated by 
means of a high-resolution vacuum echelle spectro- 
graph.’ An ordinary Il-shaped discharge tube with a 
fused-silica capillary was used as the light source. 
lodine vapor was mixed with commercial helium and 
was supplied continuously to the discharge tube. The 
exposure time needed was from one to several hours; 


TABLE I. 


Upper Doublet separation 


state 


Lowet 
etate 


Wavelength 
A 


microns 4 em 


0.577 
0.726 


0.0245 
0.0256 


2062.298 *p, Py 81 
1876,423 Py ‘Py 05 


t This work was done under the project entitled “Spectroscopic 
Instrumentation for the Vacuum Ultraviolet,” directed by 
Dean G, R. Harrison, which was assisted by the Geophysics 
Research Directorate of the Air Force Cambridge Research 
Center, under a contract with the Massachusetts Institute of 
Tee hnology. 

* On leave of absence from the Institute for Optical Research, 
Tokyo University of Education, Tokyo, Japan. 

peataninn, King, Satten, and Stroke, Phys. Rev. 94, 1798 
(1954). 

* Harrison, Seya, and Onaka (to be published). 


therefore the temperature of the laboratory had to be 
kept constant within +0.1°C because a change of 1°C 
in the temperature of the echelle would cause a shift of 
20 microns in the special lines on the plate. 

Six lines which end in the */, state under considera- 
tion were observed, but only two of them were used in 
the determination of the hyperfine splitting, because 
the hyperfine structures of the upper states for the 
other lines have not been reported. All spectral lines 
ending in the *P, state have a doublet structure on the 
spectrogram, because the hyperfine separations in the 
upper states are too small to be separated by our 
spectrograph. The doublet separation was almost in- 
dependent of the vapor pressure of the iodine and of the 
condition of the discharge. This shows that the self- 
absorption from this metastable state is not strong 
enough to affect the accuracy of measurements. The 
results of the measurement are shown in Table I. 

The hyperfine structures of the upper states of these 
lines were measured by Schmidt.’ If we assume that the 
center of gravity of the unresolved hyperfine compo- 
nents coincides with the center of the spectral line, we 
can estimate the corrections for the center of gravity. 
These are +-0.090 cm™ and —0.053 cm™ for 42062 and 
\1876 respectively, so we find the doublet separation in 
the *P, state to be 0.667 cm™ and 0.673 cm™ from the 
above two lines, respectively; or 0.670 cm™ as the 
mean value. The agreement of these values is satis- 
factory, but the accuracy of measurement is about +1 
micron on the spectrogram, which corresponds to 
+0.07 cm. The over-all probable error will be a few 
percent including the error of the corrections for the 
center of gravity. 

The author wishes to thank Dean G. R. Harrison for 
his encouragement. He is also indebted to Dr. C. 
Schwartz for his suggestion of this work and to Prof. 
L. C. Bradley for numerous helpful discussions. 
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The excitation of the metastable levels in helium (24S and 21'S) was studied as a function of electron 
energy near threshold. The excitation due to essentially monoenergetic electrons was obtained by using the 
retarding potential method. The metastables were detected by their emission of electrons from a gold-plated 
cylinder. It was found that the excitation function for the 2 4S level is linear from the onset of excitation to 
approximately 0.4 ev above onset except for a small amount of tailing near threshold. The excitation function 
peaks at 0.6 ev above the excitation threshold. The value of the cross section of the 2 4S level is in reasonable 


agreement with the value given by Maier-Leibnitz. 


INTRODUCTION 


HE excitation of the metastable levels in the rare 
gases by electron impact has been the subject of 
some experimental'* and theoretical’ studies which 
show a wide disagreement, especially near the threshold 
of excitation. Maier-Leibnitz! used retarding curves on 
electrons in an electron swarm experiment to determine 
the inelastic collision cross section in helium. Dorrestein,? 
on the other hand, used an electron beam to produce the 
metastable helium atoms and detected them by their 
secondary electrons, as described below. Woudenberg 
and Milatz’ measured the metastables by the absorp- 
tion of the 10 830 angstrom line. For the metastable 
levels in helium, these experiments showed a sharp 
increase of the excitation cross section near threshold 
and a peak in the cross section quite close to the thresh- 
old. However, all these experiments suffered from a 
poor resolution in the energy of the primary electrons; 
the width of the distribution of electron energies was of 
the order of 0.5 to 1 electron volt. It therefore seemed 
advisable to perform anexperiment in which the electron 
energy distribution is narrower. In the present experi- 
ment the retarding potential difference method® was 
used to obtain cross sections for excitation resulting 
from electrons in a band of energies about 0.1 electron 
volt wide. 
It is well known that metastable atoms impinging on 
a metal liberate secondary electrons provided that the 
energy of the metastable level is larger than the work 
function of the metal.*” In helium where the first 
metastable levels are 19.82 and 20.61 electron volts 
above the ground state, this condition is certainly 
fulfilled since the work function of the metal, in this 
case gold, is of the order of four electron volts. This 
property of the metastable atoms is used to detect them. 


1H. Maier-Leibnitz, Z. Physik 95, 499 (1936). 

2 R. Dorrestein, Physica 9, 447 (1942). 

3J. P. M. Woudenberg and J. M. W. Milatz, Physica 8, 871 
(1941). 

‘H. S. W. Massey and B. L. Moiseiwitsch, Proc. 
(London) A66, 406 (1953). 

5 Fox, Hickam, Grove, and Kjeldaas, Rev. Sci. Instr. 26, 1101 
(1955). 

6 L. J. Varnerin, Phys. Rev. 91, 859 (1953). 

7H. Hagstrum, Phys. Rev. 91, 543 (1953) 
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EXPERIMENT 


Description of Tube 


A diagram of the tube used in this experiment is 
shown in Fig. 1. It consists of an electron gun, a collision 
chamber (C), and the electron collector (2). Electrons 
are emitted by a tungsten wire (7), about 0.1 milli 
meter in diameter and 3 millimeters long, and pass 
through the electron gun to be described later. The 
electrons, accelerated to the proper energy, pass through 
the collision chamber and are collected by the electron 
collector. The collision chamber is surrounded by two 
concentric cylindrical grids, G; and Gy, made of mesh 
which is 90% transparent. The diameter of these grids 
is 6.3 and 8.4 millimeters, respectively. A concentric 
solid cylinder M, 10 millimeters in diameter, is mounted 
from long glass insulators so that small currents to this 
cylinder can be measured. 

All parts of the tube are gold-plated to reduce con- 
tact potentials. The whole tube is baked at 450 degrees 
centigrade and the ultimate vacuum is of the order of 
10°" to 10 * millimeter of mercury. Operating pressures 
range from 10°‘ to 10-7 millimeter of mercury. Reagent 
grade helium gas is used. 


Electron Gun 


The electron gun uses the retarding potential differ 
ence method® to obtain the excitation function due to 
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Fic. 1. Diagram of excitation tube. / is the filament, P;, Ps, and 
P, are the three electrodes constituting the electron gun, C is the 
collision chamber, G, and G2 are two concentric cylindrical grids 
M is the gold-plated cylinder where electrons released by meta 
stable atoms are measured, and £ is the collector for electrons in 
the electron beam 
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essentially monoenergetic electrons. The electrons 
coming from the filament travel through three elec- 
trodes, The first electrode (/,) is at a positive potential! 
(about three volts) with respect to the filament and 
serves to draw the electrons from the filament. The 
second electrode (/’2) is at a slightly negative potential 
V» with respect to the filament. In order to prevent 
defocusing of the electron beam by this retarding poten- 
tial, an axial magnetic field of about 100 gauss is 
applied. The electron distribution in the forward direc- 
tion is chopped off by the retarding potential Vz; 
Only the high-energy electrons in the distribution can 
penetrate through the potential barrier presented by the 
second plate. The third plate (7) is again at the same 
potential as P,. The collision chamber is at the potential 
Va, with respect to the retarding electrode P,. If we 
change the retarding potential Vg by a small amount 
5V x, say 0.1 volt, then the distribution of electrons will 
be cut off sharply at a slightly different energy. The 
difference between retarding by V x and Vr+6V z is due 
solely to electrons in the energy band 6V,. Thus in 
order to obtain the excitation function due to electrons 
in a small energy range 6V p, one takes two readings for 
every value of electron accelerating voltage V4. The 
difference between the two readings gives the excitation 
due to electrons in the band 6Vz. By measuring the 
“difference current,”’ one can obtain the excitation due 
to electrons in a small energy band without actually 
creating a beam of monoenergetic electrons. Since P, 
and 7’; are at the same potential, no change in focusing 
action of the lens will occur when the potential on P, is 
changed slightly. 

Another advantage of the retarding potential method 
should be noted. Since electrons start with zero energy 
at the retarding electrode P,, the accelerating voltage 
V4 (see Fig. 1) will be very close to the true energy of 
the electrons. The contact potential between filament 
and the electrodes is thus eliminated. 


Operation 


Metastable atoms created by electron impact in the 
center of the collision chamber C, move out of the 
collision chamber with thermal velocities since the mean 
free path of the metastable atoms is larger than the 
dimensions of the tube. A portion of these metastable 
atoms reaches the outer cylinder M where they liberate 
secondary electrons. The secondary electrons in turn 
are accelerated to the grid G, by a potential of about 15 
volts. A vibrating reed electrometer is connected 
through a resistor (10° ohms) to cylinder M. Thus, by 
measuring the departure of secondary electrons from M 
one obtains a measure of the number of metastable 
atoms created by the electron beam and arriving at M 


provided that the secondary emission coefficient for 


liberation of electrons by metastable atoms is known. 
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RESULTS 


The difference current departing from the cylinder M 
as a function of electron accelerating voltage is plotted 
in Fig. 2. The accelerating voltage, V4, should be cor- 
rected by approximately 0.06 ev to give the electron 
energy. The optical values for the excitation of the 24S, 
2'S, and 2*P states are indicated by the arrows. The 
excitation function exhibits, within experimental error, 
a linear rise near threshold. The tailing for the first 0.1 
volt near threshold is attributed to the finite distribution 
in energy of the electron slice. The excitation function 
peaks at 0.6 ev above threshold and then falls off. The 
onset of the 24S excitation occurs 0.8 volt above the 
onset of the 24S excitation and this is evidenced by an 
increase in the excitation function. 

From this point on, the sum of the excitation func- 
tions for the 24S and 21S levels is measured. Triplet 
and singlet metastable states cannot be separated in 
this experiment. The second peak at 21.1 volts indicates, 
however, that the 2 4S level also has a peak in its cross 
section quite close to threshold. This is contradictory to 
the theory by Massey and Moiseiwitsch‘ which predicts 
a peak in the cross section for excitation of the 2 45 level 
at 12 ev above threshold. 


Magnitude of Cross Section for the 2 ‘S Level 


The magnitude of the cross section for the excitation 
of the 24S level can be computed provided that the 
electron yield due to the thermal metastables on the 
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Fic. 2. Difference current as a function of electron accelerating 
voltage. The difference current is proportional to the excitation 
cross section. The dashed line is an extension of the straight line 
fit to the experimental points in the region from 19.8 to 20,1 ev. 
The arrows locate the spectroscopic values of excitation levels for 
the indicated states. The electron accelerating voltage is the 
potential difference V4 (see Fig. 1). The difference between the 
dashed line intercept and the location of the 24S state (0.06 ev) 
indicates the approximate correction necessary to convert_the 
electron accelerating voltage V4 into electron energy. 
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metal cylinder M is known. Also, an assumption about 
the angular distribution of the scattered metastable 
atoms has to be made. The electron yield of the cylinder 
M depends on the conditions of the surface of the 
cylinder. No special provisions were made in the present 
tube to outgas cylinder M other than baking it at 450°C 
for 12 hours. Stebbings and Massey*® measured the 
electron yield due to helium metastables impinging on 
such a surface. In their experiment the surface was 
gold-plated, as is the case in our experiment. The value 
of Stebbings and Massey for the electron yield, y, is 
0.29+0.03 electron per metastable. 

Using this value, one can compute the cross section 
for the excitation of the 2 *S level from the relation 


im=i_OmN Gl, 


where i» is the electron current departing from the 
cylinder M due to the arrival of metastable atoms, i_ is 
the electron current through the collision chamber, 
Om is the cross section for excitation of the helium 
metastable atoms, G is a geometric factor giving the 
ratio of the area subtended by the collector M to the 
total solid angle, and / is the length of the electron path. 
The factor G is computed under the assumption that the 
angular distribution of the metastable atoms is isotropic. 
N is the gas density. 

With the assumptions enumerated above, the cross 
section at the peak of the 24S excitation becomes 
4X10-" cm’+ 30%. This value is in good agreement 
with the value reported by Maier-Leibnitz who ob- 
tained a value of 5X10~'* cm? for the peak of the 24S 
cross section. 


DISCUSSION 


Figure 3 shows a comparison between the present data 
(curve A), Dorrestein’s data (curve B), and the 
theoretical curve by Massey and Moiseiwitsch for the 
24S level alone, (curve C). All curves are normalized 
such that the peak of the 24S level lies at unity. The 
present experiment compares well with Dorrestein’s 
data.? The superior electron energy distribution in the 
present experiment reduces the tailing near the onset 
of excitation from about 0.3 electron volt in Dorrestein’s 
experiment to 0.1 electron volt in the present experi- 
ment. Also, Dorrestein’s curve is shifted on the voltage 
_*R. F. Stebbings and H. S. W. Massey (private communica 
tion). 


LEVE 





Normalized Cross Section 





! 
22 23 


Electron Energy (electron volts) 








Fic. 3. Comparison of the lowest excitation functions for 
helium. A is the present experiment; B is Dorrestein’s experiment; 
C is the theoretical excitation for the 24S level (Massey and 
Moiseiwitsch*). The curves are normalized in such a way that the 
peak of the 2 4S level lies at unity. 


scale. This is probably the result of contact potentials 
in Dorrestein’s experiment. The theoretical curve C 
exhibits a sharper rise than the experimental curve. 

The curve obtained, by a rather indirect method, by 
Maier-Leibnitz lies between curves A and C. It peaks 
about 0.3 electron volt above threshold. No comparison 
can be made with the data of Woudenberg and Milatz 
because their energy resolution was not good enough to 
establish the excitation function near the threshold. 

The linear behavior of the experimental excitation 
curve is surprising in view of Wigner’s theory’ which 
predicts a square root dependence above threshold. It 
may be that the square ro6t law is applicable only at 
energies less than 0.1 electron volt above threshold. In 
that case, the true curve would be masked by the finite 
distribution in electron energy from 0 to 0.1 electron 
volt above threshold. These questions are discussed 
more fully by Baranger and Gerjuoy in an accompany- 
ing paper." 
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The cross section for excitation by incident electrons of the 45,(15,2s) metastable level of He has been 
fitted by using a Breit-Wigner one-level formula. The fit is very good. The significance of this result and 
its bearing on the energy dependence of the cross section near threshold are discussed. 


I. INTRODUCTION 
—antenaneecl Schulz and Fox! have measured the 


cross sections for excitation by incident electrons 
of the 45,(1s2s) and 4So(1s2s) metastable levels of He. 
These energy levels are diagrammed on the left of 
lig. 1. The observed cross sections are shown in Fig. 2 
of their paper.’ The spectroscopic values for the 
excitation thresholds, as listed in Fig. 1, are located on 
their energy scale by the arrows in Fig. 2'. Figure 2! 
is a plot of the total cross section for metastable 
excitation; ie., above the 21'S» threshold is plotted 
the sum of the cross sections for excitation of the 4S, 
and 'S) metastables. We make no use of the data above 
the 2*P threshold, where they become increasingly 
difficult to interpret. Below the 2 ‘Sy threshold Fig. 2! 
shows the cross section for the sole energetically possible 


2'S,(1s2s) ——— E* e206 ev 


25S, 1828) 





"Setts") 
He He 


hic. 1. Energy levels of atomic He and postulated unstable 
level of the negative ion He, The ionic energy is measured relative 
to the ground state energy of atomic He, i.e., relative to the total 
energy of the system consisting of a He atom in its ground state 
and of an electron with zero kinetic energy at infinity. 


* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission—through the Sarah 
Mellon Scaife Radiation Laboratory. 

'G. J. Schulz and R. E. Fox, preceding paper [Phys. Rev. 
106, 1179 (1957) ]. We consistently refer to Fig. 2 of their paper 
simply as “Fig. 2'.” 


inelastic process—excitation of the 2 4S, level. According 
to Schulz and Fox the value of the 4S, cross section at 
its maximum is 4X10~% cm?=0.045raP?+30%, do 
being the Bohr radius. The tailing near threshold 
presumably results from the approximately 0.1-ev 
energy spread of the incident electron beam.' Between 
19.8 ev and 20.1 ev the experimental points deviate 
imperceptibly from a straight line. This line (dashed) 
intercepts the energy axis at 19.75 ev, only 0.07 ev 
removed from the spectroscopic value of the 4S, 
threshold. 

Wigner’s? very general theory of the energy depend- 
ence of cross sections near threshold predicts that the 
24S, excitation cross section should be proportional to 
(AE)!, where AE is the energy excess above threshold. 
It is evident that a (AE)! dependence is incompatible 
with Fig. 2' except possibly in the very immediate 
neighborhood of 19.75 ev. There the incident energy 
spread so distorts the excitation curve from the shape 
which would be observed with monoenergetic electrons 
that a (AE)! dependence cannot be ruled out. The 
observations also can be compared with the theoretical 
cross sections computed by Massey and Moiseiwitsch.’ 
They find a very sharp resonant peak in the 24S, 
cross section, height 7X10-*wa,?, at about 0.1 ev 
above threshold. As these authors note, if resonance 
actually occurs the height at resonance and the resonant 
energy probably depend very sensitively on fine details 
of the electronic wave function, and are not likely to 
be accurately predicted even by their elaborate calcula- 
tions. Their theoretical results do point to the possibility 
of fitting the *S, cross section, in the energy range 19.75 
20.6 ev of Fig. 2', to a Breit-Wigner resonance curve. 

In the following sections comparisons of the observa- 
tions with the Breit-Wigner formula are described and 
discussed. As will be seen, a very good fit is obtained 
with parameters (e.g., level width) whose magnitudes 
are quite reasonable. Our ability to account for this 
He 24S, electron excitation cross section in terms of a 
single resonance level is we think provocative, and 
bears importantly on the applicability (to excitation 
by electrons) of Wigner’s threshold theory. 

2. P. Wigner, Phys. Rev. 73, 1002 (1948). 

7H. S. W. Massey and B. L. Moiseiwitsch, Proc. Roy. Soc. 
(London) A227, 38 (1954). 
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Wut estimates that the 152s? level of He™ lies within 
a few tenths ev of the He 2 *S, state. It is tempting to 
assert that the observed *S, cross section results from 
resonance with this He™ level, and to assert further that 
this resonance explains the very large slow electron 
cross section for deexcitation® to 4S, of the 2 So meta- 
stables. However, as amplified below these assertions 
do not account for all known information about the 
cross sections. This is not surprising; a glance at the 
spacing of the 1sns levels of He shows the ionic com- 
pound states are not likely to be widely spaced compared 
to the 1-ev level width inferred from our fit to the 4S, 
excitation curve. Nonetheless, these many-level com- 
plications do not negate the possible utility of a one-level 
approximation in appropriately selected atomic prob- 
lems. Wigner’s® discussion of the development of the 
resonant or compound model for nuclear reactions 
suggests that a resonant picture should be sought 
whenever an observed cross section shows sharp maxima 
and minima as a function of energy. 


II, APPLICATION OF ONE-LEVEL THEORY 


We attempt first to fit solely the *S, excitation cross 
section, i.e., that portion of Fig. 2! lying below the 
2485 threshold. The transition from the ground to the 
2 8S, state does not involve a transfer of orbital angular 
momentum to the atom from the incident electron, and 
at energies near threshold the outgoing very slow 
eléctron must be in an s state. Thus near threshold the 
reaction proceeds mainly via incoming and outgoing s 
electrons going (we postulate) through a compound 
*S, state of He~ (Fig. 1). Under these circumstances 
the *S, excitation cross section is given by? 


T ols 


- ; (1) 
ke ((E—E,)?+417] 

where E is the kinetic energy of the incident electron; 
ky= (2mE)‘/h; E, is the energy of the compound state® 
measured relative to the ground state of the neutral 
atom; ['=I'y+I', is the (energy-dependent) width of 
the compound state; I'p is the partial width for disinte- 
gration of the compound state into an electron and a 
neutral He atom in its ground 4S, state; and I’; is the 
partial width for breakup leaving the neutral atom in 
its 2 *S, state. For each incident energy £, the values of 
I'y and I’; are 
I"; 2kiy’, (2) 

4Ta-You Wu, Phil Mag. 22, 837 (1936). 

6A. V. Phelps, Phys. Rev. 99, 1307 (1955). 

*E. P. Wigner, Am. J. Phys. 23, 371 (1955). 

7J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 558 

* We have neglected the slight energy dependence of /, resulting 
from its proximity to the 'So threshold, Using reasonable values 
for the reduced width of this channel, the shift can be shown to be 
small in the interesting energy region. See R. G. Thomas, Phys. 
Rey. 88, 1109 (1952). 
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with k;=[2m(E—E,) |'/h, E, being the threshold 
energy (Fig. 1); yo? and y,* are energy-independent 
quantities, the so-called Wigner reduced widths. 

The solid line of Fig. 2 of this paper is a plot of the 
best fit obtained with Eq. (1) using #£,=19.79 ev, 
Eq= 20.19 ev, yo?= 2.2 10~* ev cm, and y;?= 2.5X 10-" 
ev cm. The crosses of Fig. 2 are the experimental 
points, taken from Fig. 2'. Some explanation of this 
choice of parameters is in order, The maximum value 
of o in Eq. (1) cannot be very far from H= E,. At 
E= Eq~20 ev, kody™1, Eq. (1) makes o~m4ray*T' ol") /T?; 
comparing with the experimental value o=0.045ma," 
at maximum, we infer that either I'y)//<<1 or [')/l<1, 
since I'p+I'; =I. If we take I',/'«1, Eq. (1) has the 
form 


C(E—E,)! 
a ; (3) 
(E—F,)*+40" 


where C (which is adjusted to omax) and I'~I'p are 
effectively constant in the energy interval under 
consideration. 

The parameters of Fig. 2 correspond to a I of 1.0 ev 
or to a lifetime of about 107° sec for the He~ compound 
state. This is not unreasonably short in view of Wu’s® 
the lifetime for autoionization of the 
Our values 


estimate that 
2s? 1S state of neutral He is 2.5 107" sec. 
for yo and y,’ also are reasonable from another import- 
ant standpoint, namely they lie well within the sum 
rule limit!’ of 3h?/2ma, where a is the radius of the 
compound state. ‘To be precise, @ would have to be 
as large as 100 dy for the limit to be exceeded; alter 


— 
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Fic. 2. Total cross section o for excitation of He metastables, 
in arbitrary units, as a function of incident electron energy in 
ev. The solid line is a plot of our best fit obtained with a Breit 


Wigner formula. The crosses are experimental points. 


9 Ta-You Wu, Phys. Rev. 66, 291 (1944) 
”'T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952) 
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natively, if a is assumed about equal to ao, }-7’ is one 
percent or so of the sum rule limit. For nuclear levels, 
percentages of this magnitude are interpreted to mean 
that: the single-particle model is beginning to break 
down but the statistical model is not yet valid.“! The 
same interpretation for the levels of the three-electron 
ion He™ is quite believable. 

The results quoted in the preceding paragraph 
support our belief that a one-level approximation to 
the *S, cross section is meaningful and useful. We note 
that we could have chosen I'o/I'1 in Eq. (1), in 
which event Eq. (3) is replaced by 


C'(E—E,)! 
gs 7 ’ ’ 
(E— E4)*+ (2m/h*)(E— E,)ys4 


(4) 


where the quantities other than Z are energy-independ- 
ent. Recognizing that the denominator in Eq. (4), 
like the denominator in Eq. (3), is a quadratic function 
of E, a little manipulation shows that Eq. (4) yields 
the same family of curves as does Eq. (3). Hence with 
I')/'1 the solid line of Fig. 2 still is our best fit to 
the data, but it now corresponds to E,=19.79 ev as 
before, Ea= 20.43 ev, yo?=4.1K10~" ev cm, y;?= 1.4, 
«10~* ev cm. The lifetime of the compound state is 
the same as previously. The lack of structure in the 
elastic cross section,” not easily explicable if I'o/I’ is 
of the order of unity, favors the supposition that in 
fact I'o/<1 rather than [')/'<1. 

We remark that although in either case, I';/I’«1 or 
I'o/I'1, we find E, very close to Wu’s* value for the 
energy of the He~ 152s* level, we do not cite this agree- 
ment as evidence favoring. our one-level analysis of 
the data. Insisting that Wu’s He~ compound state is 
responsible for the observed 4S, excitation is logical 
only if it can account for all scattering data in this 
energy region. Otherwise, since the level spacing 
probably is close, it is more reasonable to postulate 
additional compound states nearby, any one of which 
may lie closer to 19.82 ev than the He~ 152s? level and 
therefore be the compound state producing the observed 
*S, resonance. A 152s? compound state of He~, because 
it should have a large reduced width for breakup into 
He 152s levels, is consistent with our I'o/I';«1 fit and 
with Phelp’s datum®: a de-excitation cross section more 
than 75% of the theoretical limit at 0.04 ev. However, 
on the assumption that the 2S excitation also proceeds 
mainly via this same compound state, Phelp’s result 
even if only approximately correct—-implies the 
combined 8S, and 4S» excitation cross section must 
decrease past 0.04 ev above the ‘So threshold instead of 
rising as Schulz and Fox’s observations do. In sum, 
while the possibility cannot be dismissed, there is no 


"R. G. Sachs, Nuclear Theory (Addison-Wesley Press, Cam- 
bridge, 1953), p. 312. 

“1H. S. W. Massey and E. H. S. Burhop, Electronic and Tonic 
Impact Phenomena (Clarendon Press, Oxford, 1952) Chapt 
L-IV, especially p. 10. 
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compelling reason to identify Wu’s level (whose 
energy is estimated‘ only to +0.5 ev) with the level 
responsible for the observed structure in the *S, cross 
section. 

The energy dependence implied by Eq. (3) in the 
immediate vicinity of threshold is the same as that 
predicted from the more general many-level theory.” 
The success of our fit to Fig. 2' with Eq. (3) shows 
that there is no reason to doubt the (AZ)! law right 
at threshold, but also demonstrates (as Wigner? 
cautions) that the energy range in which the (AE)! 
law is valid can become unobservably small when 
there is a resonance close to threshold. Because the 
“true” cross section for monoenergetic electrons is 
not known in the tailing region of Fig. 2', and because 
Schulz and Fox’s energy scale need not be exact,} 
we regard the threshold energy F, as a parameter in 
Eq. (3) and choose it to get the best fit to the experi- 
mental points of Fig. 2' in the energy range above 
about E=19.85 ev. Especially in the energy range 
20.3-20.6 ev, where the higher compound states which 
may be needed to account for the second peak can make 
important contributions to the 2 4S; excitation cross 
section, our one-level approximation may not be 
justified. Thus we place no emphasis on the particular 
values of Za, yo*, and y;* we have found, despite the 
fact that a good fit to Fig. 2! allows very little latitude 
in these parameters. The value E=19.79 ev for FE, 
does seem significant, however; we have no definite 
proof but our numerical work indicates that varying 
F, in a many-level fit to the data would produce much 
the same effect, at energies below 19.85 ev, as varying 
EF, in the simpler expression (3). 

To get some feeling for the permissible variation in 
E,, in Fig. 3(a) we compare the experimental points 
with the best fit we could get using £, equal to 19.85 ev. 
The E,=19.85 ev curve is a slightly yet discernibly 
inferior fit; larger variations in 2; soon make the fit 
much worse. Apparently, provided our success in 
fitting the data with a one-level formula is neither 
fortuitous nor trivial, we may assert that Schulz and 
Fox’s energy scale is in error by not more than about 
0.05 ev. That the fit is not wholly trivial can be seen 
from Fig. 3(b), where we compare the experimental 
points of Fig. 2' with the best fit obtainable from the 
four-parameter family 

0=C(E—E,)'(F’+aE+)), (5) 


wherein C, £, a, and 6 are energy-independent adjust- 
able constants. Though Eq. (5) is not a bad fit, it is not 
as good as Eq. (3), mainly because Eq. (5) cannot 
duplicate the observed linear dependence on E— £, 
over as large a portion of the energy range below 20.1 
ev as does Eq. (3). 


CONCLUDING REMARKS 
Schulz and Fox’s data suggest a legitimate challenge 
to the utility of the threshold theory in atomic or 
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molecular excitation by electrons, namely: that its 
energy range of validity generally lies so close to thresh- 
old as to be practically unobservable, although the 
fundamental assumptions of the theory are justified. 
The theory itself in its present form? gives no quantita- 
tive information concerning its range of validity. On 
this basis we urge more careful studies than heretofore” 
of electron excitation cross sections in a variety of 
atoms and molecules, to determine whether a range of 
validity less than 0.1 ev is typical or atypical. Moreover 
such studies would clarify the significance of the linear 
dependence on AE observed in the energy range 19.8 

20.1 ev. A purely accidental linear behavior over so 
extended an interval between the cross section peak 
and the tailing [presumably (AZ)*] region is improb- 
able. Yet our one-level formula implies such linearity 
only when the ratio of I to E,—£, is close to two. 
At the moment we see no reason why I'/(£,— E£,) need 
be two when a one-level approximation is applicable, 
nor why a many-level formula need produce a linear 
curve past the (AZ)! threshold region. 

In conclusion, we recognize and have ourselves 
mentioned theoretical objections to the use of a one-level 
approximation in this He excitation problem. We are 
much concerned therefore with the possibility of 
experimental confirmation of our analysis. The only 
obvious direct test is a high-resolution measurement of 
the shape of the 4S, excitation curve near threshold. As 
we have explained, the shape of our “best fit” curve 
near threshold probably is the least equivocal of our 
results. Thus we feel that if the experimental curve 
near threshold does not follow the solid curve of Fig. 2 
our one-level approximation is contradicted, while 
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Fic. 3. Total cross section o for excitation of He metastables, 
in arbitrary units, as a function of incident electron energy in ev. 
The solid line in (a) is obtained from the Breit-Wigner formula, 
using a threshold of 19.85 ev. The solid line in (b) is our best fit 
obtained using Eq. 5. The crosses are experimental points. 


conversely a successful prediction of the detailed shape 


of the experimental curve near threshold surely would 
be strong evidence in favor of our approach. 
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The variation of the microwave absorption coefficient with pressure in ethy] chloride has been determined 
at 7392 Mc/sec and 8780 Mc/sec. The values at one atmosphere pressure and temperature 300°K are 
49X10 4 em™ and 6.910 cm™, respectively. From the known values of the rotational constants of the 
molecule, all the allowed rotational frequencies of the P, 0, and R branches for all significant J values have 
heen computed; the theoretical] intensities of these lines have been computed approximately with the help 
of the transition intensities tabulated by Cross, Hainer, and King. The formula of Van Vleck and Weisskopf 
has been used to calculate the absorption due to these lines, and it is found that practically all the absorption 
observed in the 3 cm and 1.25 cm regions is due to the low-frequency Q-branch rotational lines, most of 
which are practically at zero frequency because the asymmetry in the molecule is very small. The value of 
the pressure-broadening parameter which gives the best fit in the experimental data at all pressures up to 
one atmosphere is 0.25 cm! per atmosphere. The observed absorption is thus equivalent to a Debye-type 
nonresonant absorption due to a zero-frequency line of intensity 22.8310~4 cm™!/atmos and Av=0.25 


cm '/atmos 


INTRODUCTION 


HE absorption of microwaves in polar molecules 
is due to several causes, the most important 
being the transitions between the rotational levels of 
the molecule. The absorption line is spread out over a 
wide frequency band by the collision process as the 
pressure increases. The shape of the collision-broadened 
line is of great theoretical and practical interest as it 
gives information about the intermolecular forces and 
about the contribution to the absorption at other fre- 
quencies due to a resonance line. The total microwave 
absorption at a given frequency is the sum of resonant 
and nonresonant absorption. The Van Vleck and Weiss- 
kopf' theory of pressure-broadening of lines has the 
virtue of being applicable to both of these cases in the 
microwave region. Ethyl chloride was chosen for the 
study, because the values of the rotational constants 
and the asymmetry parameter indicated that it will 
exhibit resonant as well as nonresonant absorption. 
Ethyl chloride being an asymmetric top, every J 
level is split into (2/+1) sublevels. Since it is nearly 
a prolate molecule (AK = —0.96), it is found that as the 
J value increases there are more high-energy sublevels 
which are practically degenerate. The symmetry selec- 
tion rules? in such cases for Q-branch (AJ =0) transi- 
tions indicate that if the dipole moment is along the 
“q” or the “c’” axis, transitions are permitted between 
alternate pairs of adjacent levels. In ethyl chloride the 
dipole moment is chiefly along the “a” axis and hence 
Q-branch transitions involving #4 have a high proba- 
bility. Such transitions are characterized by the change 
Ak_,=0. Thus, the majority of transitions, which have 
high intensity, belong to the Q branch, and most of 
them are practically at zero wave number. Their 
effect in the microwave region will be observed because 


1 J. H. Van Vleck and V. F. Weisskopf, Revs. Modern Phys. 
17, 225 (1945). 

2C, H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955). 


of the collision-broadening process. It seems that such 
a situation will arise in all molecules which are slightly 
asymmetric, have a large moment along the “a” or the 
“c” axis, and have appreciable population in the J 
states. Ethyl chloride has been examined as a typical 
molecule belonging to this class. 


EXPERIMENTAL ARRANGEMENT 


Since the value of the absorption was sufficient at 
medium pressures, it was found that the absorption 
coefficient could be determined accurately by measuring 
the microwave power output from a wave-guide cell 
when the cell was evacuated and when it was filled 
with the gas. The absorption coefficient a in free space 
at a free-space wavelength \ could be determined with 
the help of the relation*® 


1 7] A\?)3 
a os —\{1-( ) | cm", (1) 
Lb 6— Ad 2b 


where 6 is the output galvanometer deflection when the 
cell is evacuated, A@ is the reduction when the gas is 
admitted into the cell, Z is the length of the absorption 
path, and # is the larger dimension of the inner cross 
section of the wave guide. The schematic diagram of 
the arrangement is shown in Fig. 1. The microwave 
power is generated by a klystron 2K39 and detected 
by a crystal 1N23 whose square-law characteristics was 
checked prior to its use. The gas cell is a seven-foot 
X-band guide. It is bent into a U-shaped piece and put 
into a constant temperature chamber. Even after 
careful design of the mica window there was some re- 
flection which was tuned out before each observation 
was taken. The observations reported here are the 
averages of ten readings for each pressure. 

Since the observations indicated that a varies as p’, 

* Krishnaji and G. P. Srivastava, J. Sci. Ind. Research India 
(to be published). 
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it was considered desirable to present the data by 
means of graphs in which a is plotted against p*. Figures 
2, 3, and 4 show the variation of a with p’, for fre- 
quencies 7392 Mc/sec, 8780 Mc/sec, and 24 000 Mc/sec. 
The data for the first two frequencies were taken by us 
and the data for 24000 Mc/sec has been computed 
from Hershberger’s'® results. Since the graphs are 
straight lines, it is concluded that the absorption ob- 
served is mainly due to lines away from this region. 


DISCUSSION 


The. absorption coefficient due to a rotational line 
can be expressed? as 


8x? N | 
mc {(Sx) | mij |v" 


Ap Av 
x t | (2) 
Av’+(v—)? Av?+ (y+)? 


where vo(cm™') is the resonant frequen: y, vc m7) is 
the operating frequency, and f, and f(Jx) are the 
fractions of molecules in a particular vibrational and 
rotational state, respectively. The terms within the 
brackets are due to the line-shape factor of Van Vleck 
and Weisskopf. Since, in the present analysis, we are 
interested in the absorption at atmospheric pressure, 
we have neglected the fine structure due to the effects 
of the spin, isotope substitution, centrifugal distortion, 
and transitions in excited vibrational states. The value 
of f, can, therefore, be replaced by unity. In the case of 
asymmetric molecules at sufficiently high temperatures, 


[2/ +1] expl—W(Jx_1K,)/kT | 
[ (9w/ABC)(kT/h)* |} 
4W. D. Hershberger, J. Appl. Phys. 17, 495 (1946) 


5 W. D. Hershberger and J Walter, J. Appl. Phys. 17, 814 
(1946). 
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1. Schematic diagram of setup for measurement of the absorption coefhicient 


where A, B, and C 
Substituting the values of universal constants 
30 124 me/sec, B= 5493.76 Me 
for CoH,Cl® (Wagner 
300° K working 


are rotational constants in cycles 
per sec. 
and the values of A 
4962.24 Mc/sec 
get for 7 


sec, and C 
and Dailey®), 
temperature) 


a=5.73K10-"ps* *S yy 


we (our 


Ap 
x | 


Vo)" 


(4) 
Av’ + (v-+ 19)" 





27 392 MC/5 


46°F 


p*in cm? 








4 eh 


- 4 — - 
oO /000 3000 5000 


hic. 2. Absorption coefficient in cm~! vs square of 
pressure in cm? (Hg) at 7392 Mc/sec, 


cf k 
(1954) 


S. Wagner and B. P. Dailey, J. Chem. Phys. 22, 1458 
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: have been calculated with the help of the expression? 

, , 
ia iii ra =}(A+C)J(IF1)4+4(A—C) Er. (6) 
For calculation of the absorption coefficient, 7S,; has 
been taken from the tables of Cross, Hainer, and King,’ 
and Av has been taken as 0.25 cm™ per atmosphere. 
There are very few P-branch lines which are allowed 
and moreover their contribution to the absorption is 
negligible. Table II shows the theoretical absorption 
due to Q-branch lines. The Q-branch transitions in- 
volving the dipole moment ya are characterized by the 
changes AJ=0, AK_,=0, and AK,=1. Only those 
transitions for all significant values of J and their 
contribution to the microwave absorption at 8780 Mc/ 
sec and 24000 Mc/sec have been tabulated, since the 
transitions involving yw, and yw, are very weak. The 
transitions and their intensities for J values up to 12, 
have been computed with the help of the tables provided 
by Cross, Hainer, and Kng.’ Calculations for J values 
p?in cm? 














4 4 A. 17 
Oo 000 3000 5000 
aay ax 104 
kic. 3. Absorption coefficient in cm™ vs square of 16 
pressure in cm? (Hg) at 8780 Mc/sec. 


15 

where *S;; is the transition strength (tabulated by Ya 24 000 me/s 
Cross, Hainer, and King’) of the particular transition 14 
considered the yw, is the component of the dipole mo- 

ment (Debye units) ya, wo, OF we, Whichever is respon- 

sible for that transition. Wagner and Dailey® have also 

indicated that in ethyl chloride yu, is practically absent 

and that transitions involving yu, are four times stronger 

than those involving wo. It seems, therefore, that the 

absorption observed in these regions will be practically 

due to the various rotational transitions involving pa 

and the absorption due to any such line will be 


Av Ap 


a= 1,89 10~¢ ‘sur + 
Av’ +(v—vo)* Av?+(v+v0)* 


Av Av 
av t | 
Av’ + (vy vo)" Av’ + (vy + vo)" 


(5) 


The total absorption observed at a given frequency 
will be the sum of the contributions by the various 
lines of the P, Q, and R branches. Since many of the 
Q-branch lines are at zero frequency, they give rise to 
what is called the nonresonant type of absorption, 
whose contribution can also be calculated by the ex- 
pression (5), by putting vo=0. Table I shows the calcu- 
lated microwave absorption at 8780 Mc/sec and 24 000 
Mc/sec due to all allowed rigid-rotor transitions of the 
R branch involving the dipole moment yw. The actual 
frequencies of lines for J values greater than 3 have p2incm? 
not been tabulated, in order to reduce the size of the 4 4 1 

Table I. The frequencies for all transitions up to J = 12 7 5000 5000 











Fic. 4. Absorption coefficient in cm™ vs square of 
7 Cross, Hainer, and King, J. Chem. Phys. 12, 210 (1944). pressure in cm* (Hg) at 24 000 Mc/sec. 
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TABLE I. Theoretical microwave absorption due to R-branch rotational transitions (AJ = +-1) of ethyl! chloride 
at 8780 Mc/sec and 24 000 Mc/sec. Pressure= 1 atmosphere; temperature = 300°K. 





Transition 
involving po 





00,0 ? 161 
loi 202 
11,1 212 
lio “> 241 
20,2 30,3 
242 31,3 
241 312 
221+ 322 
220 321 


Frequency 
10 427.72 
20 847.81 
20 352.19 
21 358.66" 
31 252.66 
30 523.56 
32 033.19 
31 283.158 
31 313.63" 
41 634.72 


exp[ —W(Jx)/kT] 


1.000 
0.998 
0.995 
0.995 
0,993 
0.991 
0.991 
0.978 
0.978 
0.989 


Transition 
strength 


1.0000 
1.9977 
1.5000 
1.5000 
2.9922 
2.6659 
2.6654 
1.6667 
1.6672 
3.9865 


Absorption X 104 cm™ at 


8780 Mc/sec 


0.0070 
0.0044 
0.0034 
0.0032 
0.0026 
0.0025 
0.0022 
0.0014 
0.0014 
0.0018 


24 000 Mx 


0.0135 
0.0847 
0.0616 
0.0672 
0.0770 
0.0751 
0.0620 
0.0420 
0.0420 
0.0317 


eer 


30,3 > 404 
313 +414 
31,2 +415 
322 ad 4os 
32,1 > 42,2 
331 i 4s 
33,0 > 431 


J=4 


0.986 
0.985 
0.973 
0.973 
0.953 
0.953 


40 689.36 
42 701.86 
41 704.93 
41 781.07 
41 725.89 
41 726.33 


9 lines 
near 50 000 


11 lines 
near 60 000 


13 lines 
near 71 000 


15 lines 
near 82 000 


17 lines 
near 93 000 


19 lines 
near 104 000 


21 lines 
near 115 000 


23 lines 
near 125 000 


Absorption due to transitions involv- 
ing J>12 (calculated approximately) 
Total 


>i 


11 —» 12 


® The experimentally observed values (Wagner and Dailey‘) are: 
Transition 
lis -* 21,2 
lio —* 21,1 


22,1 ~> 32,2 
21.0 > 3a 


greater than 12 have been carried out approximately 
by treating the molecule as a symmetric top. It is 
observed that if the summation for such lines is carried 
out for all significant values of J, the total theoretical 
absorption is almost equal to the experimentally ob- 
served values. 

The absorption can, therefore, be considered equiva- 
lent to a Debye-type nonresonant absorption due to a 
zero-frequency line of intensity 22.83K10~ cm™!/ 
atmos and Av=0.25 cm™'/atmos. Figure 5 shows a 
theoretical curve of a/v’ against v calculated with the 
above parameters. The experimentally observed values 
marked in the graph are seen to fit reasonably well. 
It is also observed that the experimentally observed 
value at 24000 Mc/sec is a bit higher than the theo- 
retical value. This difference is due to an appreciable 
contribution (2.0915, see Table I), of the R-branch 
lines at this frequency. 


0.0324 
0.0255 
0.0232 
0.0232 
0.0133 
0.0133 


0.0018 
0.0016 
0.0013 
0.0013 
0.0008 
0.0008 


3.7477 
3.7452 
2.9991 
3.0018 
1.7505 
1.7505 

0.0092 0.1211 
0.0088 0.0975 


0.0082 0.0851 


0.0757 


0.0074 
0.0065 0.0706 
0.0055 0.0661 
0.0043 0.0622 
0.0030 0.0593 


0.7210 
2.0195 


0.0021 
(0.0925, 


Frequency (Mc/sec) 


30 380.39 
21 443.42 
31 368.07 
31 400,29 


Cas Cl 


1, Pressure ~1Alm 


2. Pressure 4 Alm 


yp 





—_ + e — 


0 02 0.4 06 08 10 12 14 16 18 2.0 22 24 2.6 
Fic. 5, Theoretically calculated a/¥ vs v in em™'. © experimen- 
tally observed values. (Points marked over y=0.7 should be over 


y=().8 cm™'.) 
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TABLE II, Theoretical microwave absorption due to low 
frequency Q-branch transitions of ethyl chloride at 8780 Mc/sec 
and 24000 Mc/sec, Pressure=1 atmosphere; temperature 

» SOO"K, 


Absorption 
¥10* com~ 
at 4760 
M« | et 


Absorption 

X108 cm~™ 
at 24 000 
Mce/sec 


Transition 


0.9961 
0.8499 
0.7003 
0.6749 
5 0.5912 
0.5211 
0.4008 
0.4085 
0.3586 
0.3096 
0.2785 
().2455 
0.5100 


1.6979 
1.5046 
1.3437 
1.0625 
0.9529 
0.8217 
0.7351 
0.6598 
0.5818 
0.5012 
0.4258 
0.3586 
0.8900 


+IK ly 
*KK 
»IK 
+JIK 
IK 
IK 
»IK 
»>IK 
»JIK 
»IK 

1 10-%9I K 4,11 
111-9 J K_4,12 
Higher transitions 


1* 


9 

2 
4 
4 
f 


1 
ly 
i 
1,6 
om 
1,3 
i, 
1,10 


Total 6.9570 11.5355 


* The summation has been carried out over all significant values of J and 
KK. in each case. Calculation for J values up to 12 has been carried out 
with the help of the tables given by Cross, Hainer, and King;’ and for J 
values greater than 12, it has been done approximately by treating the 
molecule as symmetric top 


om 


P. SRIVASTAVA 

The mean value of Av/p (0.25 cm~!/atmos) corre- 
sponds to a relaxation time of 2.12K10~" sec at a 
pressure of one atmosphere. The effective collision 
diameter computed from the formula 


(— 
ot 
is 11.73 A. The estimated line breadth can be inter- 
preted as the result of a Van der Waals interaction 
mainly of first-order dipole-dipole type. An attempt is 
being made to calculate theoretically the value of Av 
with the help of the impact theory of Anderson* and 
also to derive the temperature dependence of a in such 
Cases. 

We are thankful to the Chairman, Radio Research 
Committee, Council of Scientific and Industrial Re- 
search, for permission to publish the results and to the 
Council for a maintenance grant. Thanks are also due to 
Professor K. Banerji, Head of the Physics Department, 
for his interest in the work and for the facilities provided. 
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Relativistic Corrections to the Dipole Sum Rule*t} 


J. S. Levincer, M. L. Ruste1, AnD K. OKAMOTO 
Louisiana State University, Baton Rouge, Louisiana 
(Received March 8, 1957) 


The summed oscillator strength is calculated to order (v/c)? for a Dirac electron in a central force field 
The result (1+ 7'9)~! is interpreted in terms of the electron’s increase of mass due to its kinetic energy 
(To is the expectation value of the kinetic energy, in units of mc?.) This analytical result is in fair agreement 
with our earlier numerical result, and those of Brown et al. for a K electron of lead. We also calculate the 
bremsstrahlung-weighted cross section for a Dirac electron in a Coulomb field, and compare with our 


numerical result for lead. 


I. INTRODUCTION 


ISPERSION theory! relates the forward-scattering 

amplitude for a photon of one energy to the 
dispersion integral over all frequencies of the absorption 
cross section. In the case of very high photon energy, 
the forward-scattering amplitude is proportional to the 
integrated absorption cross section. If we assume that 
the high-energy forward-scattering amplitude for an 
electron bound in the atom is the Thomson value 
e*/mc*, then we find the integrated cross section for the 
atomic photoeffect for all multipoles with retardation 
to have precisely the ‘Thomas-Reiche-Kuhn (TRK) 
value of oint= 29°e’h/mce, or >on fon=1 for the summed 
oscillator strength.! This derivation of the TRK sum- 
rule is more general than the usual method using closure 
with Schrédinger matrix elements for the nonrelativistic 
(NR) electric-dipole contribution to the cross section ; 
but the derivation is based on the assumption 
above concerning the high-energy forward-scattering 
amplitude. 

In this paper we shall examine relativistic corrections 
of order v*/c? to the sum-rule derivation of the summed 
oscillator strength for an atomic system in which the 
central potential commutes with the position. In two 
previous papers** we have found the summed oscillator 
strength for the special case of one Dirac electron in the 
Coulomb field of a lead nucleus using a numerical 
approach: we calculated the oscillator strength for 
discrete transitions, and combined our results with 
calculations by others of the lead photoeffect. We found 
a summed oscillator strength of 0.86, appreciably dif- 
ferent from the value unity given by the TRK sum-rule. 
(In reference 2, Eqs. (3) and (4), we omitted the term 
jo(kr) P2(cos8) ; thus overestimating the retardation cor- 
rection. Including this term gives a summed oscillator 
strength of 0.87. Note that in reference 3 we take the 
difference op.~.—op.p,, where op.x. is the photoeffect 
cross section, and gp.p, is the cross section for pair 

* Supported by the National Science Foundation and the Re 
search Corporation. 

t Preliminary accounts were given by J. S. Levinger, Bull. Am. 
Phys. Soc. Ser II, 1, 269 (1956); and University of Chicago 
Photonuclear Conference, November, 1956 (unpublished). 

1G. Breit, Revs. Modern Phys. 4, 504 (1932); 5, 91 (1933). 
Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 (1954). 

2 W. B. Payne and J. S. Levinger, Phys. Rev. 101, 1020 (1956). 

4 J. S. Levinger and M. L. Rustgi, Phys. Rev. 103, 439 (1956). 


production in which the produced electron would have 
occupied the already filled K state.) We also used 
dispersion theory to evaluate the forward-scattering 
amplitudes calculated by a different method by Brown 
et al.4 for scattering by a K electron of Hg at energies 
from 0.32 mc’, to 2.56 mc. ‘The numerical agreement 
between our values and Brown’s strengthens our con 
clusion that the high-energy forward-scattering ampli 
tude for a bound electron is smaller than that of a free 
electron. 

Brown el al. have also used the second Born approxi 
mation for an estimate of corrections to the form-factor 
calculation of electron scattering. In the forward- 
scattering case their result reduces to a scattering 
amplitude proportional to the expectation value of 
(E+ |V|)-', where £ is the electron’s total energy and 
V its potential energy. Their result is in agreement with 
our Eq. (14) below. 

In the next section we shall calculate the v/c? correc 
tion to the TRK sum-rule (nonretarded electric-dipole 
interaction) for a relativistic Hamiltonian. In Sec. I] 
we find other v*/c* terms, and compare with our numeri- 
cal result for the summed oscillator strength for the 
lead photoeffect. In Sec. IV we calculate the brems 
strahlung-weighted cross section [a,= f(o/W)dW | for 
a Dirac electron, and compare with our numerical result 
for the lead photoeffect. 


II]. ELECTRIC DIPOLE TRANSITIONS 


The NR calculation leading to the Thomas-Reiche 
Kuhn (TRK) sum-rule for electric-dipole transitions 
(without retardation) can be written in the form® 


Ts Dae 


where we have evaluated the double commutator in the 


(m/h*)( | H,y |,y loo= m(PH/Op,y*) 00, (1) 


momentum representation, to obtain the second partial 
derivative of the Hamiltonian 17 with respect to the 
momentum component p,. (The electric field is assumed 
to bealong the y axis.) Use of the Schrédinger H = p?/2m 
+V(r) immediately gives the TRK sum-rule of unity 


*G. E. Brown and J. B. Woodward, Proc. Phys. Soc. (London) 
A65, 977 (1952); Brenner, Brown, and Woodward, Proc. Roy. Soc, 
(London) A227, 59 (1954); G. E. Brown and D. F. Mayers, Pro« 
Roy. Soc. (London) A234, 387 (1956), and G. EF. Brown (private 
communications). 

®*R. G. Sachs and N. Austern, Phys. Rev. $1, 705 (1951) 
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for.any potential function V(r) that commutes with 
position. 

If we use the Schrédinger Hamiltonian and evaluate 
the expectation value in Eq. (1) using Dirac wave 
functions, it is clear that we still get the TRK sum-rule. 
To obtain a different relativistic sum-rule we must 
change not only the wave functions used in evaluating 
the expectation value; but we must also change the 
operator whose expectation value we are evaluating. 
Substitution of the Dirac Hamiltonian into Eq. (1) 
gives a nonsensical answer of zero, since the Dirac 
Hamiltonian is linear in the momentum. This result of 
zero comes from cancellation of the positive terms by 
negative terms due to induced transitions to negative- 
energy states. In principle this cancellation could be 
avoided by using a projection operator in the derivation 
of Eq. (1) so that we include only transitions to positive- 
energy states. However, the projection operator for a 
Dirac electron in a Coulomb field is rather cumbersome ; 
so we shall perform our calculation in a circuitous 
manner. 

We can obtain a relativistic sum-rule by using what 
we call the Darwin Hamiltonian in Eq. (1). This 
Hamiltonian® is found by applying the Dirac Hamil- 
tonian twice, expanding in powers of (v/c), and keeping 
terms including order (v/c)‘, giving 


H = p?/2m— p*/8m'2+ V — (W2/4me?) (dV /dr)d/Or 
+ (1/2m%*r) (dV /dr)S-L. (2) 


The second term in the Darwin Hamiltonian corre- 
sponds to the first mass correction of special relativity.* 
The last two terms, such as the spin-orbit coupling 
term S-L are linear in the momentum p,, and, there- 
fore,’ do not change the answer found by evaluation 
of the second derivative in Eq. (1). 

The first term in H gives just the TRK sum-rule, and 
the second term, — p*/8m'c’, gives a negative correction. 
We have the correction 


ml (0?/Ap,2) (p2-+ py?+ p2)?/8m'c? Joo 
ss ( 1 /8m* 1 2p27 + 4p/+ 4p? Joo 
=— (5/3mc?) (T) oo. (3) 


We have evaluated this correction term using 
spherically symmetric wave functions, so that (p,") 00 
= (p,*)o0= (p.*)o0= (2m/3c*) (7) oo, where T is the kinetic 
energy. Our relativistic analog to the TRK sum-rule is 
then 
20 Sen m(P?H/dp,*) 0 

1— (5/3me*) (T) oo+ O(v*/c4). (4) 


We note that the terms we used in Eq. (2), namely 
p’/2m— p*/8m'c, are generally valid for a relativistic 
Hamiltonian, such as that of the Klein-Gordon equa- 

* For example, see L. I. Schiff, Quantum Mechanics (McGraw- 


Hill Book Company, Inc., New York, 1949), Eq. (44.8). 
7S. Frankel, Phys. Rev. 99, 169 (1955). 
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tion, evaluated to this order. We have emphasized 
use of the Dirac equation, since we shall compare with 
numerical results for lead based on that equation; but 
to the accuracy considered in this paper we use only 
the mass-correction term of special relativity, and no 
other features of the Dirac equation. 


Ill. OTHER MULTIPOLES, AND RETARDATION 


Jacobsohn* has evaluated the NR summed oscillator 
strength for electric-quadrupole transitions, and for 
the retardation correction to electric dipole transitions. 
Both these terms are O(v*/c*). Jacobsohn also states 
that for a Dirac electron in a Coulomb field the summed 
magnetic-dipole oscillator strength is of a higher order 
in o/c. We have a slightly different result from Jacob- 
sohn’s for the summed electric-quadrupole oscillator 
strength, and agree with his results for the retardation 
correction and magnetic-dipole transitions. We shall 
sketch our derivations, but shall not give the details. 

The electric-quadrupole oscillator strength is® 


fon?= (mu* /2ch?) (gon). (5) 


For a spherically symmetric ground state we can 
choose any special case for polarization and propagation 
directions; we shall use g=zy. The frequency w is re- 
placed by the operator id/dt. We find, using closure, 


Le fon? = (im ‘Ahe)> al (GQ)on(Qon+ (q)on(G)on | 
= (im/4he*) {14,4 }} 00 
= — (1/4mce*)[ (2p2/m+ 2p,?/m+20°V /dy 
+-y282V /a?-+ 2yed?V /B ys 
+yOV /dy+20V/dz |. (6) 


For an S ground state, we perform averages over the 
solid angle, and obtain 


Don fon? = (2/3mce*)(T) oo+ (1/15mc*) 
XK (PPV /dr’+4rdV /dr)oo. (7) 


This expression agrees with Jacobsohn’s Eq. (A.5), 
except that in Eq. (8) we change the sign of his last 
term involving the Laplacian of the potential, in agree- 
ment with a private communication from him. Jacob- 
sohn’s changed expression is 


Din fon? = (2/3me*) (T) oo+ (1/60mc*) 
XC (r-9)2V4+-9(r- 9) V+3PV7V Joo. (8) 


(Jacobsohn’s derivation and resulting expression is more 
general than ours since he did not assume a central 
potential.) The expressions (7) and (8) have been 
checked for the case of an isotropic simple harmonic 
oscillator, of natural frequency wo, for which direct 
evaluation of Eq. (5) gives a summed quadrupole 
oscillator strength of hiwo/me*. 


*B. Jacobsohn, Ph.D. thesis, University of Chicago, 1947 
(unpublished) ; and private communication. 

4 Note that our dehaition of the quadrupole oscillator strength is 
different from that in reference 5 by an extra factor of the square 
of the photon energy. 
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The retardation correction f* to electric-dipole 
transitions is found to O(v*/c?) by the power-series 
expansion of exp(ikz), and gives," for photon propaga- 
tion along z and polarization along y, 


fon® = — (2mw he*) (y2") on(Y)on- (9) 


Again we find the summed oscillator strength by 
replacing w by id/dt, and applying closure. We find, for 
an S ground state, 


Lon fon® = — (1/me*) (20?V /d-y*) o0 


-—(1/15me?) (P°2V /dr?+4rdV /dr)oo. (10) 


Our result is in agreement with Jacobsohn’s more 
general Eq. (A.10): 


7 Sea* —(1 /15me?)( 2rV?V 


—(r-V)*V+(r-V)V joo. (11) 


These expressions have been checked against the result 
—hw /2me* for an isotropic simple harmonic oscillator. 
The magnetic dipole oscillator strength is 


fea™ = (hw 2mc*)| (2) on fp, 


where yw, is the magnetic dipole component in Bohr 
magnetons along the direction x of the incident mag- 
netic field. Applying the same sum-rule techniques, we 
have for the summed magnetic dipole oscillator strength 


Dn fon = —(1 4me?){{[ Hus | ue |} 00. (12) 


The coefficient of the double commutator is of O(v?/c’). 
A nonrelativistic central-force atomic Hamiltonian // 
commutes with the magnetic moment operator yz. 
Then the summed magnetic dipole oscillator strength 
can be neglected in this paper, where we stop at O(v?/c’). 

We now find the summed oscillator strength /* to 
O(v*/c*) by adding Eqs. (4), (7), and (10) for electric 
dipole, electric quadrupole, and retardation correction, 
respectively. We find the simple result 


> nl f*)on=1— (1/me?) (T) 00. (13) 


Since the terms involving V canceled, this result holds 
to order (v*/c*) for any ordinary central potential. 

Equation (13) can be given a simple interpretation 
in terms of the relativistic change of mass of the bound 
particle. The forward-scattering amplitude F at very 
high frequencies is (e?/mc*) times the summed oscillator 
strength!: 


F (0) = (e*/me*) (1+ Too/mce?) = e?/(me?+-Too). (14) 


[ For our interpretation we have replaced 1— T9o/mc? by 
(1+ 7 0/mc*), which is the same to our order of ac- 
curacy.| The term 7 in the denominator of the last 
expression in Eq. (14) represents the increase in the 
mass energy of the charged particle due to the expecta- 
tion value of its kinetic energy. We now interpret the 
fact that the potential energy V does not enter in our 


Reference 8, Eq. (4.14). 
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final expression, Eq. (13). We have been implicitly 
considering an infinitely massive source for the potential 
felt by the bound electron. When very high-frequency 
light is scattered by the bound electron, the electron 
acts as if it were more massive than a free electron, 
because of its kinetic energy. The negative potential 
energy of the system does not occur in this phenomenon, 
since the atom as a whole does not move. (If we 
measured the mass of the entire atom, as for example 
by a mass spectrometer, then the expectation value of 
V would have to be considered, and would decrease the 
atomic mass.) 

Since expression (13) holds only to O(v*/c*), we use a 
NR expression for 7 for a comparison with our 
numerical results for lead. We have To/mce?= 4(Z/137)" 

0.18 for lead. Equation (13) then gives a summed total 
oscillator strength of 0.82 in rough agreement with our 
numerical value’ of 0.87. We would not expect the agree- 
ment to be exact for lead, since the numerical values 
for f are not exact, and also in our sum-rule calculation 
the neglected terms of O(v'/c*) are Of. (Z/137)*] which 
is O(0.13). [ Note, for example, that we can obtain 
somewhat different numerical results for lead from 
Eq. (13) by rewriting it in the form of Eq. (14); or 
alternatively by using Dirac instead of Schrédinger 
wave functions in evaluation of 7. ] We therefore 
regard the agreement as satisfactory between our 
analytical work of this paper and our numerical work 
of previous papers. Further, Moss has shown recently" 
that the classical power absorption, integrated over all 
frequencies, is less for a relativistic oscillator than the 
NR classical value found by Van Vleck." 


IV. BREMSSTRAHLUNG-WEIGHTED CROSS SECTION 


In this section we calculate the bremsstrahlung- 
weighted cross section [o,= f'(¢/W)dW | for a Dirac 
electron in a Coulomb field. We shall compare our 
numerical result with our work on lead.* We shall also 
give two other moments for the #2 absorption cross 
section. 

The bremsstrahlung-weighted cross section for F1 


absorption, without retardation, is! 


0,= (4nr*/ 3)alr*)o0, ( 15) 


where a is the fine-structure constant. As in the nuclear 
case, a, depends on the wave function of the ground 
state, but does not depend on the form of the Hamil- 
tonian. If we evaluate the mean square radius (r*)o9 
using Schrédinger wave functions, we obtain 3(a9/Z)?, 
where dy is the Bohr radius, Substitution into Eq. (15) 
gives, for the case of lead, o,= 1200 barns. If we evaluate 


(r*)o using Dirac wave functions, we obtain the smaller 


4 T. A. Moss and J. S. Levinger, Bull. Am. Phys. Soc. Ser. II, 
2, 98 (1957); and T. A. Moss, M. 5S. thesis, Louisiana State 
University, January 1957 (unpublished). 

2 J. A. Van Vleck, Phys. Rev. 24, 347 (1924). 

18 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
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value 


3(ao/Z)*(y+1) (2y+1)/6. 


For lead, y= (1—«°Z")'=0,801, so the mean square 
radius is reduced by a factor (1.801) (2.602)/6=0.781. 
[A consistent calculation to our order gives a factor 
1—(7/12)(Za)?=0.79. | The numerical value for the 
bremsstrahlung-weighted cross section becomes (1200) 
(0.781) = 937 barns. 

We now consider the v’ 


(900 (16) 


c corrections to this value, 
due to #2 transitions and retardation effects in F1 
transitions. The £2 oscillator strength fo,? from Eq. (5) 
gives us the minus-first moment 


wir®=Son fon?/W= (m/2h'c*)> 0 (Gon)? 
(m 2h'c*) (@) 00 


(2/15mce?*) (rd?/dr’ 4- 4rd /dr) o9. (17) 


(The quadrupole operator q= zy.) 
The retardation-correction oscillator strength fo,” of 
Kq. (9) gives us the minus-first moment 


pas” = Jon Son”/W 


(Qm/h?e?) > (yz) on (on 
(2m/h*c*) (4?2") oo 
(2/15me?*) (r°d?/dr’?4+-4rd/dr) qo. (18) 


We see from Eqs. (17) and (18) that the £2 and re- 
tardation corrections to a» just cancel each other. 
(This cancellation can be seen more easily for the S 
ground-state wave function considered: for this case 
we can write q= 2zy, since the magnetic-dipole operator 


zy—2y gives zero for an S state.) 


RUSTGI, 


AND OKAMOTO 

The expression, to order v*/c’, for a» is then given by 
Eq. (15), which gave a numerical value of 937 barns for 
Dirac wave functions for an electron in the Coulomb 
field of a lead nucleus. This sum-rule value is 7% larger 
than the numerical value of 874 barns found by numeri- 
cal integration of the lead oscillator strength.2* The 7% 
discrepancy should be due to errors in the oscillator 
strength taken from references 2 and 3, and to the 
neglected v*/c4 terms in the sum-rule calculation. 

We give for reference sum-rule results for the minus- 
second® and minus-third moments of the NR £2 
oscillator strength: 


M 2% > fon® W? . ( —m ‘h*) { [ [Hq),q I} 00 
(1 ‘Oh? c?) (9) 49, 


(m/2h'c*) > n(qon)? 
(m/30hc?) (1) 90, 


(19) 


Ha? = Don fon?/W? 
(20) 


All the sum-rules given in this paper are for a single 
charged particle in a potential that commutes with the 
particle’s position. They will in general have to be 
modified for correlations among particles and also, as 
in the nuclear photoeffect, for terms involving the 
commutator of the potential energy with the particle 
position. 
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The implications of the Jahn-Teller theorem are discussed with special reference to the case where the 
forces tending to lower the symmetry of electronically degenerate molecular states are of the same order as 


the restoring forces encountered during typical vibrations. It is shown that the resulting dynamical situation 
may be described as a particular kind of coupling between low-frequency electronic motions and nuclear 


modes. 


N 1937, Jahn and Teller! demonstrated that elec- 

tronically degenerate states of nonlinear molecules 
are unstable with respect to certain asymmetric dis- 
placements of their nuclei. If the nuclei are of infinite 
mass, two possibilities may be envisaged. On the one 
hand, the molecule may dissociate since it possesses no 
stable nuclear configurations. On the other, it may take 
one of several new shapes having lower symmetry. In 
the present note, we shall investigate this latter possi- 
bility and consider particularly the effect of finite 
nuclear masses. For, if the stability attained by assum- 
ing an asymmetric nuclear configuration is no more than 
the zero-point energy of a typical vibrational mode—or 
if the concomitant displacement is no larger than a 
zero-point amplitude—it is clear that a special coupling 
between electronic and nuclear motions will arise. 


ILLUSTRATIVE EXAMPLE 


Consider a molecule with six identical nuclei, whose 
initial configuration is that of a regular hexagon (Dg,). 
The bond distance is fixed so that the molecule is stable 
at least with respect to totally symmetric displacements. 
The molecule is supposed to be in a doubly-degenerate 
electronic state of symmetry /,,. To be definite, the 
electronic eigenfunctions Wa", Ps°= Wa" are chosen so 
that they simply acquire factors w, w°=w' respectively 
on rotating the nuclear framework through 27/6 radians 
[w=exp(27i/6) |. 

Excepting the translational and rotational degrees of 
freedom, all possible nuclear displacements may be de- 
scribed by linearly combining symmetry coordinates of 
species aig, Biu, By, Bou, €iuy 2€29, €2u. These may be 
chosen to be eigenfunctions of the sixfold rotation 
operator also, so that they are in general complex. 
When used collectively, we call them s, (w= 1, «++, 12); 
more specifically, however, they are 5) (ayy), 52’ (Bi), 
53 (Bay), Sa (Bou), Set” (ein), So'*? (€2,), 
Sx*”) (€o,), where s,°" acquires the factor w" under C, 
and s,“~-™ is its complex conjugate. 

The Hamiltonian for the molecule as a whole consists 
of two parts: 7, the kinetic energy operator for the 
nuclei and V, which is called the electronic Hamiltonian. 


(42 
+ jas (€xy), 


So defined, © contains the kinetic energy operator for 
1H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) A164, 
117 (1937). 


the electrons, their potential energy in the field of the 
nuclei, their mutual repulsions and the mutual repulsion 
of the nuclei; it depends on the nuclear coordinates 
parametrically only. We shall suppose that it is possible 
to develop © as a Taylor’s series in the symmetry 
coordinates about the hexagonal reference configura 
tion: 


V=V94 dou SuV" +4 w Dov Suse + **. = (1) 


For simplicity, we assume that we may terminate this 
series after the quadratic terms. wa", Ps’ are mutually 
orthogonal eigenfunctions of 0° belonging to the same 
eigenvalue V°: 


(09 — V°*)Pa°=O= (09 Va’. (2) 
In this illustrative context, we further suppose that 
Wa"(r), Wa"(r) together constitute a complete set so fa 
as the electronic coordinates, 7 say, are concerned 
any electronic state may be represented as a super 
position of these two functions alone. 

The electronic Hamiltonian is therefore represented 
by a twoX two Hermitian matrix whose elements are: 


V sa V%4+Dou SuV aa" t+ 4d ou 200 SuSeV aa", 
V pp=V°+ ae suV na" +t ye 2s SuSvV pa’, (3) 
p ie >» SuseV an"? =V pa*. 


Vap= Qu SuVap" +924 


By symmetry, it is easy to see that all linear terms in 
Vaa, Vow, Vanish identically except that containing 
§)(ay,), Which represents the totally symmetric dis 
placement. Since the hexagon is supposed to be stable 
with respect to s,°”, this term also vanishes. Moreover, 
it is always possible to make a “normal” choice for 
$7! such that 
Vnwn=V°4 bk, $7) | ?-+4 bk, sy'" 

+ hk: | sa | 2+ 4 Re| 56 | 2+ he | 564? 


+ ke S46 fd i | hk; $7! 4) 2 t ks 4°? )) 2 (4) 


’ 


») of sper ies €% 


where the k’s are all real. Similarly, it is clear that only 


appear linearly in Vag, whereas their 
appear linearly in V ya. 


In order not to complicate the issue unnecessarily at 


(—2) ra 
56 ’ 4 


complex conjugates 56%, 5; 


first, we shall suppose that the coefficients of all sym 
metry coordinates other than s6‘*? (€yy) vanish in these 


off-diagonal elements, both for the linear and quadratic 


1195 





1196 W. MOFFITT 


terms. Accordingly, 


V sn=V2le56~” + Reese 56 = V pa*, (5) 


where /,, keg are constants. For the moduli of lg, kee, S6*” 
we write A, x, and (1/V2)r, respectively, their amplitudes 
being a, b, + (6+-c). With this notation, 


Vaa= V°4 hkr? - V pp, 


; ye (6) 
} AB =\re U6+e-a) + hare h(t rot) = V pa*, 


where V® contains all other symmetry coordinates 
“normally,” and we have dropped the subscript on ke. 
Choosing the arbitrary phase c such that 3c—a+b=0, 
the latent roots of the electronic energy matrix are 
easily seen to be 


V = D+ fhr*ar[d?+dar cos30+ 4x2? |, (7) 


We shall give a preliminary enumeration of the possible 
motions on the basis of ‘these two energy surfaces. 

If 4, « both vanish, the Jahn-Teller effect is inopera- 
tive. If x>k, the lower root becomes increasingly nega- 
tive for large values of r, which may be used to illustrate 
the possibility of dissociation. We shall not pursue 
either of these cases. ’ 

Instead, we suppose that « is appreciably smaller 
than & and anticipate that A is larger than 4xr in all 
ranges of interest. Consider the lower V sheet. It is 
easily seen that, for arbitrary constant 7, V is minimal 
when 30= 2nm, where n is integral, and that it is maximal 
when 30= (2n+1)x. This energy surface therefore has 
three minima at 


r=)\/(k—x)=d/k, O=29n/3 (8) 


and three saddle points at 


r=)/(k+Kx)=d/k, O0=(2n+1)x/3. (9) 


The values of V at these critical points, referred to the 
undistorted hexagon, are 


N?/2(k—x), —A?/2(k+x), (10) 


respectively. Thus, if «/& is small, the surface has a 
trough of approximate depth A*/2k& situated near the 
circle r=\/k. Along the bottom of the trough, the 
potential has the simple period 2/3, and its adjacent 
minima are separated by a barrier of height \*«/k*. 

If displacements of other symmetries are ignored, the 
point r=0 corresponds to the undistorted hexagon of 
symmetry Dy, of course. When r does not vanish, how- 
ever, the symmetry of the nuclear configuration is 
lower, belonging to the point group Cy»; only when @ 
assumes the critical values 2na/3 or (2n+-1)x/3 is it 
as high as Dy. 

If the nuclei were of infinite mass, they would be 
held near the potential minima. ‘This condition on the 
nuclear masses ~« may be made more precise by an 
examination of the lower potential sheet. It is easily 
seen that if 


p>>h*k*/d*x, (11) 
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then the lower vibrational states have such low ampli- 
tudes, that the nuclei experience essentially harmonic 
restoring forces. In this event, the molecule is best 
described as having the lower symmetry Dy. 

A different situation is encountered if 


p~h?kt/Mx, 
u>>h?k®/d. 


(12) 


The oscillations are now confined to the bottom of the 
trough, but their zero-point energy is sufficiently high 
that the nuclei may either tunnel through or surmount 
the saddle points in going from one potential minimum 
to another. It is clear that the degree of freedom 6, but 
not r, is more or less cyclic, corresponding to a but feebly 
hindered “internal rotation,” or “inversion.” This mo- 
tion takes the molecule from one D» configuration, 
through a continuous series of Cy shapes, to the two 
equivalent Dy, configurations. At the same time, the 
motion corresponding to the other degree of freedom r 
remains essentially harmonic. The description of this 
situation was first given by Van Vleck*® and has been 
applied more recently by Abragam and Pryce.’ 

The last possibility, however, is also in many ways 
the most interesting. This arises when 


p~h?h?/r! (13) 


Eliminating \ between (13) and (8) or (9), we see that 
the trough on the lower potential sheet lies on a circle 
of radius ~(h*/yk)*. But this is just the root-mean- 
square amplitude for a zero-point vibration of a mass yu 
which is harmonically bound with a force constant k. 
The zero-point energy of such a mode is of the same 
order as the separation of the two potential energy 
sheets in the neighborhood of the trough on the lower, 
in our example. A unique dynamical situation is en- 
countered since, quite clearly, the ensuing motion 
cannot be confined to one or other of the two sheets. 
It is with this problem that we shall be concerned in 
the present note. Before posing it more generally, how- 
ever, we shall pursue our example somewhat further. 

So far, we have considered only the electronic eigen- 
value problem, treating the nuclear coordinates as 
parameters. A solution of the questions raised by the 
more complicated situation described above requires us 
to solve the wave equation for the molecule as a whole. 
This is clearly separable insofar as all symmetry coordi- 
nates other than s¢{*” are concerned; in dealing with 
the interactions between the low-frequency electronic 
motions and this exceptional nuclear mode, those terms 
in the Hamiltonian referring to the separable modes 
may be treated as constants. We therefore have to 
solve the reduced problem 


(V—V°+7—T')W=eF, (14) 
2 J. H. Van Vleck, J. Chem. Phys. 7, 61, 72 (1939); Phys. Rev. 
57, 426 (1940). 
3A. Abragam and M. H. L. Pryce, Proc. Phys. Soc. (London) 
A63, 409 (1950). 
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where 7” refers to the kinetic energy of the separable 


modes. At this stage, it is convenient to replace s9‘*” by 
real symmetry coordinates 


g=V2 Rise}, g2=V2 Im{ 56}, (15) 
whose canonically conjugate momenta are pi, po, re- 
spectively : 


1 
(p:?+ pr’). (16) 


m 


T= gq’ -_ 


The general solution of (14) may be written in the form 


twWa°( 


since we assume that 4°, Ys" are complete with respect 
to the electronic coordinates r. Making use of (4), (5), 
(15), and (16), we see that (14) is replaced by the pair 
of coupled equations 


WV (791,92) =Pa"(7)a( 41,42) r)B(qi,g2), (17) 


1 
FR +4k(q:?+q2") — «fo Vanh=0, 

7 (18) 
Vow —(pr?+ pa”) + 9k (qi? +48)—«fp=0 


where k= ke, l=15, f= kes are constants and 
Vap=U(qi-—1q2) +4f (qitige)’, 


(19 
=1*(qit+-ige) +4f*(qi—igqz)?. ;' 


V pa 
It is clear that VW cannot be factored into an electronic 
and a vibrational part, and that the functions a, # are 
not of the usual form for a doubly-degenerate vibra- 
tional mode. 


SOME RELEVANT MATRIX ELEMENTS 


As a preliminary step to describing the solutions of 
Eq. (18), let us consider the simpler problem 


1 
wo-|- (pi? + pr’) Hama 0 fo ep. (20) 
v7 


It follows from (25) that if @nam satisfies (23), then 


M (Foam) = (m+1)h(Fobnum), 
M (F nm) = (m—1)h(F lnm), 
M (Gonm) = (m+1)h(Gonm), 
M (Glonm) = (m—1)h(G'onm), 


ELEC 


TREONTC STATES 


Since the usual commutation rules, 


[41,p11=[q2,pol=ih, [qip2]=0, (21) 


apply, this just represents a doubly-degenerate har- 
monic oscillator, whose properties are well known. In 
particular, we know that ¢ can only assume the values 
én=(n+1)hv, where 2xv=(k/u)* and mn is a positive 
integer. The nth level is (n+1)-fold degenerate. Since 
H and 


M =qipo—qopi (22) 


together constitute a complete set of commuting ob- 
servables, the (n+-1) solutions of (20) which belong to 
€, can be chosen to satisfy 


mhdan, (m=—n, —n+2, -:: (23) 


Mobam= 


In this brief section, we shall obtain representatives of 
(qicttq2) referred to these dam as basis. 
We define operators 
P= (pititpo)4 
Fl = (p\— ips) 
G= (pit ips) —ta(qittq), 
Gt (pi tp») | 1a(qy 142), 


ta(qi + 1q2), 


ia(qi—142), 


which have the following properties, 


[MF ]=hP, 
(M,Ft]=—aFt, 
[M,G |= hc, 
[M,Gt |= —hGt, 


(HF ] 
HFT] 
(1,G]= 
(H,Gt] 


hvF, 
hvF', 
hvG, 

hvG', 


in virtue of (21), where a= 2mpp. In addition 


FFt =2yH-+-2aM —2ah, 
F'F = 2yH-+-2aM + 2ah, 
GG' = 2u4H —2aM + 2ah, 
G'G = 24H —2aM —2ah. 


H (F onm) = 
H(F 'bam) = 

H (Gam) = 
H(G'$ nm) 


(n+ 2)hv (Foam), 
nhv (F tham), 
nhv(Gdnam), 
=(n+2)hv(G'bam). 


With an appropriate choice of phases, it now follows from (26) and (27) that 


(n'm’ | F\nm) = (2ah){ (n+-1)+-m-+-1 |%q., 
(2ah){(n+-1)+-m—1 |'ow, 
(n'm'|G| nm) = (2ah)§[ (n+-1) — 
(n'm'|G'| nm) = (2ah)4{ (n+-1)—m-+1 }% 


(n'm' | Ft\ nm) = 


nt 19m’ 
n 19m’ 
m—1 |'5, 


, a=-w’, 


n’, m+ Om’, 
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and, finally, that the only nonvanishing matrix elements of (q:-iq2) are 


(n+1, m+1) git iq2|nm) = 


(n—1, m+-1|qit-ige|nm) 
(n—1, m—1|qi—tg2| mm) 


(n+-1, m—1|qi—igz|nm) 


VIBRONIC PROBLEM 


Returning to Eqs. (18), we seek solutions in the’form 


a ye n 8 m Oy mP nm) p - n | m b n mi nmy 


where the constantS dam, b,, are determined by the 
coupled equations 


(€n— ©)damt don’ Dom (nm| Vag|n'm’ )barm: =O, 
on Dom (n'm' | V ga | NM) damt (En 
The representatives of Vaz, Vea which occur may be 
P 7] . @ , 

computed readily using the matrix elements (29). We 


discuss the nature of these solutions first on the assump- 
tion that f=. In this case, Eqs. (31) reduce to 


(30) 


(31) 
©) Dnt m’ (). 


(€» €)danm | rT (n { m+ 2)*d,, l,m+l 


ic(n—M)'Dy—1, my i=9, 


(32) 


, 


ic* (n' +m’) May, m1 
| (€n/ 


where we have put c=/(h/2a)*. It follows that the 
solutions of (18) may be written in the form 


y ‘>. nil anPam { vn’), n’ Dye. m4 Pn’, mtty 

where n, n’ are of opposite parity. Replacing n by wn’, 

m by —m’ in the first of Eqs. (32) and n’ by n, m’ by 
m in the second, we find 


*(n’ —m' +2) sania, m1 


©) bum 0) 


’ 


(33) 


We 
V (omy) 


(en Oy, mt ic® (n+ m+ 2) Many 1, cy) 


ic*(n—m) ans, — (ny) = 9, 


ic (nm! — mm! +2) barge ga te(n! am’ ND eg 


{ (€n/ ~€)dy!, m’ 0, 


Comparing Eq, (34) with (32), we see that to every 
solution of the form (33), there corresponds another 
solution with the same eigenvalue ¢, namely, 


ss * 
V y ‘> n’ Ow. m+l Pn, 


(m+1) 
vn'>. a Cam *b,, ane 
Each level is therefore doubly-degenerate. 

The qualitative features of the coupling between 
electronic and vibrational motions in this case (f/=0) 
may be visualized as follows: with ~4°, ~s° we associate 
components of electronic “angular momentum” about 
the sixfold axis A,= <1 respectively; similarly yj», is 
associated with a component A,=2m of vibrational 
“angular momentum” about the same axis. The total 
“angular momentum” A=A,-+-A, is then a good quan- 
tum number, and the coupling shows all the features of 
cylindrical symmetry, as if we were dealing with a 
diatomic molecule. ‘This has been anticipated by our 


(2m41) 


(35) 


—i(h/2a)*(n+-m-+- 2)}, 
i(h/2a)*(n—my)}, 
= i(h/2a)*(n+m)}, 
—i(h/2a)*(n—m-+-2)}. 


(29) 


notation in (33) and (35), where values of A have been 


used as subscripts for ¥. Since A, can only be +1, but 
h,=0, +2, +4, ---, A is always odd and each level is 
doubly degenerate. We may use |A|=TIlI, #, ---, to 
classify these levels, together with some ordering symbol 
which distinguishes the different levels for which |A 
is the same. 

That the problem appears to show cylindrical rather 
than only hexagonal symmetry is due to our neglect of 
the quadratic terms in Vag: by setting f=0, we have 
restricted ourselves to the case where the potential 
energy sheets are surfaces of revolution, @ being cyclic. 
The consequences of relaxing this condition will be 
outlined later. It may also be remarked that whereas 

d.| has the single value unity, |\,| assumes only even 

values. The reason for this is clear. 4°, wa° together 
span Ey, of Deg and acquire factors wt! under Ce: 
(qitigz) span Ey, of the same group and are multiplied 
by w*? under C¢. On going from Dg, to D,,—as, in effect, 
we have—C’, is replaced by an infinitesimal rotation 
about the symmetry axis. Thus, ~a°, ws” may be 
supposed to acquire factors e*'* under Cy of the higher 
group, and (y;+ig2) are multiplied by e***, respec- 
tively. Wa°, Ws® now span II, and (qi+7g2) span A, 
of Dyn. 

If ¢ vanishes, the energy levels are just those of a de- 
generate two-dimensional harmonic oscillator, namely, 
(n+1)hv. Owing to the electronic degeneracy, each of 
these levels subsumes 2(n+1) linearly independent 
states. Under the influence of the coupling (c#0), this 
degeneracy is partially removed and each level splits 
into (m+1) different doublets, corresponding to the 
(n+1) different values for |A|=|2n+1|, |2n—1], 

-, 1. This is best illustrated by considering the case 
for which |¢) is considerably smaller than hy. Perturba- 
tion theory may now be used, and the first-order 
functions and second-order energies are easily obtained. 
There are (n+1) states represented by functions of 
the form 


y 1’°Pamt (1 af hv )wn{ (n + m { 2) dns 1, m+1 


+(n—m)*on—1,mii}, (36) 


whose energies are given by 
€= (n+ 1)hv—2\¢|?(m+1)/hy, 
(m= —n, —n+2, ---,n). 
The remaining (+1) states are represented by 
Vp’ hamt (1 hv)Wa{(n —m- 2) bn 1, m—1 
+ (n+m)*bn—1, m1}; 
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whose energies, 


e= (n+1)hv—2\ ¢\?(—m+1)/hv, (39) 


are the same as those in (37), but listed in a different 
order. The resulting pattern of energy levels is most 
conveniently expressed parametrically. Writing 


|A|=|2n+1—4n|, (n=0,1, ---,), (40) 


it is easy to see that 
e[n,|A| ]= (n+1)hv—2\c|?(n4+1—2n)/hv, 


so that the second-order energy levels are evenly spaced, 
for given n, in all cases. For example, if n= 3, the state 
|A|=7 lies lowest followed at intervals of 4) ¢|?/hv by 
states for which |A|=3, 1, and 5, respectively. As the 
ratio |c\/hy increases, higher orders of perturbation 
theory must be used and, when |c| and hy are com- 
parable, solutions of (32) are not easy to obtain. 

It remains to consider the effect of the quadratic 
terms in V4, on the resultant pattern of levels. To the 
extent that quadratic terms are ignored, it was found 
that states differing in |A| do not interact, whatever 
the size of |c|/hv. However, when they are included, 
we return to De, from D,, and |A| is no longer a good 
quantum number. All states for which | A), mod 6=1 or 
5 have symmetry £;, in the lower group and may 
therefore interact with each other under the influence 
of the quadratic terms. The only other possibility, in 
our example, is that |A|, mod 6=3. Such states, which 
correspond, for instance, to ®, in D,,», become B,, and 
By, in Dex: not only may they interact with each other, 
but their (double) degeneracy is also removed. We may 
illustrate this by considering the ® state of the first 
excited vibrational level n= 1. ‘The state is split, already 
in first order, by the term }f(qit-ige)*gingVan. It is 
easily seen that the correct zeroth-order functions are 


(Wa'butwedr-1)/V2, (42) 
whose first-order energies are 


e= 2hv+ (f+ f*) (h/a) (n+-m)*(n—m-+4-2)3, 


(41) 


(43) 


respectively. [ Similarly, if terms from (3) are retained 
in Vag, other than those referring to the s6‘*” (€2,) 
mode, we may enumerate further complications in the 
behavior. This topic will not be pursued, however, 


except insofar as to remark that the concomitant 
effects promote the appearance of combination bands 
in spectra, without having to invoke the usual an- 
harmonicities. | 


MORE GENERAL FORMULATION 


Although the treatment offered so far has been in 
terms of a very particular model, its generalization is 
relatively trivial in all respects except one: the electrons 
are more intimately polarized by the nuclear displace- 
ments than has been supposed. Thus, it is clearly not 
true that an arbitrary electronic state is linearly de- 
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pendent on 4°, Wa” alone. In the present section, we 
shall show one way in which this restriction may be 
removed. Our method is designed for the case symbol- 
ized by Eq. (13), in which the nuclear displacements 
remain small, ~(h?/uk)!. The other extreme cases, for 
instance those exemplified by Eqs. (11) and (12), 
require no special treatment, since they may be handled 
by known techniques. 

The Hamiltonian for the molecule as a whole is 
H=U+T, as before, and is developed as the Taylor's 
series (1). To be definite, we suppose that the molecular 
point group contains at most doubly-degenerate repre- 
sentations, though this is not necessary. Let ~x"(r) be 
a typical member of a complete set of orthonormal 
eigenfunctions of 0°, 


(U(r) —Vx° Wr(r) = 0. (44) 


We now construct generalizations of these unperturbed 
functions to include some dependence on the nuclear 
displacements : 


K(7,5) =We'(r) +> pW (rerk(s), (45) 
7 


where 


Cux(S)=Qou Suctx"+42 4 2 (40) 


SuSeC LK 


The coefficients ¢,« are chosen so that, for arbitrary 
displacements s,, the ~x(r,s) form a complete ortho 
normal set with respect to the electronic coordinates r. 
Quite generally, it is then possible to find sets of 
functions V«(s), Pi«(s), which are also power series 
in the s,, 


V x(s) 


V x’+ i $V x" 
+A ua Dov SuSV "4 
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such that 


it (7,5) — Vx(s) WW (7,5) > 1 v1(7,5)Piw(s) (48) 


is satisfied identically. Now let Vix", Vi«" be typical 
elements of the matrix representations of 0“, 0" 
referred to the Px’ as basis; without loss of generality, 
crx“, OG" and therefore also V;x"" may be taken as 
symmetric with respect to «and v, It may be shown by 
standard methods that it is possible to choose the ¢,« in 


such a way that 


Pyx®=0, Va*=Vex*, Puix*=breVein", 


Vex’— > 
LAK,K! 
tV«r’ViK")/(Vi" 
buq LV xen” ts 


LAK ,K’ 


V x" (Vxr"“V ik’® 


Vn"), (49) 
ris” (Vievw"Vik’ 


tV«rr"V iw")/(Vi2— Vx") |, 


and so on. We have adopted the notation that, if Vx" 
is degenerate, then Px", ¥x’’ are the two linearly inde 
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pendent eigenfunctions of U° belonging to this eigen- 
value ; if Vx° is nondegenerate, the suffix K’ is undefined 
and all terms involving it are to be dropped from (49) 
and in the sequel. Similar relations, ensuring that 


Pix(s)=brx-Pxx(s), (49a) 


may be derived for cubic and higher powers in the dis- 


placements, but we shall break off all the series after 
the quadratic terms, To be complete, we add that 


(L¥K, K’), 


CuK” V ex"/(V S— Ve’), 


u 


CKK 0 (50) 


CK'k", 

and also that 

(V ,° 
berk "Van tei V ew" — Vik 


Dw (Vim"eun’ + V um'eur"), 


V CuK“ =CiK“V x +c’ V x" 


(Lx¥K,K’'), (51) 


cx«"® and cx-«"* being chosen so as to ensure ortho- 
normality, 
We seck solutions of 


KV =[U(7,5)4+- (5) W = Ew (52) 
in the form 
WV (7,5) 


Dx WK(7,S)ax(s). (53) 


This approach has particular merit only if it is possible 
to drop all terms higher than quadratic in the nuclear 
displacements. Now, for the case we are considering, 
these displacements are not appreciably greater than 
those encountered in a normal vibration. We may 
therefore adopt the Born-Oppenheimer approximation, 
which is essentially a”power_series development in the 
parameter 

x= (m/)*, (54) 
m being the electronic and yw a typical nuclear mass. 
Born and Oppenheimer explicitly considered only non- 
degenerate electronic states, but their approach may 
also be used here. In particular, our s, are also of order x 
and 7(s) is of order x’. To the second order in x, there- 
fore, T(s) commutes with ~x(7,s) and (52) becomes 


Lx WW«(7,5) 07 (5) + Vx(s)—E jax(s) 


+ax(s)['O(1,s)— Vix(s) W(r,s)}=0. (55) 


By use of (48) and (49), this easily reduces to the pair 
of coupled equations 

[Hx(s) —E lax (s)+ Pex: (s)ax:(s)=0, 

Peer (s)ax(s)4 [Hx:(s)— E lax (s)= 0, 


(56) 
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where we have set 


Hx(s)= T(s)+Vx(s). (57) 


They show that, for the electronically degenerate 
case, the solutions take the form 


WV (7,5) = Wx(r,S)ax (s)+-Wx-(7,S)ax:(s). 


For the nondegenerate case, the terms in K’ are dropped 
and Vx(s) assumes the usual role of providing the 
potential for the vibrational problem. We note that (56) 
and (57) are just generalizations of Eqs. (18) and (17). 
As in the previous example, it will generally be possible 
to choose particularly suitable yx, x", and to arrange 
for the s, to be chosen “normally,” so that Vx(s) 
=Vx-(s) contain no terms linear in the displacements 
but take the simple form exemplified by (4). 

In conclusion, it should be remarked that, so far as 
a power series development in x is concerned, our 
results are correct to terms in x? only. For the non- 
degenerate case, Born and Oppenheimer were able to 
show that the terms in x’ were ineffective. This is not 
true for the degenerate case, however, so that in this 
sense Eqs. (56) are rather less accurate than their 
usual analog in which K’ does not appear. The appear- 
ance of nonvanishing terms in x* is not a particular 
fault of our method, but rather an essential feature of 
the new physical situation. These terms may always be 
assessed, at least formally, but the concomitant equa- 
tions no longer factorize so nicely into the (K,K’) pairs, 
like (56). 


(58) 


CONCLUSION 


It has been shown that under certain circumstances, 
which may turn out to be quite general, the so-called 
Jahn-Teller “splitting” of degenerate electronic states 
must be analyzed with some care. Unless the forces 
tending to remove the degeneracy are very strong, it is 
necessary to consider the vibrational and electronic 
motions on the same level, since these may be strongly 
coupled. In case the forces are weak, a particularly 
simple pattern of energy levels is found and it is only 
the degenerate vibrational levels that are best regarded 
as being ‘‘split.” 

A preliminary account of an application of the theory 
has recently appeared,‘ and a more complete version of 
these and related calculations is being prepared for 
publication elsewhere. 


‘A. D. Liehr and W. Moffitt, J. Chem. Phys. 25, 1074 (1956). 
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Proton-Nucleus Elastic Scattering at 9.8 Mev*t 
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The differential cross section for proton-nucleus elastic scattering has been measured for Li, N, Al, A, Ni 
Cu, Ag, Sn, and Au at a laboratory proton energy of 9.8 Mev. Data were taken at 5° intervals from 15° to 
170° with an estimated standard deviation of 3 to 5%. The 24-inch-diameter scattering chamber is described 
The protons are detected by a NaI(T1) crystal whose energy resolution was about 2.5% so that in almost 
all cases inelastic protons were rejected. The data for Al, A, Ni, Cu, Sn, and Au have been analyzed by 
using the optical model with the Saxon potential. Good fits are obtained for a radius constant ro= 1.20 in 
the formula R=roA! 10~ cm and a real well depth of 62 Mev for most elements. The imaginary well depth 
and the smoothing parameter are A-dependent. A brief discussion is given on the determination of nuclear 
radii from elastic scattering and nuclear reaction cross sections 


I. INTRODUCTION 


HE detailed, systematic study of proton-nucleus 
elastic scattering began with the work of Cohen 
and Neidigh' at 22 Mev. They found diffraction-like 
patterns for fifteen elements from Be to Th, which they 
understood in terms of the diffraction of a plane wave by 
a sphere of radius proportional to A‘. Other proton- 
nucleus elastic scattering experiments have shown the 
same general features.?~'® The positions of the diffrac- 
tion maxima and minima vary smoothly with A and 
with the proton energy, £. In a few cases the heights of 
the maxima or the depths of the minima are observed 
to change rapidly for relatively small changes in proton 
energy"'®"’ or in atomic number." It is not yet clear 
whether these variations are outside of what might be 
predicted by the optical model. 
Neutron,'*® alpha-particle,* and electron™ elastic 
* A preliminary report of this work was presented at the 1955 
winter meeting of the American Physical Society in Los Angeles 
[N. M. Hintz, Phys. Rev. 100, 1794(A) (1955) ]. 
t Supported in part by the U. S. Atomic Energy Commission. 
1B. L. Cohen and R. V. Neidigh, Phys. Rev. 93, 282 (1954). 
2 J. W. Burkig and B. T. Wright, Phys. Rev. 82, 451 (1951). 
§ Baker, Dodds, and Simmons, Phys. Rev. 85, 1051 (1952). 
*P. C. Gugelot, Phys. Rev. 87, 525 (1952). 
5L. M. Goldman, Phys. Rev. 89, 349 (1953). 
°B. T. Wright, University of California Radiation Laboratory 
Report, UCRL-2422 (unpublished). 
7 Burcham, Gibson, Hossain, and Rotblat, Phys. Rev. 92, 1266 
(1953). 
5G. Fischer, Phys. Rev. 96, 704 (1954). 
* Freemantle, Prowse, and Rotblat, Phys. Rev. 96, 1268 (1954). 
” Freemantle, Prowse, Hossain, and Rotblat, Phys. Rev. 96, 
1270 (1954). 
" B. B. Kinsey, Phys. Rev. 99, 332 (1955). 
27. FE. Dayton and G. Schrank, Phys. Rev. 101, 1358 (1956). 
J. Leahy, University of California Radiation Laboratory 
Report, UCRL-3273 (unpublished), 
4 T). A. Bromley and N.S. Wall, Phys. Rev. 102, 1560 (1956). 
‘6B. B. Kinsey and T. Stone, Phys. Rev. 103, 975 (1956). 
16 R. Sherr (private communication). 
7G. W. Greenlees and Professor W. E. Burcham, Office of 
Naval Research European Scientific Notes, No. 10-10 (un- 
published), and private communication. i 
6 See D. J. Hughes and R. S. Carter, Neutron Cross Sections 
Angular Distributions, Brookhaven National Laboratory Report 
BNL-400 (unpublished) for a summary of the neutron angular 
distribution measurements. 
9G. W. Farwell and H. E. Wegner, Phys. Rev. 95, 1212 (1954). 
* Wegner, Eisberg, and Igo, Phys. Rev. 99, 825 (1955). 


scattering angular distributions also exist for a range 
of energies and nuclei. 

This body of data, as it is being analyzed with the 
assumption of smooth charge and nuclear potential 
distributions, is yielding precise information on the 
radius, shape, and strength parameters of nuclei. The 
optical model is in some cases giving extremely good fits 
to the proton®® and alpha” scattering experiments. 

At the time the experiments reported here were 
begun, very few proton elastic data below 17 Mev 
existed. In addition, the first stage of the Minnesota 
proton linear accelerator had just come into operation, 
providing a highly collimated, monoenergetic beam of 
protons at 9.8 Mev. Thus, it seemed worthwhile to 
measure a number of elements at this energy. ‘This is 
about the lowest energy at which the scattering would 
not be complicated by elastic contributions from the 
compound nucleus. 


Il. EXPERIMENTAL DETAILS 
A. General 


lairly conventional elastic-scattering techniques were 
used, so the discussion will be brief. 

Protons from the first the 
three-stage Linac were magnetically deflected by about 
30°, through holes in the second vacuum tank and rf 
cavity, and into the scattering area. These protons were 
focused by a three-element magnetic quadrupole lens 
into a }-in. spot at the input collimating diaphragm. 

The beam-collimating system (two ;%y-in. holes 30 in. 
apart) limited the angular divergence of the beam to 
+0.4°, Antiscattering apertures were provided, The 


section of Minnesota 


#1. Bleuler and D. J. Tendam, Phys. Rev. 99, 1605 (1955) 

2 R. Ellis and L. Schecter, Phys. Rev. 101, 636 (1956). 

% Igo, Wegner, and Eisberg, Phys. Rev. 101, 1508 (1956). 

* See R. Hofstadter, Revs. Modern Phys. 28, 214 (1956) for a 
summary of the electron scattering results. 

26 Glassgold, Cheston, Stein, Schuldt, and Erickson, following 
paper (Phys. Rev. 106, 1207 (1957) ]. See this paper for a review 
of earlier optical model calculations. 

26 Cheston, Glassgold, Stein, Schuldt, and Erickson, Bull. Am. 
Phys. Soc. Ser. II, 1, 339 (1956), and W. B. Cheston and A. E. 
Glassgold, Phys. Rev. 106, 1215 (1957). See also G. Igo and R. M. 
Thaler, Phys. Rev. 106, 126 (1957). 
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Fic. 1, Schematic drawing of 24 in.-diameter scattering cham- 
A, input collimating and anti-scattering system; B, current 
collector; C, target frame; D, detector housing; £, roller bearings 
to support lid; /, O-ring groove; G, auxiliary ports; H, pre 
amplifier; /, cog arrangement to advance lid; J, degree scale. 


ber 


incident beam energy was 9.89 Mev with an energy 
spread of about 70 kev (full width at half-maximum). 
‘The maximum current that could be put into the 
chamber was about 10~* ampere (time average) with a 
1% duty cycle. For most runs, the current had to be 
reduced considerably below this value. 

The scattering chamber, shown in Fig. 1, merits a 
brief description.” The chamber was constructed from 
a one-inch steel plate, rolled and welded to form a 
cylinder of 24-in. id. and 12-in. depth. O-ring grooves 
were cut in the top and bottom edges for sealing the 
covers, The bottom cover was bolted in place and con- 
tains an aperture at the center for either a solid target 
holder which could be externally positioned, or for gas 
lines leading to a small-volume, thin-walled, gas cell.”* 
The top cover, which supports the detector, rests on 
twelve roller bearings which provide accurate position- 
ing and which take the atmospheric load when the 
chamber is evacuated. The bearing height is adjusted to 
provide the minimum O-ring pressure necessary to 
provide a rotating vacuum seal. A degree scale is 
inscribed along the periphery of the lid. With a lever 
and cog arrangement, the lid can be adjusted in position 
to within +0.05°. 

The detector,” which is at atmospheric pressure, is 
mounted in a re-entrant housing which hangs through a 
hole in the top cover of the chamber. It consists of a 
thin (~y-in.) freshly cleaved Nal (Tl) crystal cemented 
to one face of a Lucite prism. The other face of the 
prism, at 90° to the crystal, was cemented to the window 
of a Dumont 6292 photomultiplier. This assembly is 
sealed into a brass housing, the inside of which is smoked 
with magnesium oxide, The scattered particles enter the 

*? The scattering chamber was designed by E. A. Day, N. M. 
Hintz, and L. H. Johnston 

* Allred, Rosen, Tallmadge, and Williams, Rev. Sci. Instr. 22, 


191 (1951) 
* Ralph H. Lovberg, Phys. Rev. 103, 1393 (1956). 
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crystal through a Dural window # in. in diameter and 
4 mil thick. The best resolution obtained with this 
arrangement was 2%, full width at half-maximum. This 
is shown in the pulse-height distribution of Fig. 2. In a 
period of several months the resolution would slowly 
deteriorate to about 34%, after which a fresh crystal 
would be mounted. 

For gas targets, a small volume cell,”* 33-in. diam 
by 1% in. high, of $-mil Dural, was used, together with a 
detector collimating telescope which prevented the 
detector from seeing the intersection of the incident 
beam with the walls of the cell. f 


B. Operation and Treatment of Data 


The detector pulses were amplified with conventional 
pulse equipment and presented to a 10-channel analyzer. 

The straight-through beam was caught in a Faraday 
cup and integrated electronically, with an over-all 
uncertainty of about 14%. 

The Linac duty cycle is about 1% (200-usec pulse, 
60 pulses per second) so pile up and dead time effects 
can be serious. Target thickness, detector geometry, 
and counting rates were chosen so that corrections to 
the data for dead-time and pile-up losses, multiple 
scattering in the target, and first- and second-order 
geometry factors were negligible at angles greater than 
30°, and within the over-all uncertainty of the data at 
smaller angles. 

A measurement of the left-right asymmetry of the 


scattered protons was made to determine the true zero 
of the degree scale. An error of 0.5° was found and the 


data were corrected accordingly. 
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Fic. 2, Pulse-height distribution showing the best resolution 
obtained from a freshly cleaved crystal. Pulses from protons 
leaving Al in its first excited state would fall below 85 volts. The 
smooth curve is drawn by eye through the experimental histogram. 
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For gas targets, a knowledge of the collected beam 
charge, gas pressure, and detector geometry enabled an 
absolute cross section to be calculated. 

For the foil targets which were sufficiently uniform 
(Al, Ni), absolute cross sections were also calculated 
from beam current, target thickness, and detector 
geometry. In the remaining cases (Li, Cu, Ag, Sn, Au), 
the ratio of the observed cross section to Coulomb was 
arbitrarily normalized to be near unity at small angles. 
Since, for most elements, these ratios are still oscillating 
at the smallest angles for which data exist, the normali- 
zation must be considered as somewhat arbitrary. 

The foils Au, Sn, Cu, Ni, and Al were of commercial 
origin. The Ag foil was prepared by electrodeposition. 
The Li foil (1 mil) was made by rolling Li metal with a 
glass roller under dry kerosene. The Li was then washed 
in n-decane and quickly put under vacuum. Scattering 
from any hydroxide layer on the Li could be resolved 
in the pulse-height analysis. The foil targets were about 
200 kev thick, the gas targets about 50 kev. However, 
the energy loss in the Dural window of the gas cell 
reduced the proton energy at the center of the target to 
about the same value as for the foil targets. The average 
proton energy in the lab system for each target is given 
in Table I. 

For the light 
inelastic proton groups 
resolved from the elastic 
In the worst cases (Li 


(He* through A), any 
could be almost completely 
in the pulse-height spectrum. 
and Al), the maximum un- 


elements 


certainty in the elastic cross section due to unfolding 
the partially resolved inelastic peak was about +15% 
for Li and +5% for Al. 

For Cu, Ni, Ag, and Sn, any appreciable excitation 
of the known levels would have been resolved except for 


the 0.09-Mev isomeric states of Ag. For Au, any 
excitation of the low-lying rotational states (of excita- 
tion <300 kev) would be included under the “elastic” 
peak. However, from the shape of the pulse-height 
distribution it can be inferred that such excitation 
contributes not more than a few percent to the Au 


“elastic” cross section. 


C. Results 


The final results are shown in Figs. 3 through 5. All 
angles and cross sections have been transformed non- 
relativistically into the center-of-mass system. Counting 
statistics were generally +39% (standard deviation) or 


TABLE I. Average proton energy in the lab system, Ep, in Mev, 
for each element measured. 





Element E,y Element 


He? A 

Het Ni 
Li Cu 
Be Sn 
N Ag 
Al Au 
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lic. 3. Ratios of center-of-mass differential elastic scattering 


cross sections to Rutherford for He® (reference 29), Het (reference 
30), Li, and Be (reference 31). The smooth curve was drawn by 
eye through the experimental points. Estimates of typical over-all 
errors are shown 


better. An estimate of the over-all errors in the final 
results due to statistics, current collection, and geome 
try factors is shown in the figures for typical points. 

‘The data of several other workers at this laboratory 
have been included in the figures for the sake of com- 
pleteness. The He* data are by Ralph Lovberg,™ the 
He* by Williams and Rasmussen,” and the Be* by 
Rasmussen." The Ni is a composite curve of un- 
published data taken with the Los Alamos multiplate 
camera” by M. K. Brussel of this laboratory and of 
data taken by the author with the system described 
above. 

The smooth variation with A in the position and 
relative strengths of the maxima and minima, even 
down to He’, can be seen in Figs. 3, 4, and 5, 

The simple theory for the diffraction of a plane wave 
by a completely absorbing sphere of radius R leads to 

»y HL 


(1955). 
4 Stanley W. Rasmussen, Phys. Rev. 103, 186 (1956) 


Williams and S. W. Rasmussen, Phys. Rev. 98, 56 
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Kic. 4. Ratios of center-of-mass differential elastic scattering 
cross sections to Rutherford for N, Al, A, and Ni. The smooth 
curve was drawn by eye through the experimental points. Esti 
mates of typical over-all errors are shown. 


the expression™ 
o(0)~[J,(RR sind) /sind P. 


This expression is valid only for small angles. For a 
given feature of the diffraction pattern (e.g., a maximum 
or minimum) one would expect kR sin@ to remain ap- 
proximately constant as R is varied. There is no 
reason to expect such a simple picture to work in the 
case of diffraction by a partially transparent sphere 
when there are in addition complicated Coulomb- 
nuclear interference effects present. The best approxi- 
mation to straight lines is in fact obtained if one plots 
A~* against simply @, rather than sin. This is shown in 
Fig. 6. Except for the break in the curve for the first 
minimum and second maximum, the points lie reason- 
ably well along straight lines. This apparently accidental 
scheme provides, at best, a useful interpolation device. 


® Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 


III. CONCLUSIONS 


It has been customary, lately, to discuss nucleon- 
nucleus elastic scattering in terms of the optical model.” 
The most extensive work to date on the analysis of 
proton elastic scattering has been done by Saxon and 
his collaborators at the University of California at 
Los Angeles, and recently, by Glassgold et al.,* at the 
University of Minnesota. They have represented the 
proton-nucleus interaction by a complex central poten- 
tial of the form: 


Vir)=Ve(r)4+V f(r) +iWeg(r), (1) 


where V, is taken to be the Coulomb potential due to a 
uniform spherical (volume) charge of radius R; V and 
W are constants; f(r) and g(r) are form factors. In the 
analysis of the data presented here, f and g were taken 


to be: 
r—R . 
fie)=e(0)=| + exn( )| : (2) 
a 


where R=1,A*X10-* cm. A complete discussion of the 
work of Glassgold’s group in fitting the 10-Mev data is 
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Fic. 5. Ratios of center-of-mass differential elastic scattering 
cross sections to Rutherford for Cu, Sn, Ag, and Au. The smooth 
curve was drawn by eye through the experimental points. Esti- 
mates of typical over-all errors are shown. 


® H. A. Bethe, Phys. Rev. 57, 1125 (1940). 
* Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 
507 (1956). 
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given in the following paper.”® A few of their most 
important results will be summarized here. 

The computations of Glassgold ef al. consist of an 
exact numerical integration of the Schrédinger equation 
with the potential of Eqs. (1) and (2). A systematic 
procedure was devised which, after a few preliminary 
enlightened guesses as to the correct parameters, 
enabled them to converge on the best fit to the experi- 
mental points, as determined by a least-squares crite- 
rion. The best fits so obtained by using ro= 1.20 for A, 
Cu, and Sn are shown in Fig. 7. In the case of Au, no 
attempt was made to find the best fit since ¢/az~1 over 
the entire angular range. A calculated curve for Au for 
a reasonable set of parameters is included in Fig. 7. 
This curve falls about 10% below Rutherford at back 
angles as is observed experimentally. Calculated curves 
for Al and Ni are given in the following paper. The 
parameters used in Fig. 7 are given in Table II. These 
fits are considerably better than any previously ob- 
tained with the optical model. This is partly due to the 
fact that no effort was made to find A-independent 
parameters giv ng the best average fit for a range of 
elements; each element was treated as a separate case. 

The light elements, N through He’, have not been 
analyzed except for some preliminary unpublished work 
by Melkanoff and Saxon on N which, like Al, proves to 
be very difficult.?® 

The most important conclusion of Glassgold’s anal- 
ysis is that, if one considers only the elastic scattering 
data, the parameters at 10 Mev are not unique. In 
cases where detailed explorations were made, equally 
good fits to the data could be obtained for a range of 
values of ro, providing V was adjusted to keep Vro’ 
constant, and minor changes then made in a and W. 
This is discussed more thoroughly in the following 
paper. Except for the light elements, a good fit for all 
cases analyzed can be obtained for ro>=1.20. This is a 
somewhat smaller radius than has been previously 
found in the analysis of nuclear reaction and scattering 
experiments at energies <100 Mev.”*® However, in 
those cases in which a large radius (ro~1.5) is inferred 
from the experiments, the authors have used either the 
Fernbach, Serber, and Taylor” (FST) semiclassical 
treatment of the optical model together with a square 


TABLE IT. Optical model parameters giving the best fit to experi 
ment with ro=1.20 for A, Cu, and Sn. The parameters used for 
Au, in Fig. 7, are also given although no attempt was made to 
discover the best-fit set. Energies are in Mev and lengths in 
10-4 cm. 


ro a Vv Ww 
A 1.20 0.41 -62 ~9.5 
Cu 1.20 0.52 ~62 8.6 


Sn 1.20 0.54 ~62 -6.9 
Au 1.20 0.50 -62 10 


% See for example J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 
p. 15. 
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SCATTERING 


Fic. 6. Angles of successive maxima (black circles) and minima 
(open circles) in the ratio of elastic cross section to Rutherford 
vs A~!. The straight lines were drawn by eye through the points 


well for the nuclear potential, or the compound-nucleus- 
formation cross sections tabulated in Blatt and Weiss- 
kopf*® which have been calculated assuming a black, 
square well. 

In the case of the optical model of FST, in its original 
form, the neglect of refraction by the potential (at 
least at energies <100 Mev) and the use of a square 
rather than a smoothed well both tend to produce a 
large radius when theory is compared with experiment. 


oO 0-0L-00.6 89.68.9890. 0. 
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Py 

Kc. 7. Optical model fits to a/az for A, Cu, Sn, and Au. The 
values of the parameters used are given in Table IL. The smooth 
curves are the optical model calculations, the circles the experi- 
mental points 
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The reaction cross section at 10 Mev, calculated 
exactly with the Saxon potential, depends quite sen- 
sitively on a, the smoothing parameter. For example, a 
10% increase in a (keeping R, V, and W fixed) produces 
about a 10% increase in a, for tin.** Thus, the tail of the 
Saxon potential gives a large contribution to the 
reaction cross section and it is to be expected that a 


square well, to produce the same cross section, would 


need to be of larger radius. 

The black, square well approximation of Blatt and 
Weisskopf can also be expected to yield anomalously 
large radii when their values of a,, the cross section for 
compound nucleus formation, is compared with total 
reaction cross section data.” To take a particular ex- 
ample, if the total reaction cross section is calculated 
exactly, by using the optical model with the best-fit 
parameters for Cu and Sn, quoted in ‘Table IT, the values 
a,~ 604 mb and 431 mb are obtained for Cu and Sn, 
respectively, at 9.75 Mev with a radius parameter, 
ry 1.20. ‘To obtain values this large from the black, 
1.5 


must be used. (The radius of the “equivalent” square 


square well approximation, a radius constant ro 


well, having the same rms radius as a Saxon well with 
1.34.) 
In the few cases where rounded wells have been used, 


ry= 1,20 and a=0.5, is (70) 8.» 


and the experiments are at sufficiently high energies 
that the FST optical model is expected to be a good 
approximation, a tapered well with the same rms 
radius as the Saxon potential with rg~1.2 gives a good 


fit to the data.**"} Thus, in view of the work of Ross, 


” A. E. Glassgold (private communications) 

’ See, for example, H. G. Blosser and T. H. Handley, Phys. Rev. 
100, 1340 (1955) 

* Robert W. Williams, Phys. Rev. 98, 1387 (1955) 

”"R.G. P. Voss and R. Wilson, Proc. Roy. Soc, (London) A236, 
52 (1956) 

t Note added in proof.See however R. Wilson, Phil. Mag. 1, 
1013 (1956). The radius derived from an analysis of the small 
angle neutron diffraction scattering at 136 Mev is inconsistent 
with the value, ro 1.20 for a Saxon well, being approximately 
15% higher 
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Mark, and Lawson which indicates that the potential 
radius is probably ~1X10~" cm greater than the 
charge radius (for Au), it cannot at the present time be 
stated that the radius given by nuclear force experi- 
ments is inconsistent with that determined by electron 
scattering. 

A remark should be made about the question of 
determining a unique set of optical model parameters 
since, as mentioned above, it appears that the 10-Mev 
elastic scattering data can be fitted by a range of values 
of ro, if suitable adjustments are made in the other 
parameters. These “equivalent” sets of optical model 
parameters predict slightly different total reaction cross 
sections at 17 Mev“ and at 10 Mev.” If ro is varied, 
always adjusting V, W, and a to give the best fit to the 
elastic angular distributions, the reaction cross sections 
predicted by the optical model seem to vary more 
rapidly at 10 Mev than at 17 Mev. This is probably 
because at 10 Mev the proton energy is near or below 
the Coulomb barrier energy and therefore the reaction 
cross section will depend very sensitively on the barrier 
height, and hence on ro. Accurate total reaction cross- 
section measurements at 10 Mev would be very helpful 
in settling the uniqueness question. 

The purely geometric nuclear parameters, ro and a, 
can perhaps be determined more uniquely by analysis 
of elastic scattering experiments at higher energies. A 
program of elastic scattering at 40 Mev is now under 
way at this laboratory and will be reported in the near 
future. 
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Studies of nuclear scattering from an arbitrary complex central potential have been initiated 


his first 


report is devoted to the analysis of proton-nucleus scattering at 9.8 Mev using the Saxon potential. Qualita 
tive rules for the dependence of the cross section on the parameters of this model are presented for medium 
heavy elements. An important feature of the analysis is that more than one set of optical model parameters 
is possible at this energy. These multiple solutions have in common approximately the same value of V X?, 
where V is the real part of the nuclear potential and RX is the interaction radius. This value does not differ 
significantly from the value used in the nuclear shell model. The imaginary part of the nuclear potential 


corresponds to an absorption length of about one nuclear radius 


I. INTRODUCTION 


HIS is the first paper on an intensive study of 
nuclear scattering at intermediate energies from 
10 to 100 Mev using the optical or complex potential 
model.!~* An important objective of this work is the 
determination in this energy range of the optical model 
parameters, i.e., the strengths of the real and imaginary 
parts of the nuclear potential and the size and shape of 
these potentials. The recent results*® on the “electro- 
magnetic” density of the nucleus and their contrast 
with the traditional nuclear rad.us emphasize the im- 
portance of the spatial dependence of the nuclear 
potential. Such differences, as well as an understanding 
of the real and imaginary parts of the nuclear potentia! 
from some more fundamental point of view, are im- 
portant problems for nuclear dynamics. 

The present report is particularly concerned with the 
analysis of Hintz’s measurements of the elastic scatter 
ing of 9.8-Mev protons.® Reliable results can only be 
obtained with exact calculations of the scattering phase 
shifts. For this purpose a program was prepared for the 
Univac Scientific Computer’ (E.R.A. 1103) to compute 
the nonrelativistic scattering from an arbitrary complex 
central potential. There are no restrictions on the masses 
or the charges of the colliding particles so that the 
scattering of neutrons and alpha particles can also be 
studied.* The potential energy consists of three terms, 


Vir)=Ve(r)+V f(r) +i1W g(r). (1) 


* Supported in part by the U. S. Atomic Energy Commission. 

t A preliminary report of this work was presented at the 1956 
Thanksgiving meeting of the American Physical Society (Bull. 
Am. Phys. Soc. Ser. II, 1, 339 (1956) ]. 

'H. Bethe, Phys. Rev. 57, 1125 (1940). 

2 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 

§ Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448% (1954). 

*R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

®K.W. Ford and D. L. Hill, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1955), Vol. 5, p. 25 

®N. Hintz, preceding paper [ Phys. Rev. 106, 1201 (1957) }. This 
article contains a bibliography of other experiments on proton 
scattering. 

7 The authors are indebted to Remington Rand Univac for the 
use of their Univac Scientific Computer in St. Paul, Minnesota. 

* A preliminary report on alpha-particle scattering has already 
been given by Cheston, Glassgold, Stein, Schuldt, and Erickson, 
Bull. Am. Phys. Soc, Ser. II, 1, 339 (1956). A more detailed ac 


The first term is the electrostatic potential and the 
latter two are the real and imaginary parts of the 
nuclear potential. In this program the radial dependence 
of each of these terms is completely arbitrary. The 
nuclear potential terms have been factored into strength 
parameters V and W and form factors f(r) and g(r) 
for the real and. imaginary parts, respectively. Spin 
orbit terms’ are expected in Eq. (1), but their 
inclusion at this stage of the analysis would introduce 
more parameters into the model than the intermediate 
energy elastic scattering experiments could determine 
This statement will be borne out by the results described 
later in this paper. The effects of the nuclear magnetic 
dipole and electric quadrupole moments are also ignored. 
In addition it is assumed that the ‘‘compound”’ elastic 
scattering’ is negligible. Calculations of this type were 
first undertaken by LeLevier and Saxon” and Chase 
and Rohrlich" using square wells. Woods and Saxon!*!® 
made the improvement of introducing rounded potential! 
wells and subsequent work by Saxon and his asso 
ciates'®.17 with 
experiments at a number of energies. 

In analyzing Hintz’s experiments, the range of the 
optical model parameters for a particular potential was 


has achieved qualitative agreement 


investigated in detail. As a consequence, it is possible 
to make some general qualitative statements about 
the dependence of the cross section on these parameters 
(Sec. IL). These qualitative rules, together with a least 
squares analysis, have been particularly useful in 
obtaining good agreement with experiment (Sec. III). 
An important result of this analysis is that more than 
one set of optical model parameters is possible at 10 Mev 


count is given in the following paper |W. B, Cheston and A. FE 
Glassgold, Phys, Rev. 106, 1215 (1957) ] 

* fk. Fermi, Nuovo cimento 11, 407 (1954) 

“W. Heckrotte and J. Lepore, Phys. Rev. 94, 500 (1954) 

4B. J. Malenka, Phys. Kev. 95, 522 (1954). 

42. E. LeLevier and D. S. Saxon, Phys. Rev. 87, 40 (1952) 

8 J). M. Chase and F. Rohrlich, Phys. Rev. 94, 87 (1954) 

“RR. W. Woods, Ph.D. thesis, University of California at Los 
Angeles, 1954 (unpublished) 

16 R. W. Woods and D. S. Saxon, Phys. Rev. 95, 577(1954 

© Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 
507 (1956) 

7 The authors would like to thank Dr. Saxon and Dr 
for many helpful communications and discussions 
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Fic. 1. Typical variation of elastic proton-nucleus scattering 
with nuclear radius. Increasing the radius shifts the diffraction 
pattern towards small angles. 


for many cases. The solution most thoroughly studied is 
characterized by a nuclear radius midway between the 
traditional nuclear and electromagnetic values. 

A brief discussion of the physical interpretation of the 
optical model parameters is given in Sec. IV. The 
details of the numerical calculations are summarized in 
the Appendix. 


Il. INVESTIGATION OF THE SAXON POTENTIAL 


The first model studied intensively has been the one 
employed by Saxon and his associates.'*~'’ This model 
uses the same form factor for the real and imaginary 
parts of the nuclear potential, 

r—R ' 
yo 
a 


and calculates the electrostatic potential from a uniform 
charge density of radius R. The above form factor has 
been used extensively in the analysis of electron scatter- 
ing,* and it will be useful to relate the parameters in 
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Fic. 2. Typical variation of elastic proton-nucleus scattering 
with the real part of the nuclear potential. Increasing the real part 
of the potential shifts the diffraction pattern toward small angles. 
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Eq. (2) with the “standard” electron scattering parame- 
ters, c and t. The first quantity, c, is the average radius, 
Si” dr f(r). The skin thickness, #, is the distance required 
for the form factor to drop from nine-tenths to one- 
tenth of its interior value. In the present case c= R; 
furthermore R also marks approximately the half-way 
point of the form factor, i.e., {(R)-~} f(0) for aR. The 
diffuseness a is related to the skin thickness ¢ by the 
relation !=4.40a. The parameter ro will be used to 
specify the half-way radius R by the usual formula, 


R=1nA*X10-¥ cm. (3) 


The radius R should be distinguished from the familiar 
radius R, of the equivalent square well having the same 
root-mean-square radius. At 10 Mev the use of a con- 
tinuous nuclear potential and a discontinuous square 
well for the charge density causes only very slight 
errors. The maximum difference in the electrostatic 
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Fic. 3. Approximate stationary property of the maxima and 
minima in proton-nucleus scattering obtained by keeping VR? 
constant. In this case a and W were not changed while R? and V 
were changed by about 10%. 


potential between a square well charge density and 
continuous charge density of the form in Eq. (2) is 
about 2%. Of course, the electrostatic potential for a 
uniform charge density is continuous. 

Preliminary to fitting any experimental data, a study 
was made of the dependence of the differential elastic 
scattering cross section on the parameters in this 
optical potential. These studies are illustrated in Figs. 
1-5, which present ratios of the predicted scattering to 
Rutherford scattering for 9.72-Mev protons scattered 
from argon. These results are typical of medium and 
heavy elements. The results may be summarized in the 
following way: 


1. The diffraction pattern is shifted towards smaller 
angles when V or R is increased. 

2. Positions of maxima and minima are determined 
mainly by the value of VR’. 

3. The amplitude of the diffraction patters is damped 
when W is increased. 
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4. The diffraction pattern is shifted downwards by 
increasing a and, to a lesser extent, towards smaller 
angles. 


The related effects of changing V and R, illustrated 
in Figs. 1 and 2, combine to give a stationary property 
to the maxima and minima when V R? is fixed.'* This is 
illustrated in Fig. 3 where a change in R of about 10% 
is compensated by a change in V of about 20%; the 
values of a and W are the same. The facts that increasing 
V is equivalent to increasing R and that the positions 
of diffraction maxima and minima are determined by 
VR? show that a simple diffraction analysis, in which 
these positions are determined solely by the size of the 
nucleus, would be invalid. ; 

The least reliable of the above rules is the last one 
dealing with changes in a, which is illustrated in Fig. 5. 
Sometimes the effect of increasing a is the same as 
increasing W, i.e., the minima are filled in and the 
maxima reduced. However, the main effect is usually a 
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Fic. 4. Typical variation of elastic proton-nucleus scattering 
with the imaginary part of the nuclear potential for medium and 
heavy elements. The effect of increasing W is to damp the diffrac 
tion, i.e., to weaken both maxima and minima. 


vertical shifting of the pattern. The associated effect 
whereby the pattern is also slightly shifted towards 
smaller angles can be understood in terms of an increase 
in some effective radius, such as the rms radius. 

The qualitative statements just made must be treated 
with a great deal of caution. Special care is necessary in 
the case of light elements or in extrapolating the rules 
to other energies or projectiles. They have been very 
helpful, however, in approaching sets of parameters 
which give good fits with the data at 10 Mev. Any semi- 
empirical rules which eliminate some of the trial and 
error nature of this type of analysis are valuable in 
conserving computing time. However, the above state- 
ments are much too qualitative to yield precise fits. 
Instead a least-squares analysis is used which permits 
independent variation of three of the optical model 
parameters and predicts a new set of parameters which 
usually produces better agreement with the data. The 


16 This property has also been observed for 1-Mev neutron 
scattering by Feshbach, Porter, and Weisskopf.# 
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Fic. 5. Typical variation of proton-nucleus scattering with the 
diffuseness for medium and heavy elements. Here the main effect 
of increasing a is a clockwise rotation of the diffraction pattern 
about some value at small angles. Sometimes the changes are very 
much like the effects obtained by changing W illustrated in Fig, 4 


results of this procedure are illustrated in Fig. 6, where 
a good fit to the tin data was obtained by varying just 
aand W. The initial approximation used the parameters 
V=—62, W=—8, ro=1.20, and a=0.50." Two addi 
tional calculations were then made which gave the 
partial derivatives of 0(@)/on(@) with respect to a and 
W at the 35 angles from 5° to 175° in steps of 5°. In one 
of these, a was increased to 0.60; and in the other, W 
was decreased to —6. The predicted changes in these 
parameters, Aa=0.044 and AW = —0,95, then produce 
an entirely acceptable angular distribution. The general 
procedure in obtaining agreement between the optical 
model and observed elastic proton-nucleus scattering 
angular distributions may be summarized as follows: 
Qualitative agreement is first obtained with the aid of 
the approximate rules stated above. Detailed fits are 
then achieved by a least-squares analysis. For the latter 
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Fic. 6. Two-way least squares analysis of 9.72-Meyv proton 
scattering from tin. After the initial approximation was made two 
calculations were carried out in which a was changed by 0.1land 
W was changed by 2.0, permitting the derivatives of 0(0)/an(@) 
with respect to a and W to be calculated. The least squares method 
then yielded the solid curve which is an improved fit to the data 
The bars are typical experimental errors 


All energies are in Mey and lengths in 10 “ cm 
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F'1G, 7, Present analysis for aluminum. The two curves have in 
common the same value of VR". Other calculations with about the 
same values of VX?, a, and W would work equally “well” as long 
as ro is within 5% of ro 1.40. The results of this analysis are 
striking in that a is much smaller and rp somewhat larger than the 
other cases considered. The bars are typical experimantal errors. 


to be successful, the qualitative initial approximation 
must not be too poor; otherwise the assumption, made 
by the least-squares method, of first-order changes in 
the parameters is violated. 


II], COMPARISON WITH 9.8-MEV EXPERIMENTS 


Figures 7 through 12 present the analysis of Hintz’s 
angular distributions for protons elastically scattered 
from aluminum, argon, nickel, copper, and silver. The 
analysis of the aluminum data presented the greatest 
difficulty, and calculations for over 40 sets of parameters 
have been carried out. It is very hard to reproduce the 
complicated diffraction structure at forward angles less 
than 125° and still obtain sufficient scattering at back 
angles, Conversely, if the cross section is fitted at 175° 
(which requires a large a) the computed cross section 
is completely different from the data at other angles. 
The level of agreement achieved so far is illustrated in 
Fig. 7 where two typical curves with the same value of 
V R® are given. These curves were found by ignoring the 
data at angles greater than 125°. Agreement with the 


V-~61,72 
0*0,409 


we-9.45 
&* 1.20 


Le oa 
160 160 


Fic, 8. Analysis for argon, Other sets of parameters with ap- 
proximately the same value of V RX*, a, and W are possible but a 
value for ro as large as 1.33 is ruled out. The bars are typical experi- 
mental errors. 
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observed scattering in this sense can only be obtained by 
using a very small value for the diffuseness a. The 
values actually used are quite close to a=0.2, which is 
about 5% of the radius. This would mean a form factor 
which is only half as diffuse as those used for the other 
elements discussed here, i.e., intermediate between a 
square well and the diffuse wells used for the other 
cases. There are no other independent determinations 
of the surface thickness for aluminum. The electron 
scattering measurement for neighboring Mg” is about 
three times as big.‘ 

Since the agreement is inferior for aluminum, and 
since the diffuseness obtained is anomalously small, it 
may be that the optical model cannot be used for a 
nucleus with so few nucleons, at least at such low 
bombarding energy. On the other hand, a different form 
factor might be successful. Particular attention will 
have to be given to this case in the analysis of experi- 
ments at higher energies. 
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Fic. 9. Present analysis for nickel. It is possible to fit either the 
scattering out to the last diffraction minima or the scattering at 
very small and very large angles, but not both. These difficulties 
are in contrast to the ease with which copper may be understood. 
The bars are typical experimental errors, 


Good agreement is obtained for argon, copper, and 
tin and these results are displayed in Figs. 8, 10, and 
12. Once again difficulties were met in the analysis of 
nickel. This is of particular importance since the next 
element, copper, is particularly easy to fit and, in fact, 
allows a large range of parameters to be used. Striking 
differences in the scattering from neighboring elements 
in the region near Z=30 have been observed by 
Bromley and Wall”! using 5.25-Mev protons and by 
Dayton and Schrank” using 17-Mev protons. In 
analyzing Hintz’s data, it has been very difficult to get 
enough scattering beyond 135° without destroying 
agreement at smaller angles. This is illustrated in Fig. 9 
where the same initial approximation was used to get 


*” 1). A. Bromley and N. S. Wall, Phys. Rev. 99, 1029 (1955). 
#11. A. Bromley and N. S. Wall, Phys. Rev. 102, 1560 (1956). 
” JT. E. Dayton and G. Schrank, Phys. Rev. 101, 1358 (1956). 
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the two curves by a least squares comparison with the 
experimental values. For the solid curve all angles were 
weighted equally in the least-squares analysis and the 
result is agreement at back angles but nowhere else. On 
the other hand, if the observations beyond 135° are 
ignored, which is the case for the dashed curve, good 
agreement for angles less than 135° can easily be ob- 
tained. A rather tedious investigation which uses 
intermediate weight factors is now being carried out 
and slow progress is being made. 

Hintz has observed very small deviations from 
Rutherford scattering for gold. They are only about 5% 
at large angles and are too small to be analyzed in 
detail. Thus only a few calculations were made for this 
case tq insure that there was no obvious disagreement 
with the results for other elements. This indeed was 
found to be the case. 

A summary of the optical model parameters at 10 
Mev is presented in Table I. The stationary property 
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Fic. 10. Analysis for copper. Two equivalent fits are presented 
which have in common approximately the same value of V R?, a, 
and W. Thus any radius from ro=1.20 to 1.33 may be used. 
Smaller values are also possible but not as small as ro= 1.10. The 
bars are typical experimental errors. 


of the cross-section maxima and minima obtained by 
keeping V R? fixed indicates the possibility of obtaining 
rore than one set of acceptable parameters. In begin- 
ning the analysis for a particular element, a radius given 
by ro= 1.20 was usually used. It was then attempted to 
fit the observed experimental angular distribution by 
variation of the remaining three parameters. In other 
words, values of VR’, a, and W were determined. For 
the three elements (argon, copper, and tin) for which 
good fits were obtained in this way, an investigation 
was made to ascertain whether V and R could be deter- 
mined separately. Thus ro was increased to 1.33 and V 
was ‘adjusted so that VR*® remained the same. These 
values of V, R and the old values of a and W still 
provide an approximate fit, at least as far as the posi- 
tions of maxima and minima are concerned. Then a and 
W, and V if necessary, were varied to regain agreement 
with experiment. 
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Fic. 11. Inferior agreement for copper with ro= 1.10. Good fits 
with ro=1.20 and ro=1.33 are given in Fig, 10, The bars are 
typical experimental errors 


This procedure yields the two equally good sets of 
parameters for copper which are given in Fig. 10. 
Another attempt using a very small radius with ro= 1.10 
gives the slightly inferior fit shown in Fig. 11. An 
identical procedure rules out a radius as large as ro= 1.33 
for argon and tin. However, this does not mean that 
ro= 1.20 is the only acceptable radius for these elements. 
Nor is it true that a radius smaller than r9=1.20 or 
larger than ro=1.33 cannot give agreement with the 
copper data. It is simply that a detailed investigation 
of the possible range of equivalent sets of parameters 
has not yet been made for these elements. A great deal 
of computing time is needed for such a project. Further- 
more, it is hoped that the analysis of experiments at 
higher energies, which is now being carried out, will 
eliminate some of the solutions possible at 10 Mev, if 
one assumes that certain of the optical model parame- 
ters are energy-independent. 

It must be emphasized that, although the two 
acceptable solutions for copper have nearly the same 


p+Sn Ve~62 We 6,95 
9,72 MEV a*0544 120 





160 


Fic. 12. Analysis for tin. Other sets of parameters with approxi 
mately the same values of VR?, a, and W may be used but a value 
of roas large as 1,33 is ruled out. The bars are typical experimental 
errors. 
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Taste I. Summary of optical model parameters for 10-Mev 
proton-nucleus scattering. Semaies are in Mev and lengths in 
10°” cm. These parameters are not to be considered as unique sets, 
and fer copper equivalent sets are given. The agreement with 
experiments for aluminum (Fig. 7) and nickel (Fig. 9) is not as 
good as for the other elements. No results are listed for gold 
hecause the deviation from Rutherford scattering is too small to 
be analyzed. 


Klement ve a 


0.19 
041 
0.45 
0.52 
0.50 
0.54 


Al 1.45 
A 1.20* 
Ni 1.20 
Cu 1.20» 
Cu 1.33» 
Sn 1.20* 


* A radius as large as ro ~1.33 cannot be used, 
» A radius as emall as ro 1,10 cannot be used. 


value of VR’, the values of a and W are not quite the 
same. This should not be surprising since there is no 
reason to believe that the four optical parameters V, 
W, R, and aare the essential parameters in this problem. 
For it has already been shown that VR? has a more 
direct significance than V or R alone, at least as far as 
the elastic scattering is concerned. Thus one should 
expect that, at this energy, there are probably only three 
important parameters and that equivalent fits to the 
observed angular distributions can be obtained by using 
a number of combinations of the four arbitrarily chosen 
parameters, V, W, R, and a. These sets of solutions then 
have in common perfectly definite values of the three 
essential parameters. 

Table II lists the total reaction cross sections ob- 
tained in this analysis of 10-Mev proton scattering. The 
partial cross sections o,‘”) for orbital angular momen- 
tum LZ are divided by the maximum possible cross 
section (2L+-1)rk’, i.e., the cross section for a black 
nucleus. The total cross sections are divided by the 
geometric cross section rR*®, For light and medium 
elements the reaction cross section is within 20% of this 
value, but for heavy elements the Coulomb barrier 
reduces the cross section considerably. (For scattering 
at 10 Mev, the energy of the incident proton is about 
the same or less than the Coulomb barrier.) Comparison 
of the reaction cross sections for the two sets of parame- 
ters consistent with the copper angular distribution 
shows that a measurement of the reaction could remove 
this ambiguity. The two solutions have reaction cross 
sections differing by about 20%; o,=0.66 barn for 
ro= 1.20 and o,=0.79 barn for ro= 1.33. 


IV. BRIEF DISCUSSION OF THE OPTICAL MODEL 
PARAMETERS FOR 10-MEV PROTONS 


One of the most important objectives of the analysis 
is the determination and understanding of the optical 
model parameters. Of particular interest are (1) the 
spatial distribution of the proton-nucleus interaction 
and a compar.son with other distributions such as the 
nuclear charge density, and (2) the energy dependences 
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of the strengths of the real and imaginary parts of the 
proton-nucleus potential and their bearing on the theory 
of nuclear structure. Since the present analysis deals 
only with 10-Mev protons, the following discussion is 
necessarily incomplete. 

A detailed comparison of the interaction radius R is 
not possible until a more thorough study is made of the 
multiple solutions described in Sec. ITI, where it was 
shown that a number of equivalent solutions are possible 
which have in common approximately the same value 
of VR*. Inspection of Table I shows that there is some 
indication that the diffuseness, a, increases with atomic 
weight. The electron scattering results do not show any 
such variation.4 A more definite statement on this 
point will also have to wait until the problem of multiple 
solutions is resolved and until the difficulties with alu- 
minum and nickel are better understood. 

It is interesting to compare the potentials used in 
this analysis with the ones used for bound states, i.e., 
the nuclear shell model. Recently Ross, Lawson, and 
Mark” have calculated the energy levels of single- 


TABLE IT. Reaction cross sections for 10-Mev proton-nucleus 
scattering. The total reaction cross section is divided by wR? and 
the partial cross sections are divided by the upper limit 
(2L+1)xX*. The optical model parameters are given in the 
corresponding rows of Table I. 


Element = o-/nR? a,) a) a, o,%) a, 


0.07 
0.11 
0.06 
0.06 
0.03 
0.04 
0.00 


0.42 
0.83 
0.59 
0.62 
0.76 
0.36 
0.08 


0.32 
0.17 
017 
0.38 
0.45 
0.19 
0.02 


0.62 
0.89 
0.99 
0.85 
0.94 
0.58 
0.19 


0.94 
0.04 
0.53 
0.77 
0.75 
0.65 
0.10 


Al 1.02 
A 1.23 
Ni 0.85 
Cu 0.92 
Cu 0.89 
Sn 0.39 


Au* 0.05 


* These cross sections were obtained with the parameters ro =1.20, 
a =0,50, V = —62, and W = —10, 


particle states in a central potential of the form used in 
this paper but with spin-orbit coupling of the Thomas 
type, and forty times stronger. Assuming a radius 
specified by ro=1.30, the potential V, smoothing 
parameter a, and spin-orbit coupling strength A, were 
all varied to obtain the correct level sequence. The only 
attempts to obtain the correct binding of the last 
proton as well as the last neutron were made for Au’ 
and Pb**. Unfortunately the scattering of 10-Mev 
protons from elements as heavy as these deviates from 
Rutherford scattering by only about 5% at large 
scattering angles. Thus the optical model parameters 
at 10 Mev cannot be determined for these cases. How- 
ever, the value of Vr? determined from scattering by 
elements in the middle of the periodic table shows no 
marked variation with A. Also Ross, Mark, and Lawson 
find that a neutron well which is independent of A 
gives good level structure and binding. Thus it seems 


*3 Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956). 
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safe to extrapolate the value of Vro’ for medium weight 
elements to very heavy elements. For a radius of 
ro= 1.30, the value of the potential is V=—52+3. 
The uncertainty arises from the nonsystematic varia- 
tions of Vr’ with A and the existence of multiple 
solutions which have in common only approximately 
the same value of Vro’. In addition it should be re- 
membered that this is an extrapolated value and that 
the diffuseness used in the shell-model calculations is 
40% greater than in the scattering work. In any case, 
this value of (—52+3) Mev is to be compared with 
—55 or —57 Mev obtained by Ross, Mark, and Lawson 
in the two cases considered. ‘This comparison between 
the well depths for bound and unbound proton states 
suffers from the above uncertainties and, consequently, 
the apparent differences in the values of V should not 
be considered as significant. 

The strength of the imaginary part of the nuclear 
potential for 10-Mev protons is in the range from 
—7 to —9 Mev. This corresponds to an absorption 
length of 5X10~" cm, i.e., roughly one nuclear radius. 
For purposes of comparison, the absorption length for 
1-Mev neutrons is 24X10~" cm,’ whereas for 20 to 
40-Mev alpha particles it is about 1X10~" cm.* The 
above value for W is in agreement with “frivolous” 
calculations**~** based on Goldberger’s”” model for high- 
energy nuclear interactions. If the only alteration made 
in such a calculation is the inclusion of the Coulomb 
repulsion for the proton inside the nucleus, the result is 
W~—6 Mev. When one considers the crudeness of the 
method, the agreement is satisfactory. 
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APPENDIX: MATHEMATICAL PROCEDURE 


In this discussion all quantities refer to the center-of- 
mass system, and all lengths are in units of A. The 
scattering amplitude is decomposed into point-charge 
and nuclear parts,”* 


f(0) = — (n/2) csc?(6/2) exp{ — 2i[m In sin(@/2)—ao }} 
+301 (2L+1) exp(2ier)C_P1(cos6), (A1) 


% Morrison, Muirhead, and Murdoch, Phil. Mag. 46, 795 
(1955). 

26 A. M. Lane and C. F. Wandel, Phys. Rev. 98, 1524 (1955). 

26. Clementel and C. Villi, Nuovo cimento 2, 176 (1955). 

27M. L. Goldberger, Phys. Rev. 74, 1268 (1948). 

*L. I. Schiff, Quanium Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1949), first edition, p. 120. 
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where C,=siné, exp(iéz). The total phase shift, 
(o,+6,), is also written as the sum of Coulomb and 
nuclear phase shifts, and n= ZZ’ (e?/hv). ‘The coefficients 
C; are determined by matching the internal and 
external logarithmic derivatives at a point p,, where the 
nuclear form factors, which are unity at the origin, are 
less than a predetermined ¢,>0: 


u,/ uy! 
CL=-— F.-F,' Gi—-Gi 
UL uy 


The regular and irregular Coulomb functions, Fy, and 
G_, are those defined by Abramowitz.” The uz are the 
solutions to the radial Schrédinger equation, 

ur’ +[1—L(L+1)/p?— V/E )ut=0, (A3) 
which vanish at the origin. 

This problem was programmed for calculation by the 
Univac Scientific Computer (E.R.A. 1103). The floating 
point system developed at Convair provided the basic 
subroutines.” For each value of L, starting with L=0, 
Eq. (A3) was integrated numerically from an initial 
point A; close to the origin out to p». The integration 
subroutine” was Gill’s version® of the Runge-Kutta 
method to solve systems of linear first-order equations. 
In this case, these are four equations for the real and 
imaginary parts of wu, and w,’. Initial values of these 
functions must be specified and, to obtain the required 
accuracy in the logarithmic derivative, it was sufficient 
to use u,p=hy" and uy! = (L4+1)h,". The numerical 
integration consumed about 75% of the machine time 
for runs at 10 Mev and the time required for each step 
is about one second. A small integration step A, is used 
near the origin and where the form factor changes 
rapidly, i.e., in the range kR-a<p<kR+a; a larger 
value fy is used elsewhere. ‘Typical values are h,= 0.01 
and fA,=0.25. 

The Coulomb functions are evaluated by an asymp- 
totic expansion™ especially suited for high-energy 
scattering. ‘The Coulomb phase shift is also needed here 
as well as in Eq. (Al). For L 


series” is used for n< 2, but for > 2 a five-term 


0, a slowly converging 


Sterling’s approximation™ gives the same accuracy; 
for L>O, recurrence relations” are employed. ‘Tall- 


*% Tables of Coulomb Wave Functions I, U. S. National Bureau 
of Standards Applied Mathematics Series No. 17 (U. S. Govern 
ment Printing Office, Washington, D. C., 1952). The introduction 
by M. Abramowitz contains most of the information on Coulomb 
functions used in this work 

” Flip IIT, Floating Point Subroutine System, Convair, Revised 
1955 (unpublished). 

#S. Gill, Proc. Cambridge Phil. Soc. 47, 96 (1950) 





1214 GLASSGOLD, CHESTON, 
qvist’s six-figure table of Legendre polynomials” is 
included in the program. The entries are in intervals of 
1° from 1° to 90° and for L=0 to L=32. 

When the nuclear and Coulomb phase shifts are 
computed for a particular L, the program then adds 
the Lth term of the series in Eq. (A1) to the previous 
partial sum at every angle from 1° to 179° in 1° in- 
tervals. Unless the additional scattering from the Lth 
partial wave is, in relative magnitude, less than some 


“H. Tallqvist, Acta Soc. Sci. Fennicae Ser. A, 2, No. 11 (1938). 
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previously prescribed ¢,>0 at every angle, the calcula- 
tion proceeds to the next value of ZL. Otherwise the 
calculation is finished and the following results are 
obtained: Coulomb and nuclear phase shifts for each 
L, the elastic scattering amplitude, the cross section, 
the latter’s ratio to Rutherford scattering, Rutherford 
scattering, and the reaction cross section. In addition 
there are options for obtaining the results of the numeri- 
cal integration and the Coulomb functions. The authors 
will supply any of this information to those interested 
upon request. 
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The scattering of medium-energy alpha particles by nuclei has been examined with the optical model 
It is possible to reproduce the detailed features of the experimenta] data with such a model. An examination 
of the approximate models suggested by other authors is presented. Some features of the data can be 
understood on the basis of a one-parameter “black” nucleus model (i.e., the Blair model) interpreted 
quantum-mechanically. However, the requirement of detailed fit to the experimental data requires a model 
with more parameters. The “blackness” of nuclear matter to alpha particles causes the scattering cross 
section to be insensitive to the real part of the alpha-particle—nucleus interaction. 


INTRODUCTION 


I‘ recent years, reports have appeared in the literature 
of a series of experiments! on elastic scattering of 
alpha particles from nuclei in the intermediate energy 
range 20S ES 40 Mev. These data have been subjected 
to analysis by several authors?~* who have attempted 
to construct approximate interaction models which 
would explain or correlate the experimental data. It 
is the purpose of this paper to examine these interaction 
models on the basis of exact calculations assuming an 
optical or complex interaction potential between the 
alpha particle and the target nucleus. 

The optical model is a phenomenological attempt to 
discuss the reflective, refractive, and absorptive char- 
acteristics of the particle-nucleus interaction. It has 
been used successfully in the analysis, for example, of 
neutron-nucleus’ and proton-nucleus®” elastic scattering 
where there appears to be some justification for its 
use based on the detailed consideration” of nuclear 
dynamics. Its use in the analysis of elastic scattering of 
alpha particles from nuclei has at present little or no 
comparable justification. We employ it here primarily 

* This work has been supported in part by the U. S. Atomic 
Energy Commission. Certain stages of this work were also 
supported by a grant from the National Science Foundation. 

tA preliminary report of this work was given at the 1956 
Thanksgiving meeting of the American Physical Society (Cheston, 
Glassgold, Stein, Schuldt, and Erickson, Bull. Am. Phys. Soc. 
Ser. II, 1, 339 (1956) }. 

1G. W. Farwell and H. E. Wegner, Phys. Rev. 95, 1212 (1954); 
Wall, Rees, and Ford, Phys. Rev. 97, 726 (1955); Wegner, 
Eisberg, and Igo, Phys. Rev. 99, 825 (1955); Eisberg, Igo, and 
Wegner, Phys. Rev. 100, 1309 (1956); E. Bleuler and D. J. 
Tendam, Phys. Rev. 99, 1605 (1955). 

2J.S. Blair, Phys. Rev. 95, 1218 (1954). 

* Wall, Rees, and Ford, Phys. Rev. 97, 726 (1955). 

*N. Oda and K. Harada, Progr. Theoret. Phys. Japan 15, 
545 (1956). 

°C, B. O. Mohr and B. A. Robson, Proc 
A69, 365 (1956). 

*°C. E. Porter, Phys. Rev. 99, 1400 (1955). 

7See, for example: Feshbach, Porter, and Weisskopf, Phys. 
Rev. 96, 448 (1954). 

5 See, for example: Melkanoff, Moszkowski, Nodvik, and Saxon, 
Phys. Rev. 101, 507 (1956). 

* Glassgold, Cheston, Stein, Schuldt, and Erickson, preceding 
paper [Phys. Rev. 106, 1207 (1957) }. 

1 F, L. Friedman and V. F. Weisskopf in Niels Bohr and the 
Development of Physics, edited by W. Pauli (Pergamon Press, 
London, 1955), Chap. VIII. 
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in an attempt to analyze other phenomenological 
models which have direct relationship to the optical 
model. Although we have not attempted to fit all the 
experimental data with such a model, such an analysis 
has recently been reported." 


OPTICAL MODEL ANALYSIS 


The nonrelativistic optical-model potential employed 
here is written as 


Vir)=V f(r) +iWe(r)+V.. (1) 


In Eq. (1), V and W, and /(r) and g(r) are the strengths 
and spatial forms of the real and imaginary parts of 
the alpha-nucleus potential, respectively, exclusive of 
the electrostatic potential V,. For the work reported 
here, {(r)= g(r) and is taken to have the Fermi form: 


r—R ' 
{(r) : | exp( | : (2) 
a 


To compute V,, a uniform sphere of charge of radius R 
is employed.” The parameter R in Eq. (2) is simply 
defined by {(R)-~} /(0) for R>>a; it is to be considered 
as the “radius” of the alpha-nucleus interaction. 
In the analysis reported here, we shall concentrate on 
the scattering of alpha particles from silver. 

Figure 1 exhibits two attempts to fit the experimental 
data on a (6)/on(0) (where ox (0) is the differential cross 
section for scattering in a point Coulomb field) for 
22-Mev alpha particles incident on silver. The set of 
parameters V=—S5O Mev, W 20 Mev, R=7.5 


"G,. Igo and R. M. Thaler, Phys. Rev. 106, 126 (1957). 
“This approximation is inconsistent with the form factor 
S(r). However, a similar ——— in proton-nucleus scatter 


ing has little effect on the resultant angular distributions (see 
reference 9). The same situation should apply here. The difference 
in the values of the electrostatic potential at the radius of interac 
tion R for a uniform charged sphere and for a charge density 
with a form factor approximating Eq. (2) is small compared to 
the value of V(X). Although the derivatives of the charge density 
at R are quite different in the two cases, the average value of the 
derivative of the charge density (which is large in the region of R 
only) is proportional to the electrostatic potential at the origin. 
With the values of the optical-model parameters necessary to 
approximate the experimental data in the medium-energy range, 
the scattering cross section is insensitive to the value of the 
electrostatic potential at the origin. 
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hic. 1. #(0)/on(0) for 22-Mev alpha particles incident on 
silver. The set of optical parameters V=—50 Mev, W=—20 
Mev, R=7.5X10 “cm, a=0.60K 10° cm gives adequate fit to the 
data. The experimental uncertainties indicated are representative 
of the uncertainties at other angles. 


x10" cm, a=0.60K10~" cm gives adequate fit to 
the data. The same set of parameters used in the 
analysis of the scattering of 40-Mev alpha particles 
from silver is illustrated in Fig. 2. To obtain the fit 
shown in Fig. 2, a change in the normalization of the 
experimental data of approximately 20% was employed. 
The fit for the higher energy data is apparently unsatis- 
factory for 62 60°. However, the spacing of the angles 
at which data were taken beyond 60° is of the same 
order of magnitude as the separation of adjacent 
maxima and minima predicted by the optical model. 
Consequently, the apparent absence of structure in 
the data beyond 60° cannot at this stage be considered 
as contradicting the predictions of the optical model. 
The same set of parameters gives adequate fit in the 
case of copper at 40 Mev. 

In attempting to ascertain whether the set of param- 
eters leading to Fig. 1 was in any sense unique, the real 
part of the potential, V, was decreased to — 150 Mev. 
The result of this large change in V, as well as the effects 
produced by alteration of W and R at a large real well 
depth, is illustrated in Fig. 3. It is evident that the set 
of optical model parameters V 150 Mev, W= —20 
Mev, R=7.09X10-" cm, and a=0.6X 10" cm gives 
equally good fit to the experimental data on silver at 
22 Mev. This agreement is maintained to a certain 
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extent for 40-Mev alpha particles on silver as is 
illustrated in Fig. 4. Small changes in W and/or R 
will better the agreement at 40 Mev and cause little 
change at 22 Mev. It appears, therefore, that the 
optical model cross section for the scattering of medium- 
energy alpha particles from silver is insensitive to large 
changes in the depth of the real part of the potential. 

There is little a priori reason to prefer a shallow or 
deep well for the alpha-particle—nucleus interaction. 
In one limit, if the nucleons in the alpha particle 
interacted with the nucleus as if they were free, 
then one would expect as the upper limit to the 
real part of the alpha-particle—nucleus potential = 160 
Mev, if one uses the “traditional”? nuclear radius, or 
240 Mey, if one uses as the radius of the nucleus the value 
suggested by the analysis of proton-nucleus scattering.’ 
Tolhoek and Brussaard" have recently examined this 
limit and have demonstrated that analysis of alpha- 
decay lifetimes of heavy nuclei, in this limit, yield 
nuclear radii in close agreement with the radii obtained 
by electromagnetic means. If we take the parameters 
used in this alpha-decay analysis (these parameters 
are V = —134 Mev, W=0, R=6.95X 10" cm, a=0.455 
x10° cm) and examine the optical-model cross 
section they produce, we note in Fig. 5 that poor agree- 
ment with the experimental scattering data is obtained. 
Increasing W to —15 and —30 Mev damps the large 
amplitude oscillations satisfactorily; however, it is 








30 60 ] , 
8c.m, ” 





FG. 2. 0 (0)/an(0) for 40-Mevy alpha particles incident on silver. 
The optical model parameters are the same as those giving 
adequate fit to the data at 22 Mev illustrated in Fig. 1 


8H, A. Tolhoek and P. J. Brussaard, Physica 21, 449 (1955). 
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necessary to increase a and R also before agreement 
with the scattering data is reached. 

In another limit, we might envisage the nucleons in 
the alpha particle as having lost all memory of their 
Fermi character and that, as a consequence, the alpha 
particle in nuclear matter acts as a perfect boson. In 
this limit, the existence of alpha-particle states of low 
excitation in heavy nuclei would imply a very shallow 
boson-nucleus well since at low nuclear temperature, 
the alpha particles would lie close to the bottom of this 
well. As a consequence of the apparent multiplicity 
of the sets of optical model parameters which will give 
adequate fit to the data, we have not attempted to 
find unique fits to all the available alpha-particle scat- 
tering data. 


APPROXIMATE INTERACTION MODELS 


Blair? has suggested that the observed form of 
do(6)/dE at E~20 Mev can be understood if one 
assumes that the nucleus is “black” to alpha particles 
whose angular momenta are less than or at most equal 
toa critical value /’ and “transparent” to alpha particles 


\\ 
\\ 
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Fic. 3. 0(0)/or(0) for 22-Mev alpha particles incident on 
silver. The real part of the optical mode] potential is ~150 Mev 
in contrast to the —50-Mev well depth used in Fig. 1 and 2. 


“4 The authors are indebted to Professor D. Peaslee for pertinent 
comments on this point. 
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Fic. 4. 
silver. The optical model parameters are V = 
Mev, R=7.09X 10" cm, a=0.6K 10™ cm. 


o(0)/on(0) for 40-Mev alpha particles incident on 
150 Mev, W= —20 


whose angular momenta are greater than J’. In other 
words, the amplitude of all outgoing partial waves with 
1<I' is set equal to zero, whereas, for />1', the amplitude 
and phase are set equal to those appropriate to a pure 
Coulomb field. The critical value of / is determined by 
equating the classical turning point of the motion in a 
Coulomb field to the radius of interaction R of the 
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Fic. 5. 9(6)/or(@) for 22-Mev alpha particles incident on 
silver. V, R, and a determined by the analysis of alpha-decay 
rates of heavy nuclei. 
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hic. 6. The reaction cross section o,! for partial waves up to 
l=15 divided by (oy) max™(2l+1)rh* plotted against / for 
22-Mev alpha particles on silver using the optical model param- 
eters V= —50 and —150 Mev, W = —20 Mev, R=7.5X10™" cm, 
a=0,60% 10°" cm. For 22-Mev alpha particles on silver, kR~15 
and I’ 11. 


alpha-nucleus interaction,'® i.e. : 


Ze (+1) h 
—_ + q 
R 2M,,R’ 


iD 


(3) 


This model produces a o(0)/an(6) which is somewhat 
too large in the region of the rise at forward angles and 
oscillates badly for @2 80°. According to Blair, both of 
these features may be attributed to the sharp-cutoff 
nature of the model. 

The Blair model may be interpreted in the following 
manner; the alpha-particle—nucleus interaction is 
explicitly velocity-dependent in such a way that the 
amplitudes of the outgoing spherical waves vanish for 
all 1</’ whereas for />I’ the alpha-particle—nucleus 
interaction is pure Coulombic. With such an interpreta- 
tion, the Blair model correctly takes into consideration 
the reflection of waves from the nuclear surface and 
other wave-mechanical features such as barrier penetra- 
tion. The optical-model potential used for adequate 
fit to the data at 22 Mev reproduces effects which are 
quite similar to those of the Blair model. 

In Fig. 6 are plotted the ratios of the partial reaction 
cross section o,' to the maximum value 


(214+-1)ai?* 


Cx) 


as a function of the orbital angular momentum 1. 
For an imaginary part of the potential of — 20 Mev, two 
values of the real part have been used, V 50 Mev 
and V 150 Mev. For both cases, the partial reaction 
cross sections for <1’ have essentially their maximum 
value. This corroborates one of the basic assumptions of 
Blair’s model,'® i.e., the nucleus is “black” for orbital 
angular momenta less than 1’. 

* This model was introduced by A. Akhiezer and I. Pomeran- 
chuk, J. Phys. (U.S.S.R.) 9, 471 (1945) for the nuclear scattering 
of charged particles. 

16 The prescription of Eq. (3) for predicting the critical value of 
l’ gives erroneous results if one uses an R determined from the 


optical model. For example, Eq. (3) yields a value of l’~11 for 
22-Mev alpha particles incident on silver only if one takes an 
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Figure 6 shows that for l=I', o,’~4(o,')max. In 
addition it is seen that the partial reaction cross sections 
fall off gradually over a range of J in the neighborhood 
of I’. If we define a surface thickness t= (1,—1,)k", 
where o,2=0.1(0,%) max and o,4=0.9(0,4) mex, and 
k=wave number of the alpha particle, we find that 
t~2.5X 10 cm. This is in agreement with the assumed 
value, t= 4.40a or t=2.64X10~" cm. Wall, Rees, and 
Ford® attempted to modify Blair’s model along these 
lines by assigning to the partial wave with the critical 
orbital angular momentum /’ an amplitude of one-half 
the Coulomb amplitude and phase equal to the Coulomb 
phase. This modification removed some of the discrep- 
ancy at forward angles but had little effect at back 
angles. 

The reason for the insensitivity of alpha-particle 
scattering to the real part of the potential is now quite 
clear. The absorption is so strong that effectively 
most partial waves do not experience the real part of 
the potential lying within the nucleus. Thus in Fig. 6 
the only difference in the partial reaction cross sections 
produced by a change of V from —50 to —150 Mev 
occurs for large l=I'. Furthermore l'(= 11) is somewhat 
less than kR(=15) and partial waves with l/</<kR 
are not strongly absorbed. These statements imply 
that the properties of the nuclear surface are important 
for the elastic scattering of alpha particles, and also 
lend credence to surface interaction models used to 
understand specific inelastic alpha-particle reactions 
such as (a,p) and (an) (and, by detailed balance 
arguments, their inverses). A one-parameter mode] 
such as Blair’s does not reproduce the details of the 
scattering cross section which are necessary for the 
ascertaining of the radius of the alpha-particle—nucleus 
interaction. These details are sensitive to the properties 
of the nuclear surface. 

If one takes a value of R needed to obtain a partial 
fit to the data on silver from the Blair mode] in its 
original or modified form, a value of l’~11 is obtained 
from Eq. (3). In the optical-model analysis, contribu- 
tions from las high as 19 had to be included at 22 Mev 
in order that the higher partial waves would contribute 
less than 5% to the predicted cross section. For 40-Mev 
alpha particles, the above comments are even more 
pertinent. The cut-off angular momentum on the Blair 
model at this energy is l’=21. The oscillations in the 
experimental data for 40-Mev alpha particles on silver 
correspond to a factor =2 in relative values of o(6)/ 
or(0) for adjacent maxima and minima. If the optical- 
model calculations were terminated at /’= 21, an error 
of a factor of =2 would be made in the values of 
o(0)/on(0) at maxima and minima, indicating that a 
completely erroneous positioning of these extrema 


would ensue. 

The optical model has been applied in a special 
R>49.5X10-" cm; the optical-model value of R which yields 
adequate fit to the data is 7 10™" cm. 
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form by Oda and Harada‘ who have set V =0 and let 
g(r)=exp{(R—r)b}. With this form of the optical- 
model potential, the Schrédinger equation appropriate 
to the problem may be solved in closed form. They were 
able to obtain approximate fit to the 22-Mev silver 
data at forward angles with W=—7 Mev, R=9.67 
X10-" cm, and b=0.86K10-" cm. The oscillations 
they obtained in ¢(@)/on(@) for 82> 55° are undoubtedly 
caused by the cutting-off of the calculation at /= 11, 
the critical value of / on the Blair model, and by setting 
V=0. The optical model has also been employed by 
Mohr and Robson® in Born approximation. ‘The 
parameters they found which fitted the 22-Mev silver 
data are at variance with exact calculations in two 
respects: (1) Wom=3Wexut (ie., the absorption 
predicted by the Born approximation is too large); 
(2) the Born approximation is somewhat insensitive to 
V as long as V <W, in contrast to the insensitivity of the 
exact results upon V for V>W. 

Finally, there is the classical model of Porter® which 
attempts to obtain agreement with experimental data 
by attributing the features of o(@)/on(@) to a pure 
absorption mechanism. In this model, the alpha 
particle travels on classical Rutherford trajectories 
“outside” the nucleus and suffers attenuation by 
collisions “inside” the nucleus. One of the results of 
Porter’s model is the increased rate of drop-off of 
o(6)/or(0) with increasing depth of the imaginary part 
of the well (decreasing absorption mean free path). 
The optical-model predictions do not agree with this 
result of Porter’s semiclassical calculation. One example 
of the behavior of o(6)/on(0) with W at 22 Mev 
predicted by the optical model is contained in Fig. 5 
with W=—15 and —30 Mev. Similar behavior at 
40 Mev is contained in Fig. 7. The behavior of o(@)/ 
or(9) with changes in W depends not only on the 
variation of the absorption mean free path with W 
but also on the variation of the reflectivity of the 
nuclear “surface” with W. Optical-model calculations 
seem to indicate that the latter effect is more important 
than the former, as long as the absorption mean free 
path is less than R. As has been indicated above, the 
main features of the alpha-particle—-nucleus scattering 
cross section can be understood as arising from the 
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Fic. 7. An example of the behavior of o(0)/on(0) for 40-Mev 
alpha particles on silver with changes in the absorptive part of 
the alpha-particle—nucleus interaction 


quantum-mechanical properties of the surface of a 
nucleus which is “black” to angular momenta lying 
below a certain critical value, The fact that the classical 
model of Porter gives an absorption mean free path 
which is in approximate agreement with that calculated 
from the optical model may, therefore, be considered 
as fortuitous. 
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Measurement of the preponderance of 145),9 states of posi 
tronium over 1'So9 states formed in a gas at moderately high 
field H (10 to 15 kilogauss), yields directly the preponderance of 
positron spins opposed to H over those parallel, just prior to 
capture, the magnitude and sign of the Paschen-Back effect may 
be inferred from the field value and the known triplet-singlet 
energy separation at zero field. By using suitable gases, the two 
photon annihilation events from 14S, o are differentiated from 
those from 14So9 by requiring strict angular correlation at 180°; 
positronium atoms in the latter state, being only about 10~” sec 
old at annihilation, have retained enough of the kinetic energy at 
formation to yield a broad angular correlation, while the former 
states, being on the average 30 times older at annihilation, yield 


a narrow component. The relative efficiency for counting the 


I, INTRODUCTION 


VER the past year a sequence of experiments has 

been done on the narrow component in the angular 
correlation for two-photon annihilation of positrons in 
various gases. In particular it was established'? that 
annihilation events from slow (~0.3 ev) positronium 
could be distinguished in practice from other events 
such as direct annihilation against atomic electrons or 
annihilation of comparatively fast positronium atoms. 
When it was announced® that violation of parity con- 
servation and charge conjugation had been observed, it 
was realized that the angular correlation apparatus in 
operation in this laboratory would require no modifica- 
tion at all in order to begin a search for residual polari- 
zation of stopped Bt particles.4° Accordingly, the se- 
quence of more conventional positronium experiments 


* Work done in the Sarah Mellon Scaife Radiation Laboratory 
and supported by the Office of Ordnance Research, U S. Army. 

+t Now at Laboratory of Nuclear Studies, Cornell University, 
Ithaca, New York. 

! Milton Heinberg, dissertation, University of Pittsburgh, 1956 
(to be published) 

2M. Heinberg and L. A. Page, Bull. Am. Phys. Soc. Ser. I, 1, 
168 (1956); part of the work was surveyed in an Office of Ordnance 
Research Final Report, University of Pittsburgh, November, 1956 
(unpublished) - 

’T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); Wu, 
Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 1413 
(1957); Garwin, Lederman, and Weinrich, Phys. Rev. 105 1415, 
(1957) Subsequent to the announcement, these were reported as 
post-deadline papers at the New York meeting of the American 
Physical Society, February 2, 1957, as were other pertinent papers : 
J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 (1957); 
Abashian, Adair, Cool, Erwin, Kopp, Leipuner, Morris, Rahm, 
Rau, Thorndike, Whittemore, and Willis, Phys, Rev, 105, 1927 
(1957) 

‘LL. Wolfenstein (private communication) has remarked that 
measuring the spin of beta particles with respect to their emission 
direction would be a test of the two-component neutrino theory of 
lr. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); Jackson, 
Treiman, and Wyld, Phys. Rev. 106, 517 (1957) have arrived at 
the same conclusion ; 

®Qne has in mind, of course, the clear polarization results for 
stopped w* particles obtained rec ently by Garwin, Lederman, and 
Weinrich (reference 3). 


triplet/singlet states can in practice be made ~1.5, in the presence 
of all other two-quantum annihilation events. Positrons emitted 
into the hemisphere about +2, plus those scattered by the source 
material or source-backing into that hemisphere, are found to be 
polarized along +z by an amount 0.15. Taking, for those posi- 
trons ultimately slowed and counted, that (0/c)ettective at emission 
is 0.75, it is implied that their longitudinal polarization at emission 
is at least 0.4(v/c), this lower limit to apply if there be no back- 
scattering, no depolarization during the slowing process, and no 
de-alignment on the part of the positronium. The sodium-22 
positrons are unmistakably right-handed. The sought-for con 
nection between failure of parity conservation and polarization of 
betas from an unpolarized source is thus experimentally 
established. 


(attempts to detect the first excited state) were inter- 
rupted in order to carry out the tests for positron 
polarization which are described below. 


II. METHOD 


Properly, the method is designed to measure (o,) for 
a positron about to undergo electron capture to form 
positronium. One need speak specifically only about the 
1*S;,o and the 14599 states of positronium, hereafter 
designated simply as “triplet” and “singlet.” The 
various mechanisms® known to flip or to exchange 
spins will be assumed to be absent unless specific 
comment is made. For field H up to perhaps 20 kilo- 
gauss, the up/down asymmetry in (say) the positron’s 
spin for the triplet or the singlet state goes more or less 
linearly with H; the asymmetry of course becomes 100% 
in the inaccessible high-field or Paschen-Back limit. The 
“infinitesimal,” « [where (1+.6)/(1—e) denotes the 
up/down population ratio], is quite large; at 15 kilo- 
gauss for example, ¢€ is 0.38. The exact definition of €, 
complete with algebraic sign, is given in Appendix A. 
A positron, initially completely polarized along +2 
(where +z means up in the laboratory) is therefore 
captured preferentially into the singlet or the triplet 
state according to whether H is up or down, the relative 
capture probabilities being like 2:1 for easily achievable 
values of field. 

At fields which give a sufficiently large € to be of use, 
both states annihilate by two photons only (that is, for 
practical purposes), so unless one would prefer to 
experiment with varying amounts of spin-mixing agents 
there would seem little hope of using two-photon or 
three-photon yields to advantage.’ One must therefore 

°M. Deutsch, Progr. Nuclear Phys. 3, 131 (1953), and S. 
DeBenedetti and H. C. Corben, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 191. 

‘For example, in the absence of spin mixers, expression (1) of 
Appendix A, with g’s set equal to unity, n=0.1 say, gives at the 


optimum field setting an asymmetry in the two-photon yield of 
only 0.1%. 
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distinguish two-photon events from the magnetically 
quenched triplet states from two-photon events from 
the singlet states. Except for the fact!” that motion of 
the center of mass of the annihilating system at the 
instant of annihilation can be made quite different for 
the triplet compared to the singlet states, there would 
be no way of distinguishing between such events. 

It turns out that one may have a gas sample which (i) 
forms positronium with rather large kinetic energy (in 
terms of an “Ore gap,” an energy characteristic of say 
0.5 of the gap spacing), and (ii) “thermalizes” the 
positronium sufficiently slowly that the singlet states, 
with lifetime about 10~" sec, retain a good part of this 
motion, and yet thermalizes the positronium sufficiently 
quickly that the triplet states, with lifetimes typically 
3X 10~ sec (depending on the strength of H of course), 
will have lost most of this motion by the time they 
undergo two-photon annihilation. This behavior is 
best appreciated by referring to Fig. 1 (taken from 
reference 1). Here the particular sample of tank argon, 
admitted into a mechanically-pumped, unbaked, etc., 
brass and iron pressure chamber, happened to be ideal* 
for illustrating that such gas samples as discussed above 
do exist. Here the amplification g; (defined in Appendix 
A) is at least 6, and by inspection of the zero-field curve 
of Fig. 1, one concludes that g; is probably at most 2. 

In Fig. 1 the area under the field-on curve is 1.11 
times that under the zero-field curve, and clearly the 
difference in area occurs at small angles (that is, gs is 
large). In this figure, only raw data are plotted; there 
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Fic. 1. Angular correlation data from reference 1, 


8 It was ascertained that cold-trapping with dry-ice and acetone 
forced gs to equal g; very definitely, while both of them, as near as 
one could judge, went to unity. It was concluded (reference 1) 
that certain trappable vapors present in the chamber do most of 
the thermalizing for the “pure” argon. The argon used in the 
present work (Sec. IIT) was by no means ideal, by itself, although 
the same tank is still in use. It was necessary to add propane to 
achieve results as extreme as depicted in Fig. 1. This is attributed 
to the present use of a very clean radioactive source (in reference 1 
a dirty source was used); the source material and the sample gas 
are contiguous in all cases, 
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Fic. 2. Coincidence rate at 180° as a function of applied mag 
netic field for argon, compared with oxygen at 28 atmospheres 
(taken from reference 1). 


has been no forced fit of the points in the wings of the 
curve. 

It is best to borrow one more figure from the work 
that has gone before! in order to make clear the method 
of the present experiment. Figure 2 shows the coin 
cidence rate at 180° as a function of magnetic field, for 
argon and for oxygen. It is seen that the growth of the 
narrow component for argon follows very well the solid 
curve which is simply a plot of the theoretical (see 
reference 6, for example) two-photon yield from the 
triplet shifted vertically, and renormalized 
(vertically only), so as to fit the data, Oxygen had been 
run as a dummy gas, to rule out questions of whether 
systematic error could produce a synthetic field vari 
ation of the narrow component. Nitric oxide admixtures 
to argon behaved like oxygen. 

The intent of the present experiment then is to use in 


state, 


series the two effects just discussed, namely the prefer- 
ential capture into the triplet state (for positron spin 
opposite to the direction of H) and the preferential 
narrowing of two-quantum events from the triplet 
states. The asymmetry in coincidence rate for com- 
pletely up polarized positrons, as derived in Appendix 
A, is given by 
] 
(1) 


le} OY(4 a) 


where Q, is the quenching ratio and 


ngitl 
a (« f )/ ie fi). 
n-+-1 


The ratio of coincidence rates, field down/field up, is 
(1-++n)/(1—n), which is about 1-+-2n. Let us call 2n=4. 
The present experiment consists essentially of measur- 
ing coincidence rate at 180°, field up vs field down, with 
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Tase I. Data and results. 





Chamber 
Sequence H in No. of orienta- 
No. Samples Slits kilogauss Runs tions4 Ow Ow 1006 Rms/o* 


1.110 1.260 +0.09+0.95 1.06 
(1,108) 1.444 +2.20+0.83 0.78 
1.108 1.482 -7. —1.96+0.97 1.12 
1.216 1.460 —0.75+0.47 1.23 
1.224 1.480 +1.16+0.62 1.16 
1.201 1.373 +1,28+1.3 tee 
1.164 1.404 ~0.55+1.01 0.90 
1.146 1.380 ~4, +-0.30+-0.90 1.06 
1.128 1.385 §. +0.47+1.8 0.92 
1.130 1.424 ; +-2.0740.65 1.08 
(1.095) 1.428 +8. +-2.19+0.81 1.10 
1,095 1.428 : +2.57+0.65 1.16 
(1.095) 1,380 a —2.88+0.98 1.05 
(1.095) 1.407 ; -1.704-0.99 1.18 
(1.095) 1.482 -9, -4.55+0.88 1.23 
(1.095) 1,39 , +2.7341.29 1.02 


1 argon 40/80 11.0 26 
2 27% Cally 40/80 11.0 16 
3! 27% Cats 40/80 11.0 12 
4 100% CyH,(125) 60/110 11.0 76 
Se 100%, CyHy(125) 60/110 11.0 46 
6 55% CsH5(235) 60/110 11.0 9 
7* % Cay (325) 60/110 11.0 16 
wh “WH, 60/110 11.0 26 
ge 3H;,- 60/110 11.0 27 
10 “H, 60/110 15.0 28 
ile “WH, 45/100 15.0 23 
12« Hy 45/80 15.0 2% 
14e 27% Cals 45/80 15.0 22 
14 27% Cally 45/80 8.0 22 
1S« 27% Calls 30/00 15.0 50 
1 27% Cag 30/60 15.0 26 


= 


¢ S 
~ err RRA 


* Unless otherwise stated, sample pressure is 400 psi(gauge); a number in parentheses denotes total pressure if different from this figure; percentages 
given mean nominal percent pressure of propane in argon. 

» Nominal spacing between lead slit-jaws in thousandths of inches; the first number refers to defining slit adjacent to gas chamber; the second number 
applies to both detector slits. 

«With a given sign of H. 

4 Orientation N means Na® is at bottom of chamber; / means the source is at the top 

«QO. in parentheses means that this figure was borrowed from a nearby appropriate sequence. 

! Means same filling procedure as for previous sequence. 

* Means exact same gas sample as for previous sequence. 

» Sequences 7, 8, and 9 are lumped, as point 9¢ in Fig. 3. 

* The rms deviation from the mean of the recorded coincidences per run computed for the whole sequence, treating field up separately from 
field down, divided by the standard statistical deviation based on the number of coincidences per run; any secular drift during a given sequence thus 
appears in the final figure over and above fluctuations. 


positrons incident on the gas sample either from above _ kilosecond intervals, one counts field up and field down, 
or from below. and at regular intervals in this sequence a zero-field 
. . count is made for a somewhat shorter interval, simp 
II]. MEASUREMENTS is made for a somewhat shorter int , simply 
; to accumulate a measure of Oy. 
der! wate apparatus has been described a number of The coincidence rate ranged from 0.5 to 3 per second, 
} rg 1,2,9 Cj 2 > w , 4 emlide < ; 28 » wae ° ° ° : ° 
times.'#* Since the work in solids, a high-pressure gas depending on slit-width (~w*) and on the particular gas 
chamber has been installed in the electromagnet gap sample in use. In no instance was the rms deviation for 
which is the geometric center of the apparatus. a long sequence of either up-runs or down-runs seriously 
A number of measurements of o were made, With out of line with the standard statistical deviation based 
several different gas mixtures. For each gas filling, the 6» number of counts. For the sum-total of the data 
procedure was as follows: (i) rhe quantity Vo was reported below, the former is 1.12+-0.03 times the latter. 
measured, for whatever field magnitude had been Signal-to-noise ratio, taken to be counting rate at the 
chosen, Q»—1 1s just the fractional Increase IN tWO- center of the angular correlation curve divided by the 
photon yield on application of field M1\. he measure-  ;ate 20 milliradians from the center, ranged from 40:1 
ment was normally made with wide resolution on one to 120:1, depending on the slit width, the gas-filling, 
te. > rg , ‘ ma cticalle agus os 7 
detector (the movable one), Practic ally no asymm try and the day-to-day state of the electronics. 
was found on reversing H; the accumulation of the From time to time the chamber, which carries the 
> > ot. = . . | | M4 me nes r. a e 
several measure d Ov s (for a given | 11 |) give 5a66 by source and the pole tips, was turned upside down (by 
product an experimental point for 6 at n=0. Phe frac- ox, hanging end for end, which was the convenient way 
tional formation of positronium, namely 4n/(1+4") to do it, because of certain mechanical restrictions 
(for n, see Appendix A), is of course implied when Qn imposed by the gas-inlet pipe). In view of the necessity 
has been determined, (ii) After selecting a resolution of checking on the vertical alignment of the chamber 
width (slit width w), intensive runs are made, usually with respect to the slit system, the procedure in the 
around the clock, COMMING Comm idences at center of earlier runs was to evacuate the chamber, check the 
the angular correlation curve. Alternately,” for one- — (oin, idence rate at 180° to be sure it was no worse than 
*L. A. Page and M. Heinberg, Phys. Rev. 102, 1545 (1956). the rate 20 milliradians away with gas in, and then 
” Barring end-elfects whic h involve a negligible portion of the invert the « hamber; the chamber and magnet as a 
total data, no preference is given to field up vs field down, The eit sales ilies ial weattneDD tame ween the 
electromagnet is grounded only at its electrical (and geometrical) W0l€ were then realignec ids rtica 7 \ome UKs the 
center. The controlling circuitry, the exciting amplidyne-genera- coincidence rate from positrons annihilating in the 
tor, the power generator, and the current meters all operate : 
during counting runs in the same sense, The magnet is operated —_ gaussing procedure is employed between runs. Water flow from the 
(except only for sequence 14 of Table I) well above the knee of its city mains is held constant, except for the zero-field runs when it is 
gap field/ampere curve, and in turn the magnetic quenching altered by prescription ; the gas sample itself serves as a convenient 
process is run well above its knee (see Fig. 2). A rigorous de thermometer, its pressure being monitored. 
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pole-tip opposite the source as the guide). After some 
feeling had been obtained for the reproducibility of 
vertical alignment by this method and by dead reckon- 
ing, the chamber was normally inverted with its gas 
filling intact to preserve exactly the same mixture. 
Here, a reliable counting rate method was evolved, to 
check on the vertical alignment. 

The results for a gold-backed, 15-millicurie Na” 
positron source, covered by a 0.0002-inch aluminum 
foil, with certainly no more than 5 mg/cm? of salt 
deposit (as judged by eye), are recapitulated in Table I, 
in chronological order." The asymmetry in coincidence 
rate, 6, as defined at the end of Sec. II, is displayed in 
Fig. 3 as a function of ’=(1+-a) of Eq. (1) above, with 
the sign convention that n’ be plotted positive if the 
betas move generally upward in the laboratory (source 
to be at the bottom of the gas chamber), and be plotted 
negative for the opposite situation.” The signs are so 
arranged that a positive slope, d6/dn’, corresponds to a 
positive (@-v) at emission. A “maximum slope” line is 
sketched in Fig. 3. It represents the idealized situation 
where no positrons gratuitously enter the hemisphere of 
interest, where none are depolarized on reflection from 
the iron pole-tip (or the brass electrode as the case may 
be) which looks at the source, where no counted positron 
is depolarized during slowing, and where no mixing 
among the magnetic substates of 1S positronium takes 
place. This ideal|slope|is just the effective v/c at 
emission, 0.75, say. 


IV. CONCLUSION 


This positronium experiment shows that Bt particles 
from the decay of Na”, characterized by emission speeds 


1 Except for several gas mixtures tried briefly, whose 0, was 
judged inadequate for the purposes of this experiment, all of the 
data taken are reported in Table I, or in footnote 12. As it turned 
out, the first time the gas chamber was disturbed mechanically 
during this polarization experiment was between sequences 
No. 2 and 3, when it was inverted. The slits were touched for the 
first time between sequences No. 3 and 4, when they were broad- 
ened. The actual transition from the other experiments alluded to 
in Section I consisted only in switching off an rf oscillator, actu 
ating a number of valves, and laying down a new program for 
data-taking. 

2Tt should be noted that in order to make a quantitative 
measurement of the quantity a, very much more data than are 
represented in this paper have to be taken. It was verified briefly 
that electric-field enhancement of Q, and Q,, in an argon sample 
was of no use in enhancing 4; this is reasonable because the in- 
creased production of positronium is known (reference 1) to take 
»lace low in the Ore gap, so that g; for this extra positronium must 
~ almost as large as g; which is clearly deleterious. Again, with the 
mixture of sequences 10 through 16, the detector slits were for a 
short time increased to 0.160 inch with a gain in coincidence rate, 
but with a decided drop in the measured 6, namely from about 
+2% to (—0.541.0)% (this was done between sequences No. 10 
and 11), The argument here is that such wide slits must tend to 
embrace both the singlet and triplet events. It is felt that the 
results obtained should be presented at this time without our 
having measured the: parameter a. Our best estimate of a, based 
on the past year’s experience, would be that it runs from 0.3 to 
0.5 under favorable circumstances. Two unfavorable situations 
have been discussed in this footnote. 

18 See either of the sources of reference 4. The factor one-half 
obtained on averaging o, over the hemisphere is canceled by the 
factor two that enters when one talks about 4 instead of ». 
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Fic. 3. Results. The sloping line represents d5/dn’ = 0.75. 


in the approximate range 0.7 <0/c<0.8, after slowing 
in suitable gases, exhibit nonzero spin polarization with 
respect to the “average” direction of emission. The 
magnitude observed for this residual polarization corre 
sponds to at least 0.4 of what would be expected if the 
polarization at emission’ is taken to be v/c¢, pro 
viding there were (i) no backscattering from the source 
and its mounting, (ii) no depolarization at any time 
prior to capture to form the positronium, and (iii) no 
depolarization or departure in alignment on the part of 
the positronium itself before the annihilation act. The 
effect found in this first experiment miay reasonably be 
called large.“ Such sodium-22 positrons are clearly 
right-handed. 
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APPENDIX A 


lor ground-state positronium in a field H/, the posi- 
tron’s relative spin population, up/down, is (1 e)/ 
(1+ 6), the upper sign referring to the triplet state; 


4 Referring to Jackson, Treiman, and Wyld (reference 4), the 
real] part of Cr*Cr’ would appear to be large, and negative. It 
might be interesting to successively refine the experiment to see 
whether the experimental points (such as in Fig. 3) appear to 
approach the maximum-slope line 
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here «=2y/(1+y"), where? y=[(1+27)!—1]/x and 
x=4yH/AE; for our purposes yu is just the Bohr mag- 
neton; AE means energy separation, triplet minus 
singlet, at H=0, 

With slit width w, the two-quantum coincidence rate 
at 180°, 


Ru~1+gnl+o+ fgeni—e 
1+-n(fgst+g1)—en(fgs— gi). 


Here the number of annihilations in flight per unit time 
is taken as unity; 4 is the formation rate for ground- 
state positronium; gs is the amplification in counting 
rate (at 180°) for triplet states due to their two-photon 
angular correlation being narrower than that for an- 
nihilation in flight; g; is the corresponding amplification 
for singlet states; g; and gs are of course monotonically 
changing functions of w, and gx, may depend on H, but 
presumably only slightly (47 does of course alter the 
time available for slowing of the triplet positronium 
after formation); f is the probability that a triplet 
state goes by two photons®:; 1/f=1+~7/y’, where y is 


the singlet/triplet lifetime ratio. 


One may define a “quenching ratio,” 


Rv(H)+Rv(—-H) 14+ fes+es) 


1+ng1 


1@) 


vw 


2R,,(0) 
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If two-photon yield is measured, (),, becomes 
1+n(f+1) 
r 2S oan 7 ’ 
1+n 
since g; and g, become unity for w= ~. 

Let all positrons be completely polarized up, say, just 
before capture. The ratio of coincidence rates, field 
down/field up, written (1+-9)/(1—7), is given by 

n  -n( fgs—g1) 
—s ; (A.1) 
| €| 1+-n(fgst+eg:) 


lor the present purpose it is useful to convert this into 
the form 
1  Qu-Qu 


(A.2) 


le] Ow(1+a) 


The Q’s are easily and directly measurable. The number 
a (which is not so readily subject to direct measure- 
ment) is for conditions of the present experiment 
certainly positive, and one attempts to keep its probable 
value less than about 0.5; explicitly, 


ngit+1 
=) an 
n+-1 


The small quantity to be measured is called 6; it is 
the observed value of 2n. 


(A.3) 
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Neutron Thresholds in the Co°*(p,n)Ni°® Reaction 


J. W. Butier, K 


L. DUNNING, AND R. O. BONDELID 


Nucleonics Division, United States Naval Research Laboratory, Washington, D. C. 
(Received March 1, 1957) 


The Co™(p,n)Ni® reaction has been used to find energy levels in the residual Ni® nucleus by a neutron 
threshold technique. Thresholds were found at bombarding energies corresponding to excited states of 
0.341, 0.439, 1.22, 1.343, 1.79, 1.964, 2.15, 2.545, 2.72, 3.054, and 3.19 Mev. On the basis of these levels in 
Ni®, some of the thermal-neutron-capture gamma rays from natural nickel reported by Kinsey and 
Bartholomew have been given new isotopic assignments 


I, INTRODUCTION 


HEN the Q value of the Ni®(p,y)Cu® reaction 

was measured! at this laboratory, a discrepancy 
of some 700 kev was noted between this measured 
Q value and that expected by calculating it using the 
Cu®!(B+-)Ni®! O-value** together with any one of the 
following three determinations: mass spectrometer 
measurements of the Ni®-Ni®! mass difference,‘ the 


1 Gossett, Butler, and Holmgren, Bull. Am. Phys. Soc. Ser. II, 
1, 40 (1956); C. R. Gossett, Bull. Am, Phys. Soc. Ser. II, 2, 69 
(1957). 

2 Qwen, Cook, and Owen, Phys. Rev. 78, 686 (1950). 

* Nussbaum, Wapstra, Bruil, Sterk, Nijgh, and Grobben, Phys. 
Rev. 101, 905 (19560). 

‘Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 


Ni™(d,p)Ni®™ Q value,’ or the Ni®(n,y)Ni®! O value.® 
A complete account of this situation’ is given in a 
forthcoming article.* Since such a large discrepancy is 
more than an order of magnitude greater than the 
combined errors of all the nuclear Q-value measure- 


* D. C. Hoesterey, Ph.D. thesis, Yale University, 1952 (unpub- 
lished); verbal report quoted in Nuclear Sci. Abstr. 6, 24B 
(1952). 

*B. B. Kinsey and G. A. Bartholomew; Phys. Rev. 89, 375 
(1953). 

7 Since this paper was written, a revised table of mass values 
has been published: Quisenberry, Scolman, and Nier, Phys. Rev. 
104, 461 (1956). The new values are in agreement with our results. 
They will be discussed fully in a later paper. Note added in proof. 

-A preliminary account of the present results has been published. 
Bull. Am. Phys. Soc. Ser. IT, 1, 327 (1956). 

* J. W. Butler and C. R. Gossett (to be published). 
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ments used in the calculation, it was felt necessary to 
explore the possibilities of error. Since natural nickel is 
68% Ni®’, one possible source of error is in the isotopic 
assignments of proton groups from the Ni®(d,p)Ni®! 
reaction and gamma rays from the Ni®(n,y)Ni® reac- 
tion. A knowledge of the energy-level structure of Ni® 
and Ni®! would therefore be of great usefulness in 
testing these assignments and suggesting new. ones. One 
way of finding energy levels in Ni® is to look for slow- 
neutron thresholds in the Co™(p,n)Ni® reaction. This 
was done and is herein reported. 


II. EXPERIMENTAL PROCEDURE 


Neutrons emitted at bombarding energies just above 
their threshold have energies in the kev region. These 
are herein called “slow neutrons” to distinguish them 
from the “fast neutrons,” having higher energies 
(greater than 100 kev), which are emitted when the 
residual nucleus is left in a lower state of excitation. 
The technique used in this experiment to detect the 
appearance (as a function of bombarding energy) of a 
new group of “slow neutrons” in a flux of “fast neu- 
trons” involves the use of two different counters having 
different efficiencies for “fast” and “slow” neutrons. 
The threshold for the appearance of a new group of 
slow neutrons is indicated by a rise in the ratio of slow 
neutrons to fast neutrons. This procedure is essentially 
the same as that reported by the Rice Institute group.?:” 

The geometrical arrangement of the counters is shown 
in Fig. 1. Three BF; tubes are used in the slow-neutron 
counter, and five are used in the fast-neutron counter, 
whereas the Rice group uses only one tube in each 
counter. The extra tubes give higher counting efficiency 
which is important when using very thin targets. In 
order to resolve levels that differ by 100 kev, it is 
necessary that the target be considerably thinner than 
100 kev to the incident protons. The ratio method 
reduces the effects of resonances in the compound 
nucleus but does not eliminate them completely. When 
it is doubtful whether a break in the ratio curve is 
caused by a threshold or a resonance, it is frequently 
useful to use targets of different thicknesses in order to 
obviate the uncertainty. If the resonances are very 
narrow, as they are for protons on Co, a resonance 
effect will have a width comparable with the thickness 
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Fic. 1. Geometrical arrangement of the neutron counters 


9T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954). 
Brugger, Bonner, and Marion, Phys. Rev. 100, 84 (1955). 
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of the target (or the beam width for extremely thin 
targets). A threshold break on the other hand has a 
rise, for our particular arrangement, of about 30 kev 
plus the target thickness. The length of rise is influenced 
by the efficiency vs energy dependence of the slow- and 
fast-neutron counters. Thus, we found it convenient to 
use targets about 10 kev thick. For such thin targets, 
a relatively high detector efficiency is very important 
in order to obtain reasonably good statistics with con- 
veniently short runs. 

The geometry of Fig. 1 was used for data below 4.0 
Mev of proton energy. Between 4.0 and 4.8 the dis- 
tances were doubled. They were doubled again for 
energies above 4.8 Mev. It was found that for the first 
few thresholds, the threshold effect was enhanced by 
the back scattered neutrons leaving the fast counter 
and re-entering the slow counter. For the higher 
thresholds, however, these back scattered neutrons 
diminished the ratio effect at threshold. Moving the 
counters back, therefore, increased the threshold sensi 
tivity at the higher energies. The fast-neutron counts of 
Fig. 2 were-corrected for this change in solid angle in 
order to make the yield curve continuous. 

Targets were prepared by electrodeposition of Co 
onto 0.010-inch Ag disks from a CoCl, solution con- 
taining boric acid as a buffer. Protons were supplied by 
the Naval Research Laboratory’s large Van de Graaff 
accelerator. The analyzing magnet was calibrated with 
the Li’(p,n)Be’ threshold," and field measurements 
were made with nuclear-magnetic-resonance equipment. 
The resolution of the analyzer was about 0.1% during 
this experiment, and the proton energy calibration 
during the threshold runs is believed to be accurate 
within 0.1%. 

III. RESULTS 


In Vig. 2 are plotted the fast-counter yield (solid 
curve) and the slow-to-fast ratio (dots) as a function 
of proton bombarding energy. Since the reaction yield 
increased rapidly as a function of bombarding energy, 
several changes in scale of the fast-counter yield were 
necessary. It should be emphasized that the actual 
differential cross section is not necessarily strictly pro 
portional to the fast-counter yield curve because the 
precise energy response of the fast counter is not known. 
However, local changes (over an interval of less than 
about 30 kev) in the absolute yield of the “fast” 
neutrons should be accurately reflected in the “fast 
counter” yield. 

The target used to obtain the curves of Fig. 2 was 
about 10 kev thick for 2-Mev protons. The arrows 
indicate threshold breaks in the ratio curve and give 
the corresponding level of excitation in the Ni™ residual 
nucleus. In all, twelve thresholds were observed, in 
cluding the ground-state threshold. The bombarding 
energies at threshold are listed in Table I, which in 

4 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947, (1954). 
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hic, 2. Excitation curve for ‘fast’ neutrons (solid curve) and “slow’’ to “fast” ratio (dots). 
Arrows indicate neutron thresholds, 


cludes probable errors and the positions of the excited 
states in Ni®, with their probable errors. 

Note that each of the eight lower excited-state 
thresholds is accompanied by one “satellite” break 
within an interval of 50 kev of the primary threshold 
break. It is possible that these satellites were caused by 
some characteristic of our detection equipment. It is 
diffeult to check this possibility against neutron- 
scattering data, however, because neutron-scattering 
cross sections in the kev region are not well known for 
most materials, Another possible cause is the effect of 
resonances in which the relative numbers of fast and 
slow neutrons change. Future experience with the same 
equipment and other reactions should enable us to 
determine the cause of these satellites. 


TABLE I, Neutron thresholds in the reaction Co™(p,n)Ni®. 
Threshold energy Excited state in 
Mev) Ni (Mev) 


1.887 40.004 0 
2.2344-0.005 0.341 4+0.004 


2.3334-0.005 
3.13 +0.01 
3.2544-0.010 
3.707 40.010 
3.8844-0,010 
(4.07 +4-0.01) 
4.475+0.010 
(4.65 +0.02) 
4.992+-0.010 
5.13 +0.02 


0.439+0.005 
1.22 +0.01 
1.3434-0.010 
1.79 +0.01 
1.964+4-0.010 
(2.15 +0.01) 
2.545+0.010 
(2.72 +0.02) 
3.0544+0.010 
3.19 +0.02 


The behavior of the curve in the vicinity of 3.5 Mev 
of bombarding energy does not exhibit the typical 
threshold characteristics of a rise over an interval of 
about 30 kev preceded by a flat or slowly falling region 
of at least 50 kev. It is therefore believed that no 
threshold is indicated in this region. 

The apparent thresholds at bombarding energies of 
4.07 and 4.65 Mev are indicated by broken arrows in 
Fig. 2 because the indication for them is weaker than 
for the other thresholds. Their existence is therefore 
somewhat uncertain. 


IV. DISCUSSION 


Our value of 1.887+-0.004 Mev for the ground-state 
threshold agrees with that obtained by McCue and 
Preston,'? 1.888+-0.003 Mev, when their value is cor- 
rected for the most recent determination" of the 
Li’ (p,m) Be’ threshold. 

The first excited-state threshold occurs at a bombard- 
ing energy of 2.234 Mev, indicating a state in Ni™ at 
0.341+0.004 Mev which is in good agreement with a 
state reported at 0.3340.05 Mev by Stelson and 
Preston using the photographic-plate neutron-spec- 
trometer technique. Pratt’ found a state at 0.33+0.1 
Mev by using the Ni®*(d,p)Ni® reaction and photo- 
graphic-plate range analysis. 

ut | J. G. McCue and W. M. Preston, Phys. Rev. 84, 384 
(1951). 


'’ P. H. Stelson and W. M. Preston, Phys. Rev. 86, 807 (1952), 
“W. W. Pratt, Phys. Rev. 95, 1517 (1954). 
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The existence of a threshold at 2.333 Mev is rendered 
somewhat uncertain by its proximity to the 2.234-Mev 
threshold. The break at 2.333 Mev did behave like a 
threshold, however, showing the proper length of rise 
for targets of different thickness. It is therefore listed 
as a threshold corresponding to an excited state of 
0.439+0.005 Mev. Stelson and Preston™ did not see a 
group of neutrons corresponding to this level. Perhaps, 
at their bombarding energy, the yield of this particular 
excited state is low. The 0.439-Mev state could be the 
same as the 0.42-Mev state reported by McFarland 
et al.!® using the Ni°*(d,p)Ni® reaction and magnetic 
analysis. 

The 1.22+0.01 Mey state is probably the same as 
the 1.15+0.10 Mev state reported by Pratt. All other 
thresholds indicate new excited states in Ni® insofar as 
definite isotopic assignments have been made. 

It is seen from Fig. 3 that a definite correspondence 
can be made between certain of the thresholds and the 
gamma rays following thermal-neutron capture by 
natural nickel® (68% Ni®* and 26% Ni). The energy 
scale on the right is a measure of the neutron-capture- 
gamma energy. The energy values to the left of each 
lettered gamma-ray line give the corresponding state 
of excitation in Ni® if one assumes neutron capture 
by Ni®’. The letters were assigned by Kinsey and 
Bartholomew® to each high-energy gamma ray they 
observed. Their problem was to assign them to the 
nickel isotopes. 

There is little doubt that the highest energy gamma 
ray, A, results from capture by Ni** and represents a 
transition to the ground state of Ni®. This assignment, 
among others, is discussed by Kinsey and Bartholomew. 
There is no gamma ray corresponding to an excited 
state of 0.341 Mev in Ni”, but this is quite under- 
standable because the selection rules permit gamma-ray 
transitions to states having only a very limited range 
of spin and parity combinations. Since both Ni°*® and 
Ni® have 0* ground states (even-even nuclei), thermal- 
neutron capture can excite only }* states in the inter- 
mediate nuclei. Since the shell model predicts }~ for 
both Ni® and Ni®! ground states, a transition directly 
to the ground state would be of the £1 type and would 
therefore be expected (barring unusual circumstances) 
to have a relatively high probability. Cascades through 
low-lying states of $~ or any higher spin could have 
relatively low transition probabilities. 

There is no threshold corresponding to gamma-ray B 
since it is doubtful that the 0.439+-0.005 Mev “thresh- 
old state” could be the same as the 0.465+0.008 Mev 
“gamma state.” There is no correspondence between 
gamma rays and neutron thresholds for any gamma 
between, gammas A and F. At Ff, however, there is a 
clear correspondence between the “threshold state” at 
1.79+0.01 Mev and the ‘gamma state” at 1.78+0.02 

1’ McFarland, Bretscher, and Shull, Phys. Rev. 89, 892A 
(1953). 
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Fic. 3. Comparison of excited states in Ni® found by the 
neutron-threshold technique with the high-energy gamma rays 
following thermal-neutron capture® by natural nickel, 


Mev. A similar statement holds for gamma ray G. The 
thresholds leading to the 2.15- and 3.19-Mev states give 
weak indications, but since they correspond with 
gamma states // and M, respectively, having essentially 
the same energies within very small uncertainties, there 
can be little doubt that they are real." 


V. CONCLUSIONS 


Since we were bombarding an isotope of essentially 
100% purity, there is no doubt about the isotopic 
assignment of the excited states which we have found 
by application of neutron-threshold techniques, By 
comparing the level scheme of Ni thus obtained with 
the precise thermal-neutron-capture gamma rays from 
natural nickel,® we have been able to assign gammas 
A, F, G, H, and M of reference 6 to the Ni isotope. 
A subsequent paper will make use of these assignments 
and information from other experiments'’ to present a 
consistent set of level schemes for Ni® and Ni®. 

The authors wish to acknowledge the aid of Dr. C. R. 
Gossett in helping with the data-taking on some of 
the runs. 

16 We are informed by R. A. Chapman (private communication) 
that the Rice Institute group has looked for neutron thresholds 
in this reaction and found thresholds at bombarding energies of 
1.895+4-0.005, 2.225+0.015, 3.110+0.010, 3.7014-0,010, 4.489 
£0.015, 4.9904+0.010, 5.2924-0.015, 54994-0.015 Mev. Nole 
added in proof.—R. A. Chapman and J. C. Slattery, Phys. Rev 
105, 633 (1957). 

17 Butler, Gossett, and Holmgren, Bull 
1, 163 (1956) 


Am. Phys. Soc. Ser. I 





PHYSICAL REVIEW VOLUME 


106, 


NUMBER 6 JUNE 15, 19587 


Decay Properties of Pu’*’, Pu’*’, and a New Isotope Pu’**} 


T. Darran THomas,* Ropert VANDENBOSCH,t RicuARD A, GLAss,§ AND GLENN T. SEABORG 
Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received March 7, 1957) 


Electron-capture and alpha-decay properties of Pu’, Pu™*, and the new isotope Pu have been measured. 
The over-all half-lives are 444-2 days for Pu’, 264-2 minutes for Pu™*, and 204-2 minutes for Pu. Two 
alpha groups, one of 5.654-0.02 Mev and one of 5.364-0.02 Mev, were detected in the decay of Pu®’, one 
group of 5.854-0.02 Mev in the decay of Pu®®, and one of 6.304-0.02 Mev in the decay of Pu. The partial 
alpha half-lives corresponding to these alpha groups are, for Pu’, (1.74-0.4) X 104 years and (4.6+-0.6) X 108 
years, respectively ; for Pu”, (1.74-0.4) years; and for Pu™, 114-4 days. On the basis of the experimental 
data it has been possible to calculate hindrance factors for the alpha decay and log ft values for the electron- 
capture decay of the three isotopes and to correlate their properties with the alpha and,electron-capture 


systematics. 


I. INTRODUCTION 


HE odd-mass neutron-deficient isotopes of plu- 
tonium have received little investigation since 
the initial discovery experiments; in fact, Pu™ was 
heretofore undiscovered, although Pu”? and Pu™ 
have been known for some time. Plutonium-235 was 
first observed by Orth and Street,’ who identified it as 
an isotope decaying primarily by electron capture with 
an over-all half-life of 26 minutes. Orth detected alpha 
particles of 5.85-Mev energy which he attributed to the 
alpha decay of Pu™*, and estimated a partial alpha 
half-life of about two years.’ James, Florin, Hopkins, 
and Ghiorso first identified Pu™’, which was found to 
decay by electron capture with a half-life of about 40 
days.’ A study of the gamma spectrum and electron- 
capture decay of Pu®’ was made by Hoff, who measured 
a ratio of L- to K-electron capture of 0.88.4 Kalkstein 
has recently redetermined the L- to K-electron capture 
ratio to be 1.2.° 
In the present work, over-all half-lives, partial alpha 
half-lives, and alpha-decay energies have been rede- 
termined or determined for the first time for these three 
isotopes. From these data it has been possible to 
calculate approximate values of the departure,® or 


t This work was performed under the auspices of the U. S 
Atomic Energy Commission. It is based in part on work done by 
T. Darrah Thomas and Robert Vandenbosch in partial fulfillment 
of the requirements for the Ph.D. degree at the University of 
California, 

* National Science Foundation Predoctoral Fellow, 1954-1957. 

t National Science Foundation Predoctoral Fellow, 1955-1957. 

§ Present address: Stanford Research Institute, Menlo Park, 
California. 

‘Dp. A. Orth, Ph.D. thesis, Universty of California, 1950i 
(unpublished) ; also University of California Radiation Laboratory 
Report UCRL-1059 Rev., March, 1952 (unpublished). 

*D. A. Orth (unpublished data, 1951) 

‘James, Florin, Hopkins, and Ghiorso, The Transuranium 
Elements; Research Papers, edited by Seaborg, Katz, and Manning 
(McGraw-Hill Book Company, Inc., New York, 1949), Paper 
No, 22.8, National Nuclear Energy Series, Plutonium Project 
Record, Vol. 14B, Div. IV, p. 1604, 

*R. W. Hoff, Ph.D. thesis, University of California, 1953 
(unpublished) ; also University of California Radiation Laboratory 
Report UCRL-2325, September, 1953 (unpublished), and private 
communication, 

®M. I. Kalkstein (private communication). 

* Perlman, Ghiorso, and Seaborg, Phys. Rev. 77, 26 (1950). 


hindrance,’ factors for the alpha decay and log ft 
values for the electron-capture decay of these nuclides, 
and to correlate their properties with the alpha®’ and 
electron-capture® systematics. 


II. EXPERIMENTAL PROCEDURES 


The three isotopes studied were produced with 
helium ions from the Crocker Laboratory 60-inch 
cyclotron by the reactions: 


U* (a,4n) Pu, 


U*°(a,4n) Pu, 


U8 (a,2n) Pu®, 


U*>(a@,2n) Pu, 


The bombardments were carried out as part of a study 
of the excitation functions for reactions induced by 
helium ions in U™ and U™®,* which in turn is part of a 
broad program of investigation of spallation-fission in 
the heaviest elements.” 

For most of the experiments, uranium was electro- 
deposited" on a dish-shaped aluminum backing plate, 
and bombarded in a microtarget assembly,! which 
served as a combined target holder and Faraday cup. 
For the production of Pu¥® by the (a,4) reaction on 
U*®, a 3-mil uranium metal foil was bombarded in a 
similar target assembly. The bombarded targets and 
aluminum cover and backing foils were dissolved in 
aqua regia and the plutonium was isolated by a pre- 
cipitation and ion-exchange procedure.” The purified 
plutonium was electrodeposited™ on a 2-mil platinum 


TT. Perlman and J. O. Rasmussen, Handbuch der Physik 
[ Springer-Verlag, Berlin (to be published) ], Vol. 42; also Uni- 
versity of California Radiation Laboratory Report UCRL-3424, 
June, 1956 (unpublished). 

*R. W. Hoff and S. G. Thompson, Phys. Rev. 96, 1350 (1954). 

* Vandenbosch, Thomas, Glass, and Seaborg (to be published). 

” Glass, Carr, Cobble, and Seaborg, Phys. Rev. 104, 434 (1956). 

" J). FE. Hufford and B. F. Scott, The Transuranium Elements: 
Research Papers, edited by Seaborg, Katz, and Manning (McGraw- 
Hill Book Company, Inc., New York, 1949), Paper No. 16.1, 
National Nuclear Energy Series, Plutonium Project Record, Vol. 
14B, Div. IV, p. 1149. 

"The microtarget assembly and chemical procedures are 
described in the M.S. thesis of S. E. Ritsema, University of 
California, 1956 (unpublished); also University of California 
Radiation Laboratory Report UCRL-3266, January, 1956 (un 
published ) 

8 The sample electrodeposition procedure is described in the 
Ph.D. thesis of A. Chetham-Strode, Jr., University of California, 
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Fic. 1. Pulse analysis showing alpha activity due to the decay of 
Pu and of the products from the U™8(a,«n) reactions, 


plate and the radiations were counted in a standard 
alpha-pulse-height analyzer. When the short-lived 
isotopes, Pu** and Pu™®, were to be studied, the time 
for the chemical operations was kept to between an 
hour and an hour and a half. 

The electron-capture decay of Pu®® and Pu”? was 
detected by counting the Auger and conversion elec- 
trons accompanying the electron capture in a con- 
tinuous-flow-methane proportional counter (‘‘Nucle- 
ometer,” Radiation Counter Laboratories, Inc., Skokie, 
Illinois), a windowless counter particularly sensitive to 
Auger electrons. ‘The counting efficiency, or ratio of 
number of counts to number of disintegrations, of this 
instrument, which varies from nuclide to nuclide and 
appears to depend on the decay scheme and decay 
energy of the nuclide in question, has been a matter of 
considerable uncertainty. The problems involved and 
several determinations of the counting efficiency will 
be presented by Glass, Carr, Gibson, and Cobble." In 
the present experiments it was necessary to determine 
the counting efficiency of the counter for each isotope 
studied. In general, the most recently determined" 
values range from 60 to 95%, although lower values 
have been measured." It feasible to make 
measurements on the electron-capture decay of Pu™ 
because of the impossibility of resolving the activity 
due to the decay of Pu™ from that due to the decay of 
Pu, Pu”, and Np™ (the daughter of Pu™*), all of 
which have similar half-lives. 


was not 


III. EXPERIMENTAL RESULTS 
A. Plutonium-233 


The alpha-energy spectrum of the plutonium fraction 
isolated from U“ bombarded with 46-Mev helium ions 
showed a peak at the channels corresponding to 6.3 


1956 (unpublished) ; also University of California Radiation Lab 
oratory Report UCRL-3322, June, 1956 (unpublished), p. 26 

4 Glass, Carr, Gibson, and Cobble (to be published). 

EF. K. Hulet, Ph.D. thesis, University of California, 1953 
(unpublished) ; also University of California Radiation Laboratory 
Report UCRL-2283, July, 1953 (unpublished). 
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Fic. 2. Decay curve showing the decay of the pulse 
analysis peak corresponding to 6.3 Mev, 


Mev, with an average on four experiments of 6,30 
t0,02 Mev. One of the pulse analyses is shown in 
Fig. 1. The peak labeled on the figure as Pu“ is due 
to Pu” tracer which was added when the target was 
dissolved to determine the chemical yield. The other 
peaks are due either to plutonium activities produced 
by the U™(a,«n) reactions or the U”* produced by the 
alpha decay of Pu. The peak corresponding to 6.3 Mev 
disappeared in successive pulse analyses with a half 
life of about 20 minutes. Individual values ranged from 
17.5 to 24.1 minutes to give an over-all half-life of 204 2 
minutes. A typical decay curve is shown in Fig. 2. 

The possibility was investigated that the observed 
activity might be due to contamination by Th”*, 
which has an alpha-particle energy of 6.33 Mev and a 
half-life of 31 minutes, and which is a member of the 
Pu™ decay chain. However, a number of conclusive 
experiments showed that the amount of Th®”® produced 
was not sufficient to account for the observed activity. 

The assignment of this activity to the previously 
unobserved nuclide Pu™ is based primarily on three 
types of evidence: a rough excitation function, the 
appearance in the pulse analyses of alpha particles 
attributable to the U™ daughter of Pu™, and the com 
patibility of the alpha half-life with the alpha decay 
systematics.*? 

Since it was not possible to measure the 
capture disintegration rate of Pu™ directly with the 
electron 


electron 


windowless proportional counter, Np™, the 


capture daughter of Pu™, was separated from an 


aliquot of the plutonium fraction by an extraction 





1230 THOMAS, 
of neptunium-IV from aqueous solution into a benzene 
solution of thenoyltrifluoroacetone. The activity due to 
the electron capture of Np™ was measured in the 
proportional counter, and from this measured activity 
and an assumed counting efficiency of 80% for the 
detection of electron-capture disintegrations of Np™ 
the disintegration rate of Np™ was calculated. The 
electron-capture disintegration rate of Pu™ was, in 
turn, calculated from the disintegration rate of Np™ 
and the extraction yield of Np”? tracer added to the 
plutonium before separation. The ratio of the alpha 
disintegration rate to the total disintegration rate, or 
alpha branching ratio, is (1.24-0.5)10~*, from which 
is calculated a partial alpha half-life of 1144 days. 


B. Plutonium-235 


The values determined by Orth'? of 264-2 minutes 
for the over-all half-life and 5.85+-0.03 Mev for the 
alpha energy have been confirmed by the present work. 
A revised alpha branching ratio of (3.0+-0.6)K 107° has 
been calculated using an electron-capture counting 
efficiency of 70%. The figure 70% is based on an 
absolute disintegration rate determined by counting 
the K x-rays accompanying the electron capture with 
a 50-channel pulse-height analyzer, using a thallium- 
activated sodium iodide crystal coupled to a photo- 
multiplier tube as a detector. The number of K-electron 
capture events per minute was determined from the K 
x-ray counting rate, the known geometry and counting 
efficiency of the counter, and a K fluorescence yield 
(i.e., the ratio of the number of vacancies in the K shell 
to the number of K x-rays emitted) of 0.97, which is 
the value determined by Gray"® for uranium. To cal- 
culate the total number of disintegrations per minute 
it was necessary to know what fraction of the electrons 
captured were from the L or higher shells. On the basis 


zt 


COUNTS PER MINUTE 
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Fic. 3. Pulse analysis showing alpha activity due to the decay of 
Pu® and of the products from the U™*(a,xn) reactions. 


“Pp, R. Gray, Ph.D. thesis, University of California, 1955 
(unpublished) ; also University of California Report UCRL-3104, 
August, 1955 (unpublished), Phys. Rev. 101, 1306 (1956). 
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of the theoretical work of Brysk and Rose,!’ the 
L-electron capture to K-electron capture ratio was 
estimated to be 0.23. It was assumed that capture from 
the M and higher shells is negligible. This counting 
efficiency is consistent with one which can be estimated 
from the amount of Np”® activity’ produced from the 
electron-capture decay of Pu®, (No reliable value was 
obtained by the second method because of the ex- 
tremely low counting rates of the Np”®.) The partial 
alpha half-life calculated from the above branching 
ratio is 1.7+0.4 years. 


C. Plutonium-237 


In the early experiments on Pu®’, James, Florin, 
Hopkins, and Ghiorso,’ Hyde, Studier, and Ghiorso,'* 
and James, Thompson, and Hopkins’ reported only 
an approximate half-life of 40 days, and detected no 
alpha particles which could be attributed to this 
isotope. The over-all half-life has been more accurately 
determined in the present experiments to be 44+2 
days. Furthermore, low-intensity alpha activity de- 
caying with this half-life has been observed in pulse 
analyses, appearing at the channels corresponding to 
5.654+0.02 Mev and 5.36+0.02 Mev (see Fig. 3). The 
peak attributed to Pu is due to Pu tracer, and the 
peaks attributed to Pu%* and Pu are due to the 
products of the U**(a,n) and U¥*(a,3m) reactions, re- 
spectively. The 5.65-Mev group accounts for 21+4 


percent of the alpha activity and the 5.36-Mev group 


for 794+8%. The fact that the energies of the two 
alpha groups are separated by 300 kev suggests that 
the lower-energy group is populating a 300-kev level 
in the daughter, U™. A level of this energy has also 
been observed in U™* from the beta decay of Pa™*.” 
The counting efficiency of the proportional counter 
for Pu? was determined by two methods: by x-ray 
counting, giving a value of 77% and by a mass spec- 
trometric technique, giving 81%. The x-ray counting 
experiment was similar to that on Pu®®. The K x-rays 
following the electron capture were counted and the 
disintegration rate was calculated from the K x-ray 
counting rate, the known geometry and counting 
efficiency of the counter, a K-fluorescence yield of 0.97, 
and the estimated contribution of electron capture 
from the L and higher shells. Kalkstein’s® value of 1.2 
for the L- to K-electron capture ratio was used, and 


‘7H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830, 1955 (unpublished). 

‘* Hyde, Studier, and Ghiorso, The Transuranium Elements: 
Research Papers, edited by Seaborg, Katz and Manning (McGraw- 
Hill Book Company, Inc., New York, 1949), Paper No. 22.15, 
National Nuclear Energy Series, Plutonium Project Record, Vol. 
14B, Div. IV, p. 1622. 

% James, Thompson, and Hopkins, The Transuranium Ele- 
ments; Research Papers, edited by Seaborg, Katz, and Manning, 
(McGraw-Hill Book Company, Inc., New York, 1949), Paper No. 
22.16, National Nuclear Energy Series, Plutonium Project 
Record, Vol. 14B, Div. IV, p. 1634. 

*W. D. Brodie, Proc. Phys. Soc. (London) 67A, 397 (1954); 
Ong Ping Hok and P. Kramer, Physica 21, 676 (1955). 





DECAY PROPERT 


IES OF Pu*#*, Pu? 


TABLE I. Summary of results. 


Alpha decay 


Partial alpha 
Isotope Over-all half-life half-life 
20+2 min. 11+4 day 
26+2 min. 1.7+0.4 yr 
44+2 day (1.74-0.4) X 104 yr 
(4.6+0.6) X 108 yr 


6.304 0.02 


Electron capture decay 
Hindrance Calculated* 


Alpha energy factor electron capture 
(Mev F 


decay energy (Mev) Log f 


3.1 2.08 5.6 
5.85+0.02 2 1.17 5.2 
5.65+0.02 1x 108 0.22 6.5 
5.36+0.02 0 


* The methods of reference 22 together with data given in reference 21 and the energies given in the present work were used to calculate the electron 


capture decay energies. 


the contribution of electron capture from the M and 
higher shells was assumed to be negligible. In the mass- 
analysis experiment, a portion of a sample containing 
both Pu™*® and Pu’ was mass analyzed to determine 
the ratio of the number of Pu”? atoms to the number 
of Pu¥® atoms. The activity from another portion of 
the same sample was measured in the proportional 
counter, in an ionization chamber with a known 
efficiency for the detection of alpha disintegrations, 
and in an alpha-pulse-height analyzer. The fraction of 
the alpha activity which was due to Pu®® was deter- 
mined from the pulse analysis. From this fraction, the 
alpha-disintegration rate, and the half-life of Pu®®, 
the number of atoms of Pu™® was calculated, and, from 
this figure and the atom ratio of Pu”? to Pu™® in the 
sample, the number of atoms of Pu%’. The electron- 
capture disintegration rate of Pu™’ was, in turn, 
calculated on the basis of the number of atoms and 
half-life of Pu’. Finally, the counting efficiency is 
equal to the ratio of the proportional-counter activity 
to the disintegration rate. Calculation of the alpha 
branching ratios for the two observed alpha groups, 
using 79% for the electron-capture counting efficiency 
of the proportional counter, gives (2.6+0.3)10~° for 
the 5.36-Mev group and (7.11.5) 10°° for the 5.65- 
Mev group. These values correspond to partial alpha 
half-lives of (4.6+0.6)10® years and (1.70.4) 10' 
years, respectively. 

The results for the three isotopes have been sum- 
marized in Table I. 


IV. ALPHA AND ELECTRON CAPTURE 
SYSTEMATICS 


In comparing partial alpha half-lives, it is informative 
to calculate hindrance factors,’ F, for the alpha decay. 
The results of such calculations for Pu™, Pu™®, and 
Pu*’ are given in Table I. A comparison of these 
hindrance factors with those of other odd-mass plu- 
tonium isotopes’? shows that the hindrance factors for 
the most abundant alpha transition in these isotopes 
are all of the same order of magnitude. For Pu™, F is 
3.2, and for Pu™®, F is 2.9. 

On a plot of alpha-particle energy versus mass 
number, the alpha energies’ of the most abundant 
transitions of the odd-mass plutonium isotopes fall low 


relative to the line joining the points corresponding to 
the energies of their even-mass neighbors. (See Fig, 4.) 
If one plots, instead of the energy of the most abundant 
transition, the energy of what is presumed to be the 
ground-state transition for Pu®’ and Pu™', the resulting 
points lie on the line joining the energies of the even- 
mass isotopes. On the possibility that those isotopes 
whose highest known energy transition falls on the 
lower line have a higher energy transition, an experi- 
ment was performed to look for a possible higher energy 
alpha group in Pu®*. No such group was seen and it was 
possible to set an upper limit of 5% for the abundance 
of any alpha group in the energy range 5.5 to 6.5 Mev. 
The electron-capture half-lives of Pu®® and Pu*? 
have previously been correlated with other electron 
capture half-lives by Hoff and ‘Thompson,* who calcu 
lated log ft values of 5.1 for Pu®® and 6.8 for Pu’, 
using the assumption that the electron-capture transi- 
tions were ground-state transitions. From closed energy 


« 
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Fic. 4. Alpha-decay energy vs mass number for plutonium 
isotopes. @—most abundant transition. @ ~highest-energy 
transition (for Pu®? and Pu**), 
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cycles"” and the measured alpha-decay energy for 
Pu™ one can calculate an electron-capture decay energy 
of 2,08 Mev for Pu™. If the assumption that most of 
the electron-capture events in Pu™ proceed to the 
ground state is valid, the 2.08-Mev decay energy and 
20-minute half-life correspond to a log ft value of 
5.6," indicating that the transition is allowed. The 
half-life and decay energy correlate well with the half- 
lives and decay energies of similar transitions* in other 
heavy elements. Using the values for the electron- 
capture decay energies of Pu”® and Pu’, calculated 
from their alpha-decay energies by the method of 
closed cycles, the above values for the half-lives, and 

“ke. K. Hyde and G. T. Seaborg, Handbuch der Physik 
| Springer-Verlag, Berlin (to be published) ], Vol. 39; also Uni 
versity of California Radiation Laboratory Report UCRL-3312, 
February, 1956 (unpublished) 

# Glass, Thompson, and Seaborg, J. Inorg. Nuclear Chem. 1, 3 


(1955). 
*™R.W. Hoff and J. O, Rasmussen, Phys. Rev. 101, 280 (1950). 
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the assumption of ground-state transitions, log ft values 
of 5.2 for Pu*® and 6.5 for Pu’ have been calculated. 
It is interesting to note that the electron-capture 
decay of Pu*’ is first forbidden, and that the alpha- 
decay hindrance factor for what is presumed to be the 
ground-state transition is relatively very high. On the 
other hand, in the case of both Pu and Pu™® the 
electron-capture decay is allowed, and the hindrance 
factors are low. 
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Some New Isomeric Transitions in Rare Earth Nuclei* 


J. W. Minecicn,t University of Notre Dame, Notre Dame, Indiana 


AND 


B. Harmatz, Oak Ridge National Laboratory,t Oak Ridge, Tennessee 
(Received February 18, 1957) 


The following isomeric transitions have been observed in neutron-deficient rare earth isotopes: Tb!**™ 
(5.5 hr) 88.2 kev (£3); Ho!” (5.0 hr) 60.1 kev (£3); Er'®™™ (2.5 sec) 208 kev (£3); Er'®™ (1077 sec) ; 
and Yb! (Ty?) 75.8 kev (43). All the £3 transitions may proceed between levels predicted by Mottelson 


and Nilsson 


I. INTRODUCTION 


SYSTEMATIC investigation of the nuclear levels 
of neutron-deficient rare earth isotopes is being 


A 


made. Some of the results have been reported! and a 


fuller account is being prepared for publication. 
During the course of this work, we have established 


the existence of several new isomeric levels and have 


obtained data on one which has been known to exist 
(Er'’™) 24 Tt is the purpose of this paper to present 


* The work at Notre Dame was partially supported by the 
U.S. Atomic Energy Commission. 

t Part of this work was begun while one of us (J.W.M.) was 
a summer participant at Oak Ridge National Laboratory. 

t Operated for the U. S. Atomic Energy Commission by 
Union Carbide Nuclear Company 

' Mihelich, Harmatz, Handley, and Pinajian, Bull, Am. Phys 
Soc. Ser. IT, 1, 330 (1956), and to be published 

* i. der Mateosian and M. Goldhaber, Phys. Rev. 76, 187 (A) 
(1949); M. Goodrich, Oak Ridge National Laboratory Report 
ORNL-940, 1951 (unpublished). Campbell, Kahn, and Goodrich, 


our results which may be of interest to others working 
in this field. 

The radioactive sources were prepared by proton 
irradiation in the ORNL 86-inch cyclotron. Ion 
exchange separations were performed and the spectro- 
graph sources were made by electrolysis. The spectro- 
graphs were 180-deg photographic recording instru- 
ments. Delayed coincidence experiments were done at 
Notre Dame. 

An important part of our data consists of the L 
conversion ratios of these highly converted transitions. 
Figure 1 displays the appropriate portions of a typical 
conversion line spectra, including the L pattern for a 
known £2 transition, in order to show the efficacy of 
our line separations. 

Oak Ridge National Laboratory Report ORNL-1164, 1951 (un 
published). 

* Stewart, Bureau, and Hammer, Bull. Am. Phys. Soc. Ser. II, 


1, 206 (1956). C. L. Hammer and M. Stewart (private 
communication). 





NEW 


II. EXPERIMENTAL RESULTS 
A. ¢5Tby;'°°"(5.5 hr) (88.2 kev) 


The mass of this nucleus was established by experi- 
ments with enriched isotopes and by the observation 
that this activity is genetically related to transitions 
known to be in Gd'**! In Table I, we compare the 
conversion ratios with the theoretical values of Rose 
et al.4 In Table II we show the comparative lifetimes® 
for the transitions under consideration as well as the 
single-particle estimates. We then see that this transi- 
tion fits best the assignment /3 as far as K/L ratio 
and comparative lifetime. It appears that the #4 assign- 
ment is highly unlikely in view of the fact that our K/L 
ratio is at least 6 times too great, and that if this tran- 
sition were //4, it would be about 40 times faster than 
the single-particle estimate.°:® This would be interesting 
but is unlikely. If the multipole assignment is £3, the 
transition is slow by a factor of 10°. 
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Fic. 1. Typical spectrum of L-conversion lines for Yb transi- 
tions. The 1 ratios for £2 and #3 are the same, within experi- 
mental error. 


B. ¢sH095'°°"(5.0 hr) (60.1 kev) 


The mass of this nucleus was also established by 
experiments with enriched isotopes and by the observa- 
tion that this activity is genetically connected with a 
transition known to be in Dy'®. Here again, the data 
in Tables I and II indicate that if this is the lifetime- 
determining transition, 3 multipole order is preferred. 
Unfortunately, the energy of the AK conversion electron 
line is too small for its conversion properties to be 
examined either experimentally or theoretically. Hence, 
we cannot exclude the possibility that this transition is 


4M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), Appendix IV. 

®M. Goldhaber and A. W. Sunyar, in Bela~- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (North-Holland Publishing 
Company, Amsterdam, 1955), Chap. XVI (part II) 


6S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1955), Chap. XIII 
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TABLE I, Theoretical and experimental conversion line ratios. 


lransi- 
tion 


Multipole 
order Li 


aw Thisem 72 091 
88.2 kev us é w 
5.5 hr 1 670 
! 1000 


Experiment! 


ert loiom k2 2.75¢ 7.6 
60.1 kev hs 4 $47 
5.0 bir a ° 9050 
experiment! 1000 

cali leim 0.0158 0.026 2.3 
0.06 0.40 O77" 
O.315 10 0.254 
nent! 1000 0.72 40.0) 

2 0.18 4.5 
4 20 120 
4 51 2800 
experiment! 1000 


0.21 
0.016" 
4.7 X10 
<0.05, 
0.01 


* Require correction. See Fig. 3 

» experimental values are only relative and are normalized to Lit 
for each transition, 

* Rough estimate 


1000 


either a greatly retarded #2 or that some unobserved 
low-energy transition depopulates the metastable level. 
A tentative but likely multipole assignment is therefore 
k3 (slowed by a factor of 10°). If #4, it would be fast 
by a factor of 85. 


C. ggEryy!®’"(2.5 sec) (208 kev) 


This isomer has been produced by Er(n,y) and 
Eer(y,n) reactions.?* In our experiments, we produced 
Tm by proton irradiation of Er and observed the 
electron-capture decay of Tm to Er, It seems fairly 
certain that this transition belongs to mass 167. The 
the energy 
separations of the conversion lines, By reference to 
that 
nucleus is a well-behaved 


element identification is certain from 
Tables I and ITI, we see this transition in this 
odd-neutron K3 which is 
slower than single-particle speed by a factor of ~300. 
F4 or £2 multipole order appears to be out of the 
question, 


D. wYb°?”"(T\,. <many days) 75.8 kev 


This internally converted transition is observed in 
the decay of Lu isotopes produced by proton irradiation 
of Yb (natural). The conversion data indicate that this 
is either an /2 or /3 transition, with the latter choice 
preferred, the choice being made on the basis of the 


K/L ratio. 


TABLE IT. Comparative lifetimes 


I_xperimental [ heoretical 
Multipole order Multipole order 


hs IA Ks 


3.14 2.5% 2.0 
$.()2 2.27 2.0 
0.47 1.9 20 
? , 20 
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2. Delayed coincidence curve for Er'®*™, One counter accepts 
only AK x-rays while the other accepts all y rays 
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The conversion lines apparently exhibit no growth 
but decay with a half-life of 8.25 days; therefore, it is 
unlikely that the half-life of the metastable level is 
considerably greater than 8 days. It is believed likely 
that the 8.25-day half-life is that of the parent, and that 
the mass is probably 171. Several other transitions 
which we believe to be in mass 171 decay with what 
appears to be the same rate. 


E. Er'®"(T1)/2 
An activity appearing in the Tm fraction of (Er+p) 
sources decays with a half-life of ~85 days; it is 
probably associated with 168. Scintillation 
counter studies on this activity have established that 
there is an isomeric level with a half-life of 0.12 psec; 
see Fig. 2. This investigation will be described in detail 
in a forthcoming publication,’ but we should like to 
quote some of our results here. The isomeric level is 
about 1 Mev above the ground state of this even-even 
nucleus and is preceded by transitions of 243 and 448 
kev, as well as x-rays. Delayed radiations are those of 
80 kev (422), 184 kev (422), 199, and 820 kev. It is also 
observed that a transition of 720 kev neither precedes 
nor follows the metastable level, but is in prompt 
coincidence (<10~* sec) with the transition of 820 
key. Therefore, the 720-kev transition must 
over the delayed state. We have not yet ascertained 
the transition(s) depopulating the 0.1-asec level. 


10~’ sec) 


mass 


cross 


1]. W. Mihelich and B. Harmatz (to be published). 
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III. DISCUSSION 


We may conclude with the following observations. 
We have observed two isomeric transitions in odd-odd 
nuclei (Tb'** and Ho!) which are presumably £3 and 
are retarded by factors of 10° as compared to the single- 
particle estimate. 

The transition in Tb'** (odd-odd) may be explained 
very satisfactorily by assuming a transition between 
the following Nilsson and Mottelson® levels: 

[p(3+)+n(§+) 4+, 14+; 
and 
[p§-+)+n§—)HI-, 4-. 

The transition in Ho! (odd-odd) as mentioned 
above, is subject to some doubt since we could not 
obtain a K/L ratio. If it is assumed to be £3 on the 
basis of the observed half-life of 5.0 hr, it may be 
also explained very nicely in terms of the following 
Nilsson and Mottelson levels: 
[(p(¥—)+n(¥—) }65— and [n($+)—p(}+) }>2+. 

The £3 transition in Yb may be explained, if it is 
is indeed in mass 171, in terms of the close-lying }— 
(ground) and $+ levels. ‘The premise that the electron- 
capture decay of Lu'”™ populates the ($+) isomeric 
levels is consistent with the predicted ground-state spin 
of nLu™ (f+, $+). 

Er'®’™ js in an odd-neutron nucleus and is depopulated 
by an #3 transition which is retarded by a factor of 300. 

We should like to discuss at this time the level 
structure of Er'®’. The ground state spin is } and 
Heydenburg and Temmer*® observe Coulomb-excited 
levels at 78 and 170 kev, but we do not observe transi- 
tions of these energies. 

Now, since the 208-kev transition is 23, a plausible 
assignment for the spin of the 208-kev level is 4— 
(assuming a + parity for the ground state). In addition 
to the 208-kev transition, we observe one of 57 kev 
(M1-+ £2) of relatively lower intensity. If this transition 
is in series with the #3 and precedes it (as it would 
almost have to), it may well originate from a }— level. 
Now, if Tm'® has a low spin (say 4), then one can see 
why the rotational levels of 7/2, 9/2, and 11/2 are not 
populated. 

Both the models of Nilsson and Mottelson*® and 
Gottfried” predict levels of }— and $+ for the deforma- 
tion expected for Er. 

Kr'®™ is in an even-even nucleus and it seems 
likely that the isomeric transition (as yet undeter- 
mined) proceeds between levels of different intrinsic 
configuration. 


8S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). B. R. Mottelson and S. G. Nilsson, 
Phys. Rev. 99, 1615 (1955). 

*N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
(1955). 

“ K. Gottfried, Phys. Rev. 103, 1017 (1956). 
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Fic. 3. Theoretical and corrected theoretical Ly,/Ly1 ratios as a function of transition energy for Z=78 
(a) and Z=68 (b). The appropriate experimental values are plotted as dots. 


We wish to point out the disagreement in Ly/ Lin 
ratios for the low-energy £3 transitions. We have 
discussed the discrepancy in the Ly/Lyy ratio with 
M. E. Rose. He informs us that, indeed, the theoretical 
E3 Li coefficients are in doubt since the ratios of 
screened to unscreened values (for #3 Ly) are con- 
sistently lower (by a factor somewhat energy-depend- 


ent) than the ratios’ for all other multipole orders and 


shells. Dr. Rose has given us a correction factor ob- 
tained by mterpolation (between #2 and /4) of the 
screened to unscreened ratio for #3 Lyy,."' 

In Fig. 3 we show curves of uncorrected and (some 
what roughly) corrected Ly1//i11 ratios for 13 transi 


4 Revised coefficients for the £3 L111 subshell have subsequently 
been privately circulated by Dr. Rose. 


tions as a function of transition energy for Z=7% 
and Z=68. We have plotted our new experimental 
values as well as other relevant ones previously pub 
lished.’* It is clear that the corrected theoretical data 
and the experimental data are in agreement 

We are indebted to Dr. M. I. Rose for a discussion on 
internal conversion coefficients, and to T. J. Ward and 
K. P. Jacob for their assistance. T. H. Handley’s 
radiochemical separations were invaluable to us. One 
of us (J. W. M.) wishes to express gratitude to the 
Oak Ridge National Laboratory and in particular, to 
Dr. R. S. Livingston and Dr. B. L. Cohen of the 
Electronuclear Division for the hospitality extended 
to him. 


14 Mihelich, McKeown, and Goldhaber, Phys. Rev. 96, 1450 


(1954). 
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Diffractional Scattering of Fast Deuterons by Nuclei 


AT 


Axnreser AND A. G 


SITENKO 
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‘The elastic scattering cross section o, and the diffractional 
disintegration cross section oq for fast deuterons incident on 
absolutely black nuclei are determined, and the energy spectrum 
of the disintegration products is found. For R&>Ra>’ (where R and 
Rq are the radii of the nucleus and of the deuteron, respectively, 
and & is (27)! times the wavelength of the deuteron], the cross 
wR?4-3n(1—In2)RRy and og= 4r(2 In2—4)RRa 

The total cross section for all processes (including the stripping 
and the absorption of the deuteron) is o,=21R?+mnRRq 

The disintegration cross section for fast deuterons, taking into 


sections are a, 


account the diffraction and the Coulomb interaction, is found. If 


the nucleus is absolutely black and if RRy,, there is no interfer 


I 


HE absorption of particles incident on a nucleus 

causes an additional perturbation of the incident 
wave and leads to additional elastic scattering not con- 
nected with formation of a compound nucleus. In the 
case of point particles (such as neutrons) with a wave- 
length small compared to the dimensions of the nucleus, 
this elastic scattering is similar to the diffraction of light 
by an absolutely black sphere, and is referred to as a 
diffractional scattering. 

The diffractional scattering of deuterons must possess 
certain specific features. In addition to elastic scattering 
similar to the diffractional scattering of point particles, 
in the case of deuterons there must take place also a 
diffractional disintegration. Indeed, owing to the small 
binding energy of a deuteron, a comparatively small 
change in its momentum during the scattering may 
cause the disintegration of the deuteron to occur far 
from the nucleus, This diffractional disintegration of a 
deuteron, together with stripping, leads to the liberation 
of the neutron and the proton, i.e., increases the yield of 
neutrons arising during the interaction of fast deuterons 
with nuclei.! 

The diffractional scattering of point particles by an 
absorbing nucleus can be investigated by an optical 
method using Huygens’ principle. This method cannot 
be used immediately in the investigation of the diffrac- 
tional scattering of compound particles, such as deu- 
terons. In order to extend the optical method to the case 
of deuterons, let us begin with consideration of the 
simplest problem of the diffractional scattering of point 
particles by absorbing nuclei. 

The free motion of particles in a plane perpendicular 
to the direction of the wave vector of the incident 
particle (the ¢ axis), is described by the wave function 


' The possibility of diffractional disintegration was stated inde 
pendently by E. L. Feinberg (Zhur. Exptl. Teort. Fys. 29, 115 
(1955); Soviet Physics JETP 2, 58 (1956) J, R. Glauber [Phys 
Rev. 99, 1515 (1955) ], and the authors (Sci. Papers Kharkov 
Univ 64, 9 (1955) }. 


ence between the diffractional disintegration and the disintegration 
due to the Coulomb interaction. If in this case n=Ze?/hv<1 
(where v is the velocity of the deuteron), the disintegration cross 
section due to the Coulomb interaction is a small correction to the 
diffractional disintegration cross section. If n>1 and EB (where 
Eis the energy of the deuteron and B is the height of the Coulomb 
barrier), the disintegration cross section can also be found; in this 
case it is determined mainly by the Coulomb interaction and is 
ay = (4 /3)n*R? In( Ra/A). 

Expressions are found for the elastic scattering cross section for 
a deuteron, taking into account the semitransparence of the nuclei. 


Y= (1/L) exp(ik-o), where L is the normalization 
length and k and 9 are the projections of the wave 
vector and the radius vector of the particle on the plane 
perpendicular to the z axis. (The functions yy are 
normalized by JW *do= xx.) The wave function 
Yo=1/L corresponds to the incident particles. 

The presence of an absorbing nucleus leads to the 
disappearance of a part of this function at p< R (where 
R is the radius of the nucleus). The diffractional picture 
due to this absorption can be obtained by developing 
the remaining part of the wave function, which can be 
written as V=(2(p)Wo, where 


0, poR 
(2(p) 
i, pk 


into a series of functions Py: 


Vv Q(p)Wo yk Gee. (1) 


The probability of diffractional scattering of the 
particle into the interval dk of the wave vector k is 
connected with ay by relation dw= | ay|*/?dk/(2m)*, and 
the corresponding differential cross section of scattering 
is equal to 

Ldk 
f, ; (2) 
(23)? 


Here k= K sind~Kv, and dk= K*do, where do is the 
element of the solid angle, and K is the wave vector. The 
scattering amplitude f(%) is connected with ay by the 
relation 

{(9) 


—i( 2K /2m)ay. (3) 


It follows from (1) that 


ay [veraivete 


Integrating and using (3), we obtain the well-known 
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formulas 
J\(KRD) J?(KR#) 
f(9)=iR , da=R do. (4) 
v PP 


(Since the diffractional angles are small, we substitute J 
for sind.) 


II 


This consideration of diffraction of point particles 
admits a generalization to the case of the diffractional 
scattering of weakly bound particles, such as deuterons, 
by absolutely black nuclei. For this purpose one must, 
as formerly, develop the part of the wave function re- 
maining after the absorption, but one must use two 
factors 2, and 2, for the neutron and the proton instead 
of one. (The idea of this generalization is due to L. D. 
Landau.) 

Let us consider the diffractional scattering of fast 
deuterons without taking into account the effects due to 
Coulomb interaction. The diffraction picture depends 
here upon both the motion of the center of mass of the 
deuteron and the relative motion of the neutron and the 
proton. 

The motion of the center of mass of the deuteron in a 
plane perpendicular to the direction of the wave vector 
of the incident deuteron (z axis) is described by the 
wave function Px(oa)= (1/L) exp(ik- oa), where k and 
oa are the projections of the wave vector of the scattered 
deuteron and the radius vector of the center of mass of 
the deuteron on the plane perpendicular to z axis. The 
functions ¥x(oa) form a complete orthonormal system: 


Ldk 
[velodva(od) : 5(ou— 01’). (5) 


(27)’ 


The relative motion of the particles within the 
deuteron is described by the wave function 


a\ te 1 
go(r) ) . @ ’ 
2n r 2Ra 


where Ry is the radius of the deuteron. The relative 
motion of the neutron and the proton released after the 
disintegration of the deuteron, is described by the wave 
function 


gtr) 


where #f is the momentum of the relative motion of 
particles and a= —1/(a—i/) is the scattering length of 
the neutron for scattering by a proton in the S state. 
Here it is supposed that the interaction between the 
neutron and the proton takes place only in the S state. 
The sum of the plane wave and the converging spherical 
wave corresponds to the creation of particles. The 
functions g(r), together with the function ¢go(r) de- 
scribing the bound state of the system, form a complete 
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system of orthonormal functions satisfying the relation 


Lidf 
evieulr + f et oeur) b(r—r’). = (6) 


(2r)3 


Since the deuteron is a weakly bound system, the 
picture of diffraction of the deuteron by an absolutely 
black nucleus is determined by the development of the 
function V = Q(p,)2(p,)Wo(oa) ¢o(7) ina series of the com- 
plete system of functions Px(oa) go(r) and Px(oa) ye (0) : 


WV > Audu(oa) go(r) +>_ Leen ou) eel), (7) 
io kf 


where Ay, and Ay, are the probability amplitudes of the 
diffractional scattering and the diffractional disintegra 
tion of the deuteron, respectively. It follows from (7) 
that 


Ay Jf cater ont ool os) en(ridoat 
Jf omrs(onte. | W p Wn p} 


XWolou) gol r)doudr, (8) 


Jf ero (ereewalederiridoat 
J force ote, { W p WnW p} 


XK olou) golr)doudr, (9) 


where w=1—{2. (In writing the latter equations, we 
used the orthogonality of the functions go and ¢y.) 


Ill 


Using the development 


1 RJ \(¢R) 
f explig: o)dg 
) r 


2T 


wp) (10) 


and the formula 


hey k 
fect expt ojdr arctan( ), (11) 
k 4a 


one can represent the amplitude of the elastic scattering 
f() connected with Ay by the relation (3) in the form 


| 4a k\ RI\(RR) 
{W)=1K 12 arctan( ) 
| k hey k 


1 dar 2¢—-k! 
f are tan( ) 
dr 24g k 4a 


RJ\(gR) RI\(' g—k) R) 
~~ ia}, (12) 
p g—k 
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‘The differential cross section of the elastic scattering 
is 


a 2p kx Ji(k’) 
da, = R*\2—— arctan — 
k’ 2p 


! f 2p eam k’| 
= arctan 
dn J |2¢/—k’| 2p ) 


Tig’) iig’—k’|) 2 
x dg'| dk’, (13) 


k’ 


’ ith 
where k’=kR, g’= gR, and p= R/Ra. 


In the limiting case of large p, this formula is much 
simplified ; 


9 


2p ky PI 2(k’) 
ar¢ tan( )| 
k’ 2p k’ 


1 
+-—J(k') J o(k’) ae, pol, k’<p. (14) 
2p 

In this case the integral cross section of the elastic dif- 
fractional scattering of fast deuterons is (see Appendix) 


da,=2nrk* 


o,=9R?+4n(1—In2)RRa, RKR. (15) 


IV 


‘The cross section of the diffractional disintegration is 
connected with the amplitude Ay, by the relation 


Lidk L'df 


1A ug | 21? (16) 


da d 


(2m)? (2m)* 
Using (10), we obtain for A yg: 
(2r)5R 


dxf 
L71/2qh!2 


Aut 


(2r)§Rj Ji (pz) _ 
| [(u,z)+(u, —2z) | 


Litai| 


1 J i(g) Ji(p|a—8/p)) 
fas 
g \% ~2/p| 


2 
xa( -1)}, (17) 
p 
i seo 1 oe 
J (« ius Je 1dx 
4nd «x l+imu «x 


1 1 u+z+i 
- } in ), (18) 
1+(¢—u)? 22(i—u) u—z+t 


l= k/2a, 


nr 


where 


?(u,z) 


u=f/a, x=ar. 
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The integral cross section for the diffractional dis- 


integration of the deuteron may be represented in the 
form 


R? Ji (pz) 
can f fan ——[(u,z)+(u, —2) } 


Z 
2¢ 2 
a(u, 1) . (19) 
p 


In the limiting case p>>1, the integration over z and 
the angles of the vector u gives (see Appendix) 


1 fe Ji(g) Ji(p|a—8/p}) 
d arisen 
2r g |\a—$/p| 


a= 4RRs f ul(u)du, p> 


0 


(20) 


where the function J(u) gives the energy spectrum of the 
products of the disintegration of the deuteron in the 
center-of-mass system : 


3 2u u 
I(u) = E +———— arc sin( ) 
(14+) 140 (1+)! 


u 
—16(1—1In2)—— 
(1 


+n’) 


Integrating (20) over u, we obtain the following ex- 
pression for the integral cross section for the diffractional 
disintegration of a deuteron: 


Ca= 4or(2 In2—4)RRa, RaER. (22) 


(This formula coincides with the formula obtained by 
Glauber.') 
Vv 


In addition to the diffractional scattering and the 
diffractional disintegration, the following processes of 
interaction of fast deuterons with nuclei are possible: 
the stripping of the neutron or of the proton, and the 
absorption of both particles by the nucleus. The cross 
sections for the first two processes are equal, as known’: 


R&R. (23) 


One can easily see that the absorption cross section of a 
deuteron by a nucleus is, in the case of p>1, 


Og wR? —4nRRa, RaKER. (24) 


Indeed, the absorption cross section of a nucleus for one 
particle is #R*, and since the cross section for stripping 
of a deuteron is 4rRR, the absorption cross section for 
both particles is rR’—4xRRg. (‘This result can also be 
verified by means of a simple geometric calculation.) 

One can determine the total cross section for all the 
processes o; if one knows the amplitude of the elastic 
scattering at zero angle*: 


*R, Serber, Phys. Rev. 72, 1008 (1947). 
+B. Lippmann and J. Schwinger, Phys. Rev. 79, 481 (1950) 


n=O y= 40RRa, 


(25) 
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For point particles, f(0)=iKR®/2 and o,=2mR®. In the 
case of deuterons the scattering amplitude at zero angle 
is 


K 
ai f fet@tontoy- Wnw p}doadr 
T 


and the total cross section is determined by the expres- 
sion 


o.= 2f fot e)tun + p— Wn p}doadr. (26) 


Using formulas (10) and (11), we obtain 


“p f\ Jr) 
1 -f arctan ): ar}, 
0 ¢ p fs 
R 


p » kan) 
Ra 


G;= 4rR? 


(The cross section a; of course, does not take into ac- 
count the Coulomb scattering.) The dependence of o; on 
p is shown in Fig. 1. 

If p>, 


Ot 2rR?+nrRRa, RaKR. (28) 
This formula can be verified by adding the cross 
sections determined by the formulas (15), (22), (23), 
and (24). In this case the following relations are 


obtained: 


oetoa= hoy 
(29) 
Onto ptoa= jor. 

One can see that these relations are valid at any p. In 
fact, substituting the expression (9) for Ayg into (16) 
and integrating over k and f, we find, using (5) and (6), 
that 


cto ff of )urtus ww p)doadr. (30) 


Comparing these expressions with (26), we obtain the 
first of relations (29), 


VI 


We show now how one must take the Coulomb 
interaction into account in the investigation of diffrac- 
tional phenomena. If fast charged particles with an 
energy E>Ze’/R (the height of the Coulomb barrier) 
undergo scattering on an absorbing nucleus, we must 
take the factor Q(p) equal to 


024(p)=0, 


— g2in( 
=e?" /) 


pS, 


p>R, (31) 


where n(p) is the phase of scattering by the Coulomb 
field corresponding to the collision parameter p and is 
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j 4 1 4 4 4 4 4 4 i 


qo |. &£ 8 #4 6 8 


IG. 1, o¢/27R* as a function of p= R/Ra 


given by 


n(p)=argl'(Kp+1+-in), n= Ze*/hv, 


where v is the velocity of the particle at infinity. The 
formula (31) follows from the general expression for the 
scattering amplitude, 
1X «© 

> (21+1)(1 


l=0 


fd) 3,)P,(cosd), 


where the 6,, being the same as 224(p), is given by 
B,=9, l<lb=R/K 
l> Io. 


9 


erin, 


When KR>>1, 


n(p)o~n InKp. (32) 


Substituting Eq. (32) into (31), we consider first the 
diffractional scattering of fast charged particles (for 
example, protons) by an absolutely black nucleus. De 
veloping the part of the wave function remaining after 
the absorption, V=2(p)~o, into a series of wave 
functions Px(o), 


V Dc du? Plo), 


we obtain, after using (3) and (31), the following formula 
for the amplitude of an elastic scattering': 


s 


f{() ik f eh) Jo(kp)pdp 
R 


| T (Lyd) 
ik [p?tet 
| i 


+-2imy? i” f (gina (33) 
lod 


A. Akhieser and J 
(1945) 


Pomeranchuk, J. Phys. (U.S.S.R.) 9, 471 
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Now we consider the elastic diffractional scattering 
and the disintegration of fast deuterons by an absolutely 
black nucleus, taking into account the Coulomb inter- 
action. The diffractional picture is determined in this 
case by the development of the part of the deuteron 
wave function remaining after the absorption, ¥7 

{2(p,)27(p,)Wo(oa)go(r), into a series of functions 

Vila) gol(r) and ul Oa) (0) : 
V2 = Du Au? Vulga)golr) + Ligt Aut? Vu(ga)er(r), (34) 
where the coefficients Ay? and Aq? are the probability 
amplitudes for elastic diffractional scattering and for 
disintegration of the deuteron. 

The amplitude of the elastic scattering connected 
with Ay” by the relation (3) is 


ik 

ff eorateni0#(o ‘k C4 y5(r)doudr 
an ¥. 

4a k 1“ 
in| are tan( yf en”) To(kp)pdp 

k 4a k 

4a \2¢—k 

f arctan( ) 

2 k| 4a 


RJ\(\g—k)R) 
x 
£ 


1 « 
f e'"?) Tol gp) pdp. 
dn 


kK 


{(d) 


o(eiel, (35) 
where 


A(¢) 


In the limiting case of Ra<R, the scattering ampli- 
tude takes the form 


4a k 2 
{(J) iK | ar tan( ) e'") To (kp) pdp 
k 4aF « K 


RI (RR) 
ein) | 


Sa 


" | 2p lw J (Lyd) 
1X arctan( ) [tint 
1) 2p v 


“ 


+ Jind 2'" ‘f gyn] 
loo 


[g?tnt? 

+ Ju(ta)}, k>Zeé R, p>. (36) 
4p 

This formula differs from the corresponding formula for 


the amplitude of the diffractional scattering of point 
charged particles by a factor (2p//w) arctan (/w/2p) 
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before the square bracket and a term (1o?'"**/4p) Jo(l) 
due to the finite dimensions of the deuteron. 


Vill 


Let us consider the differential cross section for the 
scattering of deuterons, o(3)=! f(d)|*, at different 
values of the parameters p and n. 

If n<1 and 1<p<lo, lo= R/K, the following asymp- 
totic expressions are valid: 
a(d)=4n* 2/9, I<(2n)*/Lo, 

a(d) . Le? 7 (lad) /F*, (2n)8/lyd< 2p/lo, 
(1y*X?/8arp*)[ cos*(lw—4m)/I |, 2p/liKd<1. 


(37) 
a(d) 


Thus, in the case of n1 and 1<p<lo, a purely Coulomb 
scattering takes place only in the region of angles 
I< (2n)4/1o. In the region of angles (2n)§/l<d<2p/lo, 
the scattering of deuterons has the same character as the 
diffractional scattering of neutral particles. Finally, in 
the region of angles 2p/lo0<1, the inner structure of 
the deuteron begins to play a significant role. 
If n>1 and n<p<ly, 


a(d)=4* 2/94, I<2n/lo, 
(2loX*/ar)[ sin? (Ld — far) /9* |, 
2n ys K<I<K2p/lo, 


(do? /8rp )I cos? (Lia — in) Vv |, 2p/lib<Kd<<A ° 


(J 
a\v) (38) 


a(t) 


Thus, in this case the region of a purely Coulomb 
scattering expands, in comparison with the previous 
case, to angles of the order 2n/lp. At d~2n/ly there 
takes place an abrupt decrease of the scattering cross 
section (n times in the order of the magnitude). In the 
interval of angles 2n/l¢<d<<2p/ly the scattering of 
deuterons has the character of the diffractional scat- 
tering of point neutral particles. ‘The space structure of 
the deuteron appears in the region of angles 2p/Is<0<1. 


If, finally, <p<n<ly, 
a(9)=4n?X2/3', IK2p/lo, 
4 pn? H8/1°9®,  2p/loKI<K2(x'n*p*)"/*/Lo, 
(1o*h*/8m p*)[ cos® (lw — 4) /d J, 
2 (x np)? /1gKIKA, 


a(t) 
(39) 


a(v) 


We see that in this case the region of Coulomb scattering 
spreads not up to the angle 2n/lo, but up to angles of the 
order 2p/ly. The region of diffractional scattering of 
point particles disappears altogether. The finite dimen- 
sions of the deuteron begin to play a considerable role at 
angles of the order 2p/lo. In the interval of angles 
2p/loKI<K2 (an? p*)'/*/ly the cross section decreases as 
1/3®, and then as 1/9. 


IX 


We consider now the disintegration of fast deuterons, 
taking into account the Coulomb interaction. 
‘The scattering amplitude Ay¢g? is determined in this 
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case by the formula 


1 
[fe HOape* (r)O(p.)Q7 (pp) go(r)doudr 
ay 


2r f” 
=e | net f [ eriln(o) «R—]] 
Ll? Sr 


1 
<Jalkoodo f ¢ bike e* (r) po(r)dr— fas 
| by 


- RJ \(\|k—g¢! R) 
x(f [ eriln’r) n(R)) | ) 
RK /k—g| 


xf exp[ —i(g—4k)- 1 ]yr*( Neuirhde. (40) 


The differential cross section for disintegration of a fast 
deuteron is equal to 
dk L'df 


da y= | Ans? |?L? , (41) 
(2m)? (2m) 


If p>1, the amplitude Ay? takes the form 


2m 2in 


A ween A kf 
I? s 


xf J \(kp)et1) "R\dp 
R 


x fe bik oe*(r) go(rjdr ’ (42) 


and the integral cross section for the disintegration 
becomes 


R’ 2in ( pz)?" 
os J fev autt+ 
nr | p 2? 


wo | 2 


xf Jugend -(u,2)| , 


pz ' 


pl. (43) 


If z—0, the expression for a, diverges logarithmically. 
This fact is connected with the Coulomb interaction 
leading to the divergence of the elastic scattering cross 
section at small angles, i.e., at small z. Since the 
deuteron is supposed to be a practically unbound sys- 
tem, a divergence of this kind takes place for the 
disintegration cross section too. But z must exceed a 
certain minimal value, or otherwise the disintegration 
of a deuteron would be impossible. As the change of 
energy of the deuteron during the scattering is ap- 
proximately equal to #?Kk/2M, and as this value must 
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exceed the binding energy of a deuteron, e=h’a*/M, one 
can easily find that 2,-~a/K = X/2Ry. 

This value of the lower limit for the integration over z 
can be obtained also in the following way. The approxi- 
mation used above for the calculation of the disintegra- 
tion cross section of a deuteron is valid for z large enough 
because it is only in this region of ¢ that a deuteron can 
be considered as an unbound system. Thus z in (43) 
must exceed some uncertain value 2’, where 2’ satisfies 
the inequality 


1>>2'/>a/K. 


On the other hand, the region of small z corresponds to 
large values of the collision parameter, and in this case 
we may treat the disintegration of a deuteron by means 
of perturbation theory. Using the coordinate system in 
which the center of mass of the deuteron before the 
collision was at rest, and taking the perturbation energy 
in the form® 


Zé 
V (t) : 
Lp,’ + (3 y—vt)? }' 


we find the following expression for the part of the 
disintegration cross section due to the Coulomb field 
that corresponds to the large collision parameters: 


n® | a ° : 
fe HK’-rf ptrt oo 'sr ) oo(r)de 
2r* r 


do, 


ad 


dK'df, 


where K’ is the wave vector of the center of mass of the 
deuteron after the and hw=e+ (h'/?/M) 
+ (h*K'?/4M). 

Integrating over the angle between the vector K’ and 


collision 


v and over f, we obtain 


* 2?— 4(arctan}z)* 
rnd tent? f dz, (44) 


5 


o5 
zm od 


ge F 
1S ¢ hosen in Suc h 


where 2,-~a/K and the upper limit z 
a way that the perturbation theory may be used 

For obtaining the total disintegration cross section, 
we must now add the expression (43), in which the 
integration over z is performed between the limits 
(2’, ©), to the expression (44). Since both these ex 
pressions behave at small z as Inz, their sum includes no 
z’ and is reduced to the expression (43) in which 
2»~a/K is taken as the lower limit 

Carrying out the integration in (43) over u and the 
angle determining the direction of vector 2, we obtain 


Of=Tat et int, (45) 


6S Dancoff, Phys Rey 72, 1017 (1947) 
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where 


4 x? x “ 
0. baneRip f | _ 4( arctan ) 
pem' p* 2p 


- 2 dx 


xf IMOC "de ~ 


Zz x 


9 


* dx |x? x\? 
7 ine = 40’ p? Ref | - 4(arcta ) | 
» «ie 2p 


J \(x) . 
x 2inn?in ‘f J (Oe nde. 

x 2 
Here og is the cross section for diffractional disintegra- 
tion of the deuteron without considering the Coulomb 
interaction, and ¢, is the cross section for disintegration 
of the deuteron in the Coulomb field of a nucleus. o jn 
determines the part of the disintegration cross section 
due to the interference of the diffractional and the 
Coulomb scattering. In oy and oj,, we set the lower 
limit of integration over z equal to zero, because these 

expressions do not diverge at 2,,—0. 
It can be easily shown that oj, is equal to zero 
if pl. Indeed, substituting }at/p* for {(x*/p?) 


4{ arctan(x/2p) |*}, we obtain 


4nR / . . 
O int Re| inf dxx*' f dyyJ \(y)J (xy) | 
5 1 0 


4nR ? ” 
Rel in f dxx?'"6(*x—1,) (), 
) 1 


Thus, if p>>1 the integral disintegration cross section 
is equal to the sum of the cross sections of the diffrac- 
tional disintegration and the disintegration due to the 
Coulomb field of the black nucleus. One can show that in 
order of magnitude the term due to interference is p 
times less than a,. 


xX 


We consider now in a more detailed way the dis- 
integration cross section of the deuteron due to the 
Coulomb field (46) if p>>1. It can be calculated in two 
limiting cases of small and large n. If n<1, 


£ £ 


J norra~f J (Ode =Jo(x), 


z z 


dn 2 I r) 
wR? f dx, nl, 
3 x 
Integrating by parts, we find 


Pim 
= Je(x) 1 
i dx = J (ptm) nf ) tA, 
ptm X p 
A ~f InaJo(x)J\(x)da~ 1, 


p>|. (47) 


where 


AAD - A. 6 Gi 
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Thus, if n<1, the disintegration cross section for a fast 
deuteron due to the Coulomb field is equal to 


4 1 4n RZ 
o.™ Re in( - )+4 |~ —n*R ¢ in(—*), (48) 
3 p2m 3 Ri 


(The last formula is valid if pz,,<1.) This expression 

coincides with the result obtained by Dancoff* and 

Mullin and Guth® by means of perturbation theory. 
We consider now the case of large n. Noticing that 


” I'(1+ in) a 
[sora fray, 
s r'(1—in) 


and using the asymptotic development 


x? intl 


f JI (Qe *dt= J (x) 
0 2in 


xrinte 1 
4 Jo(x) +0( ), (49) 
4n? n' 


we obtain, neglecting the terms O(1/n’*), 


* 2—4(arctan}z)* 
o-=8rv"*R dz 
Zz 


ob 


m ad 


* —4(arctan}z)? 
sie 2k f J (pz)dz 


23 
4a 2 
WRe| In—+1-—3 
3 Sus 


| 

| (In2+4)RRa. (50) 
8) 3 

The second term in this expression is equal in order of 
magnitude to the diffractional disintegration cross sec- 
tion. This term must be small in comparison with the 
first one since we use an asymptotic development; in 
other words, the inequality n*>>p must be fulfilled. We 
see that in this case the diffractional disintegration cross 
section is a small correction to the disintegration cross 
section due to the Coulomb field. The total disintegra- 
tion cross section is determined by the formula 


a= (4/3)PR 2 In(Ra/A), (51) 


n>>I1. 


XI 
At high energies, when the mean free path of particles 
in the nuclear matter becomes comparable with the 
dimensions of the nucleus, the nucleus cannot be con- 
sidered as an absolutely blackbody, but as a semi- 
transparent one characterized by a complex coefficient 
of absorption b=6,—ib., where b, is the coefficient of 
absorption of the nuclear matter, b.= 2(v—1)K, and vis 
the coefficient of refraction of the nuclear matter. 
Investigating the diffraction problem in this case, we 
may use the previous method, but we must assume {2(p) 
to be given for neutral particles by 
Q(p)=expl—b(R’—p*)'], p<R 
l, p>R 
*C. Mullin and E. Guth, Phys. Rev. 82, 141 (1951) 


(52) 
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and for charged particles 


07 (p) =exp[— b( R?—p*)! ], 


— plin(p) 
é ’ 


pSR 
p>R. 


The application of these formulas for the scattering of 
fast neutral particles leads to the known expression for 
the elastic scattering amplitude’: 


ik 
fd) =—- faire ‘Od 
2s 


R 
: ix f (1—exp[—b(R?—p?)!]}Jo(kp)pdp. (53) 


In the limiting cases of large and small absorption, /(#) 
takes the form 


RJ (RR)  Jo(RR) 


: RR bb? 
b? 


f(d)= in| 


KbisinkR 
f(d)=iR | 


- cosbR |, k>R | b/?. 
ke 


The complete cross section for the elastic scattering is 


Oe fi 1—2(p) "do 


1—(14+2b,;R)e>2"1* 4 
mR? — 
2b;?R? (by?+-b.")?R? 
x (by? — bo? + {2b:bo+ bo R(b 2 +52) Je” sinboR 
— {b> — b+ b,R(b)?+b.") }e~'® cosbeR i} (55) 


The cross section for the absorption of point particles 


is 
fu- (p) \*}do 


1—(1+2b,R)e vagal 
rR?) 1- 


, (56) 
2b2R® | 
Finally, the total cross section of all the processes is 
determined by the formula 


o1=4nk Imf(0) 2Re ft Q(p)}do 
) 


= 2rR*\1— 
(b,?+- by”)? R? 


x [br b? +{2bib. +-boR(b? + b.*)Je bik sinbeR 
— {b)?— bo? +b,R(b)?+-b,”) Je~"'* cosbeR ]}. (57) 


7 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949) 
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(These expressions are those obtained by Fernbach, 
Serber, and Taylor.) 
XII 


We proceed now to the consideration of the diffrac- 
tional scattering of fast deuterons by semitransparent 
nuclei. Without taking into account the Coulomb 
interaction, we obtain, using the expressions (52) for the 
factors Q(p,) and Q(p,), the following formula for the 
amplitude of the elastic diffractional scattering of fast 
deuterons by semitransparent nuclei: 


2p k’ 
f(I)=2wik re arctan( ) Kn(h’) +x p(k’) | 
k’ 2p 
2g'—k’ 
Kn(g’) 
2p 


Xx p(/2’—k’ we}, (58) 


arctan 


where 


1 1 
Xn, p(k’) f {1—expl—),, pRUL— vy")! |p Jo(k’y) ydy, 
Qn 0 


b, and 6, being the values of 6 for neutrons and protons 
respectively. 
If p>>1, we have 
2p k’ 
arctan 
’ 


k 2p 
I 
xf {1—expl—BR( 


[— p) 
2 f 
, c/p 


where B is the complex index of absorption for a 
deuteron, given by B= B,—iB,=6b,+6, 
The total cross section of all the processes is de 


y)t PJo(k'y) ydy 


ft t—k’|)dt}, (59) 


termined by the formula: 


1 
o.=4rR?* Rel fa expl — BR(1— y*)! |) ydy 


*farctan({/p) 
inf | 
0 ¢/p 


In the case of strong 
(|b,|*R*>p, |b,|\*R*>p) the total cross section and the 
cross sections for the elastic 
diffractional disintegration of the deuteron are de 
termined by the formulas 


B?Y— BY | 


peter (60) 


absorption of particles 


scattering and for the 


ot dR 1 -2 tarRR uy, 


(BY? + B2)R2| 


| 4(By’— B,) 
mR?) 1+ 
| 2B,R? 


(B+ B/?)?R? (61) 


4 (1 


In2)RRu, 
S)RR4. 


ha (2 In2 
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In the case of small absorption of particles (|b, ?R*<p, 
b,|\*R*<<p) the cross sections are determined by the 
formulas 


=o +4nR? Re(b,b,)R? In(R/Ra), 
o°—}nR,?| B\*R* \n(R/R,), 
br R,?\ B\*R? In(R/Ra), 


(62) 


where a,’ and a,’ are determined by the general formulas 
(57) and (55) for the point particles, in which one must 
substitute B instead of b. 

‘The authors express their profound gratitude for 
valuable advice to L. D. Landau, who furnished the 
idea of the generalization of the optical method to the 
case of the diffraction of weakly bounded particles by an 
absolutely black nucleus. They are thankful also to 
L. N. Rosenzweig, E. I. Feinberg, G. J. Lubarsky, and 
RK. Glauber for very useful discussions. 


MATHEMATICAL APPENDIX 


1. We shall show now how to calculate the integrals 
determining the cross sections of the different processes 
in the limiting case of p>>1. We begin with the expres 
sion for the total cross section determined by the 
formula (27). If p-+~, it follows from (27), as should be 
expected, that 


| # 12(¢) 
01% 4r R? 1 i) dt 
0 ¢ 


Let us find now the correction to this value in the case of 
R&R. For this purpose we calculate the difference of 
integrals at p> 


"» ry 20) * J(¢) 
f ar tan( ) dt f dt 
f p f 0 f 


* J? (pz) (arctanz 
| : | 1 5». 


In the last integral the region of small z is of no im- 
portance, and the main role is played by large pz; 
therefore one may use the asymptotic representation of 
the Bessel function. Putting sin?(pz—4)-~}, we obtain 


1 “ dz 
Ss, J (arctan s—2) 
wp 0 2 


“ 


2rR’. 


Thus, if p>1, 


“p f\J Pe) 
{ arctan( ) d=4i-—, 
”y ¢ p/ ¢ 4p 


and, consequently, 
op= 29R?*+nRRa, RaKR. 


2. The integral in the expression for do, [ Eq. (13) } 
may be represented at p> in the form 


AND &.. G. 


SITENKO 


Ji(g’) Ji(\k’'—'|) 
) > ear 
gC: |k’—@'| 


Ji(g')( ¢' 
-f ; | f Jo(\k’—g'| y)ydy pg’. 
g 0 


Jo( \k’—g' | y) =Jolk'y)Jo(g’y) 


Noticing that® 


+2 > Ja(k'y)Jn(g’y) cosng, 
n=1 


where ¢ is the angle between the vectors g’ and k’, we 
obtain 
Ti(g') Ji(\k’—8'|) J i(k’) 
f dg’ =2r F 
g | bk’... ¢’ | k’ 

Substituting this expression into (13), one can easily see 
that at p> the differential cross section for the elastic 
diffractional scattering of deuterons is determined by 
the formula (4) which is valid for point particles. In 
order to find the correction due to the finite dimensions 
of the deuteron, we determine the difference of integrals 
at p>: 


2p 2g'—k’|\ 2p Ry | 
S| arctan( )- arctan( )| 
| 2¢’—k’| 2p k’ 2p 


Ji(g’) J\(\¢'—k’!) 
x , | / Lal 
g \¢’—k | 
[ee \¢—k’/2p|)  arctan(k’, 2p) | 
|¢—k’/2p| R'/2p J 
Ii(po) Ji(p|f—k’/p|) 
x ; dt=A,, 
¢ \¢—k’/p| 


dg’ 


where (= g'/p. In the last integral the region of small ¢ 
is of no importance, and the main role is played by large 
pt; therefore the Bessel functions may be replaced by 
their asymptotic expressions. Thus we obtain 


1 = 2p!) arctan(k’/2p) 
re ms 
™p 


\t—k’/2p k'/2p 
cosp($— |—k’/p|)—coslp(f— |¢—k’/p|)— tr] 
x , dt. 
og—k’/p|! 
If k’/ p<, ¢— |€—k’/p|~(k'/p) cosy, and A, may be 


represented in the form 


1 - *" cos(k’ cos¢) 
A, J car f : 
wp ~o 0 ws 


eae c Jo(k’) 


2p 
*G. N. Watson, Treatise on the Theory of Bessel Functions 
(Cambridge University Press, New York, 1944). 


x —l}dg=-fr 
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Thus, if p>, 


2p (=~—}S= k’—g'|) 
f arctan dg’ 
|2¢’—k’| 2p g' k’—g'| 


2p R'\ J\(k') 
= 29 arctan( ) ——J (k’). 
k’ 2p/ ki dap 


Thus one obtains the formula (14). 

The integral cross section for elastic scattering, a-, 
cannot be obtained by the integration of (14) over k’ 
because the yield corresponding to large k’ is consider- 
able in the expression for the correction term to rR’, 
To obtain a, we use the completeness of the functions 
¥x (0a). {t follows from (8) that 


Oe f Pooden 


J (pa)* fo. +wp—Wnwp) yor (r)dr. 


If p>>1, the contribution to the cross section a, by the 
region pa<R is equal to rR? if we neglect the terms 
O(1/p*). In the region pa>R, w,w,=0 and therefore 


1 RJ \(gR) 
J (pa)= fos exp (78-04) 
v g 


x f ein exp(4ig-n)dr 


p 4 pa 
arctan Ji(g)Jol —g Jdg. 
2p R 
arctan a f dy 
a 1+<a’y’ 


0 


Noticing that 


ee dx 
J J (bx) J (ax) 
0 k’ + x? 


we obtain 


r Pa dg 
J (pa)=2 f iy f (a) ‘) 
0 0 R 1+ (g"/4p*) 
‘dy /2~\  (pa2p 
= pf 1( )ao( ), pu> R. 
oy y R y 


Using the asymptotic expressions for /,;(x) and Ko(x) 
for x>>1, we find 


i 
1,(bk)K o(ak), 
k 


Z 


R\: dn 
E (pa) = ( ) ; e da by bh 
Pa 1 n” 


pa—R, p>. 
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The contribution to o, by the region pg>R is therefore 
; gion p 


£ | x dn 2 
as 2k f ab| f e~fabn 
0 1 n° 


aeRRal 1 


given by 


In2), 


and so the integral cross section is 
o,= WR*+ 3eRRa(1—In2). 
Using the value for 0, found above, we obtain 


} S)RRa. 


aa=ho.—0-= 4n(2 In2 


To find the energy distribution of the products of 
disintegration, the following expression for oq can be 
used : 


df 
f foe Jt(pa)\*, 
(2r)' 


J t(pa) foe r) (wy, + Wp WW p) Po(r)dr. 


where 


In the limiting case p>>1, 


df 
Ou f ak f db\ J_(b) \*, 
(29r)’ 0 


2(2ma)! if, 
re (1 
; (a’+ f 3)8 


a’+ f? 
2[ (a?+ f,”)'+if, |b} 


Xexp{— 
“ dn 
f e 2la-if nb , 
1 "’ 


f sind. 


where 
df = 2x fd f sinddd 


f,=fcosd, f, 


Integration over the angle J and over b leads to the 
formula (21). 

3. The cross section for diffractional disintegration by 
a semitransparent nucleus is determined in the case of 
p>>1 by the formula 


Od rrp f | 4(arctan-) | 
é 2) | 


3 dz, 


| 1 
" fo expl — BR(1~y*)4 J) Jo( pay) ydy 


2 


Let us consider the case of small absorption, | B|*R°<p. 
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Using the expansion 


1 
f {1—expl— BR(1—y*)* ]} Jo(pzy)ydy 
2'"T (4n+ "| BR | J yn4s( pz) 


’ 


Nd 
n= (pa) pa 
and limiting ourselves to its first term, we obtain 


* 2 — 4(arctan}z)? 
aa=WRRy Bir f JP (pa)dz. 
oA 


0 ” 


n! 


We shall determine now the value of the integral 


s 


Sp f ¢(2)J ,.”( pz)dz, 


for p>1. Noticing that 
1 


1 
Cc, ef J peda J (ols) - g(O)} J," ( pz)dz 


+f g(2)J ,*( pz)dz, 
1 
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and using in two last integrals the asymptotic expression 
for the Bessel function, we obtain 


¢g(0) ¢' ¢v(0) 7” 
f J 2 (x)dx+ f J 2 (x)dx 
p p “1 


1 ! o(z)— ¢(0) 1 ” o(z) 
ph peame, | old, 
rp ~o z arp; 2 


ww 


¢g(O)Inp 1 : 
+ oof J 2 (x)dx 
0 


 p Pp 
1 ' o(z)— ¢(0) 1 * o(z) 
+ f d2+ f te}. 
T #9 2 T 1 Zz 


Thus, if ¢(0)#0, the main term in this expression is 
[ ¢(0)/m |(Inp/p). Using this formula, one can represent 
the disintegration cross section for |B ?R*<p in the 
form (62). 
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External Coulomb Fields in the Wigner-Eisenbud Nuclear Reaction Theory* 


G. Breit and J. S. McInrosu 
Vale University, New Haven, Connecticut 
(Received January 31, 1957) 


The Wigner-Eisenbud & matrix treatment of nuclear reaction theory is generalized to allow for Coulomb 
interactions in the channels and pertinent explicit relations are given. 


IGNER’S &-matrix formalism of nuclear reaction 

theory was formulated in the most essential 
respects by Wigner' and was then systematized mainly 
in the papers of Wigner and Eisenbud® and of ‘Teich- 
mann and Wigner.’ The first of these employs a set of 
boundary conditions especially suited for long wave- 
lengths of the wave function representing the relative 
motion of the pair of particles associated with a channel. 
In this paper Wigner and Eisenbud restrict themselves 
to the case of uncharged particles. In the work of 
Teichmann and Wigner some of the modifications 
caused by the employment of Coulomb rather than free 
particle functions are considered but the emphasis of 
the work of Teichmann and Wigner is more on matters 


* This research was supported by the U. S. Atomic Energy 
Commission under Contract AT(30-1-1807 and by the Office of 
Ordnance Research, U.S. Army 

1 E. P. Wigner, Phys. Rev. 70, 15 (1946); 70, 606 (1948) 

2. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947 
Equation numbers in square brackets in this paper refer to the 
numbers given to the equivalent equations in Wigner and Eisen 
bud. 

§T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952) 


of principle than on immediate applications. For this 
reason explicit forms for some of the practically desired 
quantities are not available in their paper. Some of 
this lack of complete systematization has been supplied 
by Thomas‘ who has also translated the conventions 
used for Coulomb functions by Wigner and Teichmann 
into the more usual even though possibly less elegant 
forms. Since numerical tabulations of Coulomb func- 
tions have been in progress for some time the usual 
conventions have the practical advantage of immediate 
applicability to numerical substitutions. Not all of the 
existing needs have been supplied by Thomas, however, 
partly because these matters are treated only inci- 
dentally by him. It appeared desirable therefore to 
supplement the work of Wigner and Eisenbud by 
including in it the effect of the Coulomb field on the 
channel functions. The elimination of closed channels 
which is discussed by Teichmann and Wigner is left 
out of consideration in the present note. Similarly the 
effect of varying the boundary conditions and the 


*R. G. Thomas, Phys. Rev. 88, 1109 (1952) 
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related possibilities of varying the definition of a reso- 
nance energy are not discussed below. It is felt never- 
theless that supplying explicit formulas containing the 
effect of the Coulomb field in the channels on the 
Wigner-Eisenbud equations is useful because it provides 
modifications which are sufficient when closed channels 
are not especially important. 

In their treatment of nuclear dispersion theory, 
Wigner and Eisenbud? have divided the configuration 
space into an inner region where very complicated 
interactions between the particles which make up the 
nucleus may occur, and an outer region in which there 
are fully separated noninteracting pairs of particles. 
The latter subregions are referred to as channels,':?° 
The scattering and reaction cross sections are then 
expressible in terms of a matrix &, which is determined 
by the manner in which the channel functions join, 
on the ‘‘nuclear surface,” to the wave function of the 
inner region. It is the purpose of the present note to 
carry through the straightforward generalization ‘of the 
theory to allow for Coulomb interactions between the 
particles within given channels. 

The notation follows that of Wigner and Eisenbud? 
quite closely, but there are the following modifications : 
(1) the pair of particles in a given channel, along with 
their internal coordinates, is here designated by the 
subscript p (instead of s); (2) the partial wave functions 
analogous to 2 and VU of reference 2 are here written 
WV piu’ (8), Vpry’(@), the arguments § and @ indicating 
similarity to sine and cosine type solutions in the case 
L=0 without a field; (3) the Wigner (or Clebsch- 
Gordan) coefficients for the coupling of two angular 
momenta j,, L (L.=m) to give J (J,=) are here 
StF. 
um, a) . 
here used in the combinations i“Y,,,. The desirability 
of employing eigenfunctions securing symmetry under 
time reversal such as those used here has been pointed 


written (4) the spherical harmonics are 


out by Huby.® 


m)!) 
J im(1,) 


(—1)/+"" 2+ ‘| (L 


2/1! 4or (L+m)! 


d L+em 
Xexpl(img¢) sino ) (1—cos’6)", 
d cos6 


and 1,=(0,,¢,). The precise manner in which they are 
used will be seen presently when the exterior functions 
are written out. In addition there occurs here the usual 
Coulomb parameter 


Np=Z,Z,'e/(hrp), 


°G. Breit, Phys. Rev. 58, 1068 (1940) 

®R. Huby, Proc. Phys. Soc. (London) 67, 1103 (1954). It should 
be noted that while Huby’s remark has specific reference to the 
work under discussion and papers based on it, the convenience 
of employing the eigenfunctions used by Huby as well as their 
properties under time reversal have been first pointed out by 
L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 736 
(1953) 
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where Z,, Z,' are the atomic numbers of the two 
channel fragments, and v, is their relative velocity at 
infinity, 

The independent 
Schrédinger equation of the relative motion of the two 
fragments in a given channel are chosen analogously 
to those of Wigner and Eisenbud (with the same 
normalization) so as to have the asymptotic behavior 


two solutions of the radial 


given by 
1 
[A,, 1. exp( 


p 


: a 
1 pt)—Ap, L* CxXp(tPpt) | 


Sp, Ll 
£U 
(1 ) 26 
1 
CyL~ LB, LWp, L™ EXP(1P pt) + Byprwpr Expligps) |, 
2Up 


where 


PpL=R pp p— Np In2k rp t+argl (L+1+71,) (2) 


Numbers in square brackets are those of the related 
equations in reference 2 and are supplied so as to 
facilitate the comparison with that paper. The phase 
¢p_ reduces to kyr, when Coulomb effects vanish 
(n,»=0). Accordingly the matrix equation is 


Bl w*A*+wA |= 2, (3)[ 28 | 


with A, B, w having the same relation to A,,,, By. 1, 
w,,_ aS in the paper of Wigner and Eisenbud, Inde 
pendent channel solutions for the Schrédinger equation 
of the whole system may be taken to be 


. hes Po SpL(1p) : 
> ) [i*V rm(1p) }p pm 


u—m,m r 
(4)[ 9 } 


Wty’ (S) 


m 


p 


z( 19, L, J y" wes 
mN\—-m,m r 


p 


Wor" (C) 1 V calle) Wa ann 


Krom these may be constructed solutions of the 


Schrédinger equation in the outer region which obey 
the proper boundary condition at the nuclear surface 
‘These have the form 


Vets” Vptu? (S)+(OW7(C)) pis (5)[13 | 


“Tngoing” and “outgoing” solutions in the outer region 
likewise go naturally into 


exp(—igpt) 
I peim™~Uyo(ty)[ 44°F rm (1,) | 
pr 


t 


p 

(6)| 4) | 
CXp(1PyL) 

Eovku 


~Uyv(ip)[i"V rm(1,) | 


j 
Up’T p 


respectively, and the main characteristics of Eqs. [ 31 |, 
[34], [35 | of Wigner and Eisenbud remain unchanged 
Again @ may be defined as 


1 
& Blw* A* wA) 


21 


(7) 29 
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An unperturbed Coulomb wave in channel p normal- 


ized to unit flux 


i 
; expt) 


Up Coul 


Upy(1p) 
> 1”(2L+1)P1(cos6,) 
Up Let 

Ma : F (ky) 
expli arg!'(L+1+-in,) | 


kip 


(where F,, is the regular Coulomb function’) becomes 
modified in the presence of nuclear interactions to 


| 
explikyesMeli)| WV, 
4 
1 


p Coul 


, : 
| explain) 
Vp 


Coul 


i 

Tv 

+— ¥°(—i)" exp[i arg! (L+1+in,) |] 
ik, L 


K(2L + 1)! > Opt ME yy Lim’ 


p'' L'm’ 


1 
| explikyeMeti)| 
Vy? Coul 


wh yw (ip) 
} % > jh’ L 


ky vw’ Vy ty Lim 
Kexpli arg! (1 +14 in») \(2L+ 1)9V pre’ 


x ( 1, Oper tm? EXP Gp’! ), (9)[41 } 


where the matrix ( is defined by 


vA LI] owl ” 
pol (= 1) l pe Lieb ry tem?” 


Opi Lim (10) 
and (—1)"U pte?’ is the generalized “.S matrix.” 

From the total wave function (9) one obtains the 
differential cross section for a nuclear reaction (or 
inelastic scattering) in which the final channel (p’,j,’) 
differs from the initial (p,j,) in the usual way,’ by 
squaring that part of (9) belonging to (p’,j,-) and 
multiplying by r,°v,dQ2,-, which when averaged over 
random orientations of j, and integrated over internal 
coordinates gives 


ae 1 


dove action? /?:? JP’ 


= ie 
k, ve! 2jpt I 


x | : (214 1) bi!’ LO) ary tim OV pm (1p’) 


LL'm 


Kexp{i( gp r +argl'(L+1+in,) |} *dQ,, (11) 
7 Yost, Wheeler, and Breit, Phys. Rev. 49, 174 (1936) 


3 


J. 


, , 
f eorssion Pi = 
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which is just Eq. [42] of Wigner and Eisenbud? slightly 
generalized through inclusion of the modification caused 
by the factor i“’~” pointed by Huby.® On integration, 
one obtains the total cross section 


Tv 
(2jp+1)k,? 
<2. we > (2L+1)u"’ LO) yy ttm? 


ve’ Lim’ Lb 


Xexp[i argl'(L+-1+%n,) }|?, (12) 


which after some straightforward work may also be 


written 


y (+1) 


LL'd 


T 
feo vacsin? 909 = —-- 
(2jpt 1 )ky? 


x (—1) "51, pL! (13) 


— 851, pt’ |’. 
For coherent scattering, the outgoing wave is 
U yy (1p) 


" 


XexpLig,o+i argl'(1+in,)—in, In sin’6, | 


Np 
2 sin?(,,/2) 


k pt pUp 
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From this expression cross-section formulas for coherent 
scattering may be derived. If one is interested, however, 
in the elastic scattering with inclusion of incoherent 
scattering, the formula for the differential cross section 
is 

1 1 "p 
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It is assumed in this formula that states with p¥p’ 
have energies differing from that of p. In the special 
case in which L is a good quantum number and Q 
depends only on L, the above formula gives the usual 
and well-known result. 


Note added in proof.—After submission of the manu- 
script of this paper for publication, one of the recipients 
of a preprint of the paper has informed the writers that 
unpublished lecture notes by the late R. G. Thomas of 
the Los Alamos Scientific Laboratory cover material 
closely related to that of the present paper. 
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Angular Correlations in the Two-Photon Compton Effect 


R. B. THeus Anp L. A. Beacu 
Radiation Division, Naval Research Laboratory, Washington, D. C. 
(Received December 17, 1956) 


The angular correlation between the two photons emitted in two-photon Compton scattering of Co® 
gamma radiation was observed to be in good agreement with theoretical predictions, Coincidence data 
was obtainedifor scattering angles of 40° and 60° as a function of the azimuthal angle between the two 


scattered photons. 


INTRODUCTION 


N 1934 Heitler and Nordheim! predicted that, in 

addition to normal Compton scattering of photons 
by free electrons, there should also occur events in 
which two photons are emitted in the final state. 
With the assumption that the two photons are of 
comparable energy, they calculated the probability 
for the emission of two photons to be approximately 
137 times smaller than that for the emission of a single 
photon for incident photon energies large compared to 
moc”. In 1952 Cananagh® experimentally detected the 
existence of this effect by observing the variation of 
the coincidence count rate for Co™ 7 rays scattered by 
foils of varying thickness and atomic weight. 

The exact expression for the differential cross section 
was obtained by Eliezer’ in 1946 and by Mandl and 
Skyrme‘ using the Feynman method in 1952. This 
cross section, a(/; Ej, 6, 42, @), is a function of five 
variables; # the energy of the incident photon, £, the 
energy of the photon scattered through the angle 4,, 
6, the scattering angle of the second photon, and @ 
the polar azimuthal angle between the two scattered 
photons. The energy £, of the photon scattered through 
the angle 4, is fixed by the conservation laws of momen- 
tum and energy. The differential cross section indicates 
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Fic. 1. Azimuthal dependence of approximate cross section. 


'W. Heitler and L. Nordheim, Physica 1, 1059 (1934). 

2 P. FE. Cavanagh, Phys. Rev. 87, 1131 (1952). 

3C, ! Eliezer, Proc. Roy. Soc. (London) A187, 210 (1946) 

‘F. Mandl and T. H. R. Skyrme, Proc. Roy. Soc. (London) 
A215, 497 (1952). 


that in the majority of two-photon Compton events 
most of the energy is carried off by one of the scattered 
photons. Using energy-resolved coincidence techniques, 
Bracei et al.° Observed this energy dependence for 
Co™ y rays scattered from a Be target. 

With the assumption that Ex<F, and Ey«<myg’, 
Mandl and Skyrme reduced the cross section to a 
much more manageable function of 4 variables, 
S(E; 91, 92, @) (2). This cross section is plotted as a 
function of @ in Fig. 1 for E= 2.5 moc? and 0;=6.= 60° 
and 40°. Angles of 0;=@,=40° and @= 180°, where the 
cross section vanishes, correspond to the emission of 
photon and electron for single Compton scattering. 

In order to investigate the influence to the assumption 
that FE» is negligible as compared to moc’, the exact 
differential cross section of Mandl and Skyrme was 
programmed for evaluation by the NAREC. Excellent 
agreement in absolute magnitude was found between 
the exact and simplified cross section for 2, energies as 
large as 0.5 moc’. 


INSTRUMENTATION 


The experimental arrangement is shown in Fig. 2. 
A 20-curie Co™ source was placed in a large lead house 
through which a hole 1 cm in diameter and 55 cm long 


\ 


SOURCE 
\Pb HOUSE 


eS 
Ly 


a C SCATTERER 
| 
$ 


E, DETECTOR 


YY 62 
“Tl 


hla 
a HO HK cN 
E, DETECTOR / y/ 
| HARD, 
— 


PROTRACTOR 





Fic, 2. Experimental arrangement of lead collimator, 
carbon scatterer, and NaI (T]) detectors. 
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Fic. 3. Block diagram of fast-slow coincidence electronics 


was constructed. By flairing the last 10 cm of the 
collimator to 2.5 cm, the radiation intensity scattered 
through 60° from the walls of the collimator was 
reduced by a factor of 5 to approximately twice back- 
ground. NaI(T1) crystals, 2.5 cm in diameter and 1.25 
cm thick, were mounted on selected RCA 6199 photo- 
multiplier tubes to serve as detectors. Either detector 
could be rotated around a large aluminum protractor 
to traverse the angle @ without varying the angle @ or 
the acceptance solid angle. In order to reduce coin- 
cidence counts from cross-scattering, lead cylinders 
0.65 cm thick were placed around the crystals to shield 
each detector from radiation emanating from the other. 

The number of counts resulting from a_ single 
Compton photon in coincidence with bremsstrahlung 
from the recoil electron was minimized by use of 
carbon as the scattering material. The probability of 
detecting the two photons emitted simultaneously from 
the same Co™ atom is negligible as well as the probabil- 
ity of photons being split by the nuclear electrostatic 
field.* 

A block diagram of the electronic equipment is shown 
in Fig. 3. A fast diode coincidence circuit established 
the low y-ray accidental counting rate and the slow 


coincidence circuit eliminated the accidental rate 
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4. Comparison of experimental results with theory. The 


experimental points have been arbitrarily normalized 


*M. Bolsterli, Phys. Rev. 94, 367 (1954) 
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introduced by photomultiplier noise in the fast coin- 
cidence circuit. The resolving times were 10~* and 
2.5X1077 sec, respectively. The fast amplifiers had a 
rise time of 6X10~* sec and the slow amplifiers a rise 
time of 2K 10~7 sec. 

The simplifying assumption of Mand] and Skyrme 
that £.<£, was obtained experimentally by using only 
these counts in the 20-channel analyzer that corre- 
sponded to £, photons having energies greater than 
0.9 moc* for 0;=02=60° and 1.5 moc? for 6,=62.=40°. 
This lower limit on the £, detector also helped to 
eliminate cross scattering between the two detectors 
by insuring that approximately all the energy of single 
Compton photons is recorded by the £, detector. 


EXPERIMENTAL RESULTS 


The comparison between the experimental counting 
rate after correction for the accidental and cosmic-ray 
counting rates and the theoretical curve for 6; =6,= 60° 
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Fic. 5. Comparison of experimental results with theory. The 
experimental points have been arbitrarily normalized, 


is shown in Fig. 4. Here the theoretical curve was 
normalized to the experimental points by the method of 
least squares. The indicated limits represent the 
statistical standard deviations from the experimental 
values. The total counting rate for a 0.5-g/cm? carbon 
scatterer varied from 4.3X10°*/sec at @=40° to 
8.9X10°*/sec at @=180°. The accidental rate was 
experimentally determined to be 1.7X10-*/sec and 
independent of @ by removing delay cable from the FE, 
input of the fast coincidence circuit. The ¢-dependent 
count rate due to cosmic rays was observed by removing 
the 20-curie Co™ source from the collimator. 

The maximum in the cross section predicted by 
theory for ¢=130° and 6,=6,=40° is seen to be 
experimentally observed in Fig. 5. These experimental 
points were more difficult to obtain since the predom- 
inant part of the two-photon Compton cross section 
corresponds to E, and EF, energies that result in lower 
detection efficiencies and an increase in the ratio of 
accidental to total count rate. The residual count rate 





TWO-PHOTON 
at @=180° is primarily due to the relatively poor 
detector angular resolution and the Ey detector being 
directly in the beam of the single Compton recoil 
electrons. 

Further observations that strengthen the conclusion 
that these angular dependences result from two-photon 
Compton events and not from the various parasitic 
effects are: 


(1) The introduction of additional shielding material 
between the two detectors produced no change in the 
total counting rate, indicating that cross-scattering is 
negligible. 

(2) All coincidence pulse-height distributions (al- 
though of low statistics) indicated that the y-ray 
spectrum was reduced in energy below that of singly 
scattered photons. In every case the accidental rate, 
which should be proportional to the single Compton 
rate, showed no energy shift. Detection of single 
Compton photons in coincidence with bremsstrahlung 
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Fic. 6. The solid curve is the theoretical maximum for EF 
photons. The plotted points represent the average energy of the 
analyzed F, spectrum after arbitrary normalization. 


from the recoil electron should also produce no energy 
shift. 

(3) The minimum energy £, that can be detected in 
the coincidence circuit is independent of @ since it is 
set by the input discriminator on the fast coincidence 
circuit. For this 2» win, the conservation of energy and 
momentum indicate that /; max increases with increas- 
ing . Consequently the pulse-height distribution 
N(E,, 1), where “7” is the channel number, should 
show an increase in the average energy. This dependence 
of the average energy was indeed observed and is shown 
in comparison with Fy max(@) in Fig. 6 for 0,=6, 40°. 
The limits again represent the statistical standard 
deviations. 

(4) For 0,;=6,= 60°, the @ dependence was observed 
for Al, V, and Cu scatterers having the same number of 
electrons per unit area as the carbon scatterer. The 
results are shown in Fig. 7, and indicate that the 
relative angular variations are independent of Z. If 
they were Z-dependent, one would expect the ratio of 
the counting rates at 40° to that at 180° to be a constant, 
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hic. 7, Experimental azimuthal dependence as a 


function of atomic number 


whereas the difference between the counting rates was 
observed to be a constant. 


The calculated counting rate for a given set. of 
angles 6;, 4, and @ is 


Ka max 
Af alhaye(hae( hy) Qdk, 


where A is a constant determined by the source intensity 
and radiator thickness, e(/2.) and ¢(/;) are the detector 
efficiencies, and Q; and Q) are their solid angles. The 
integration limit /e wax is determined by conservation 
laws in conjunction with the minimum £, energy 
recorded on the 20-channel analyzer. Now the observed 


single Compton count rate is given by 
R,= Ao (EB (BQ, 


where ¢(/’)=e(/,) since #’=#,. Substitution of this 
expression in the equation for the two-photon Compton 
counting rate yields the result that 
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where all quantities are known except «(£,). Because of 
the high efficiency of the NaI(Tl) detector for the 
low-energy Ey photons, e(£2) is determined primarily 
by the ability of the fast coincidence circuit to accept 
the photomultiplier pulses resulting from these photons. 
To measure this efficiency, a source of annihilation 
photons was placed between the two detectors and the 
pulse-height distribution from the £, detector was 
observed with and without gating the 20-channel 
analyzer from the output of the fast coincidence 
circuit. After normalization the ratio of these two 
pulse-height distributions gives e(/,) as shown in 
Fig. 4. Upon integration, the predicted rates for 
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6,=0.= 60°, ¢=96° and 6,=6.=40°, @=120° are 
1.2 10-*/sec and 1.8X 10~*/sec, respectively. 

The corresponding observed rates were 3.0X 10~*/sec 
and 4.4X10-*/sec. Residual bremsstrahlung counts 
and the assumption that e(2’)~e(E,) most probably 
account for the difference. 


ACKNOWLEDGMENTS 


The authors are indebted to Mr. T. H. DeRieux and 
Mr. L. J. Melhart for assisting in the design and 
maintenance of the equipment and in taking data. 
The suggestions and interest of Dr. A. H. Aitken, Dr. 
W. R. Faust, and Dr. C. V. Strain are gratefully 
acknowledged. 


106, NUMBER 6 JUNE 15, 19587 


Cross Section for the Be’(n,a)He’ Reaction 


P. H. Stetson anv E. C. CAMPBELL 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received March 1, 1957) 


The cross section for the reaction Be*(n,a)He® has been measured for neutron energies of 0.7 Mev 
(threshold) to 4.4 Mev. The cross section exhibits a smooth rise from less than 0.1 mb at the expected 
threshold to a broad maximum of 10447 mb at 3.0 Mev, followed by a gradual decrease to 70 mb at 4.4 Mev 


INTRODUCTION 


HE endoergic reaction Be*(n,a)He® is conveniently 

studied by the use of a pulsed neutron source 
since the radioactive He* decays to Li® by B” (Emax = 3.5 
Mev) with an 0.8-second half-life. Allen, Burcham, and 
Wilkinson! determined the cross section by counting 
the activation of Geiger counters with walls made of 
beryllium metal when the counters were subjected to 
periodic fast-neutron irradiation. The cross section for 
neutron energies of 2 to 4 Mev showed no large varia- 
tion and was in absolute value about 50 millibarns. 
An estimate of the uncertainty in absolute cross section 
was not given. Battat and Ribe,? performing a similar 
activation experiment, found the cross section to be 
10+1 millibarns for 14-Mev neutrons. A preliminary 
report on the shape of the cross-section curve for 
neutron energies of 3.3 to 6.1 Mev has been given by 
Sattar ef al.’ We wish to report the measurement of the 
absolute cross section for neutron energies of 0.7 Mev 
(threshold) to 4.4 Mev. 


EXPERIMENTAL METHOD AND RESULTS 


Monoenergetic neutrons were produced by the use of 
the T(pm) and Li(p,m) reactions. Protons of variable 


‘Allen, Burcham, and Wilkinson, Proc. Roy. Soc. (London) 
A192, 114 (1947) 

2M. E. Battat and F. L. Ribe, Phys. Rev. 89, 80 (1953) 

‘Sattar, Morgan, and Hudspeth, Phys. Rev. 100, 960 (1955) 


energy were obtained from the ORNL 5.5-Mv Van de 
Graaff generator. An electronic timer and an electro- 
static proton beam deflector provided a repetitive cycle 
for short neutron bombardment and beta-ray counting 
of the beryllium sample. Further details of the method 
have been given in a report of a similar experiment on 
the excitation of the 0.8-second isomeric state in Pb”? 
by inelastic neutron scattering.‘ 

A new timing sequence, which resulted in higher 
counting rates, was used for some of the measurements 
reported here.® This sequence was a continuous repeti- 
tion of cycles in which the sample was alternately 
irradiated for a time 7 and counted for a time 7. The 
interval T was made quite short (~10 milliseconds) 
compared to the half-life. In this case the average 
counting rate is independent of 7, being equal to one- 
fourth the saturated counting rate. The anthracene 
scintillation counter for detecting the 6 particles and its 
amplifier were on continuously and this resulted in 
extremely high counting rates during the neutron 
irradiation intervals. In order to insure that rapid 
recovery would be made by the amplifier between the 
high counting rates associated with the beam-on period 
and the moderate to low counting rates of the beam-off 


*P. H. Stelson and E. C. Campbell, Phys. Rev. 97, 1222 
(1955). 

® See Oak Ridge National Laboratory Progress Report ORNL 
1879 (unpublished), p. 19 and Oak Ridge National Laboratory 
Progress Report ORNL-2076 (unpublished), p. 32 
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TABLE I. Information on the spread of the neutron energies used 
to measure the Be*(n,a) cross section. 


Energy spread 
(kev) 


70 
55 
100 
70 
50 
40 


Neutron energy 


Source (Mev) 


T(p,n) 
Li(p,n) first run 


Li(p,n) second run 


period, a fast Fairstein double-delay-line amplifier® was 
used. An electronic gate prevented amplifier pulses from 
reaching the scaler during the beam-on period. To 
insure that no counts associated with neutron bombard- 
ment of the crystal were recorded, the pulse gate re- 
mained closed for several microseconds after the end of 
the beam-on interval. In addition, background runs 
were made by removing the beryllium sample and the 
background counting rate, normalized to standard 
neutron flux, was subtracted from the observed normal- 
ized counting rate with the Be sample in place. 

A beryllium metal sample in the form of a cylinder 
is inch in length and 1} inches in diameter was used to 
study the shape of the cross section curve. Both the 
target thickness and the finite solid angle subtended by 
the sample contributed to the energy spread of the 
neutrons passing through the sample. Two lithium 
targets and a tritium gas target were used in the 
experiment and information on the neutron energy 
spread for these targets (including the finite solid angle 
contribution) is given in Table I. 

To obtain the absolute cross section it is necessary 
to know the neutron flux passing through the sample 
and the efficiency with which the subsequent particles 
are detected. Two methods were used to determine the 
flux and two types of 8 counters were employed. 

In one arrangement, a thin disk of beryllium foil was 
placed directly against the end of an anthracene scintil- 
lation counter to give 2m” counting geometry. The 
anthracene crystal was a cylinder 1} in. in diameter 
and # in. in length. A 3-mil aluminum foil covered the 
crystal to serve as light shield and light reflector. The 
beryllium disk (29.1 mg/cm? thick and 1} in. indiameter) 
was thin enough so that self-absorption was negligible 
(<1%). The pulse-height spectrum of the # particles 
is shown in Fig. 1. The shape of the 6 spectrum of He® 
has been studied by Wu ef al.’ They cbserved a linear 
Kurie plot with an end point of (3.50+0.05) Mev. 
Therefore, for comparison, the calculated shape of 
N(E) vs E for an allowed transition is also shown in 
Fig. 1.° As is to be expected, the observed spectrum is 
somewhat degraded. While a small part of this degrada- 


6 E. Fairstein, Revs. Sci. Instr. 27, 475 (1956) 

7Wu, Rustad, Perez-Mendez, and Lidofsky, Phys 
1140 (1952). 

* Dismuke, Rose, Perry, and Bell, Oak Ridge National Labora 
tory Report ORNL-1222 (unpublished) 
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Fic. 1. The pulse-height spectrum of 8 particles from decay of 
He® observed with a 2%-geometry anthracene scintillation counter 
The theoretical shape is also shown. The solid curve is the best 
estimate of the experimental shape. The dashed curves at low 
pulse heights are taken as upper and lower limits to the shape in 
this region 


tion results from energy losses suffered by the 8 particles 
in the Be foil and Al foil, most of it arises from #8 par 
ticles which are scattered out of the crystal before 
expending all of their energy. The background counting 
rate caused by activities generated in the target rises 
rapidly below 0.5 Mev. For this reason, the cross-section 
measurements were made with the bias set to accept 
all pulses larger than 0.60 Mev. Still, the shape of the 
spectrum below 0.60 Mev must be known to obtain the 
fraction of the pulses recorded. Because of the high 
background the data in this region are poor. The solid 
curve is our best estimate of the shape. The dashed 
curves are taken as upper and lower limits for the shape 
in this region. Integration of the areas gives the result 
that (83+3)% of the pulses are counted with a bias 
setting of 0.60 Mev. With this bias setting, the back- 
ground counting rate is approximately 5% of that with 
the Be foil. 

Fast neutrons which traverse the thin Be foil enter 
the thick anthracene crystal. This gives rise to a re- 
flected neutron flux of somewhat degraded energy 
which may contribute to the activation of the Be foil. 
This ‘‘albedo”’ effect is largest at the higher neutron 
energies where the cross section is decreasing with 
A rough estimate which 
considered only the reflection caused by single collisions 


increasing neutron energy. 


with the carbon atoms of the crystal gave a few percent 
To deter 
mine this albedo correction experimentally, a mechani 


contribution to the activation of the Be foil 


cal flip-flop device, driven by a solenoid and spring 
combination, was built. This device quickly moved the 
foil back and forth between an exposure position close 


to the target and a counting position several inches 
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The cross section for the Be*(n,a) reaction as a function 
of neutron energy. The points identified by numbers are absolute 
cross-section measurements which are summarized in Table II 
Information on the neutron energy spread for the points which 
determine the shape of the curve is given in Table I. 


Fic, 2. 


away. The movement of the foil was synchronized with 
the beam deflector and counting time control circuits 
with 7=1 sec. It was then possible to expose the foil 
in its usual location to the fast-neutron flux but without 
the anthracene crystal behind it. The foil was quickly 
moved and counted at the new location several inches 
away. When this counting rate was compared to that 
observed when a “dummy” anthracene crystal of the 
same size as the detector crystal was placed directly 
behind the foil during the exposure, it was found that 
the albedo correction was (54 1)% for incident neutrons 
of 3.11-Mev energy. An albedo correction which varied 
from 2% at E,=2.0 Mev to 9% at E,=4.4 Mev was 
applied to the shape of the cross-section curve. 

The cross section at 3.11-Mev neutron energy deter- 
mined by the use of the 2m anthracene counter was 
about a factor of two larger than that found in the early 
work of Allen ef al.’ Although, as previously mentioned, 
no estimate is given of the uncertainty of their determi- 
nation so that a factor of two might not be unreasonable, 
it was thought desirable to use a different type of 
8 detector to serve as a check on the anthracene counter 
results. A cylindrical gas proportional counter, similar 
to that used by Battat and Ribe, was built. The counter, 
with o.d. of 0.70 inch and active length of 3 inches, had 
thin glass walls of 20 mg/cm? thickness. It was filled 
to approximately one atmosphere pressure with a gas 
mixture of 90% argon-10% methane. A cylindrical Be 
metal sleeve of length 3 inch and thickness of 95 mg/cm? 
was fitted over the counter. According to the results of 
Battat and Ribe,’ the self-absorption of the 8 particles 


AND E. 


CAMPBELL 


for this thickness of Be sample should be small. The 
efficiency for detection of the 8 particle is judged to be 
known to an accuracy of +10%. The result with this 
counter confirmed our 2 anthracene counter result 
(see Table IT). 

The initial determinations of the neutron flux passing 
through the Be sample were made by the well-known 
procedure of measuring the neutron yield from the 
target with a neutron long counter which was calibrated 
with a standard Po-Be source. The accuracy of this 
method is thought to be +10%; the error being made 
up of the errors in the source strength of the Po-Be 
source and the uncertainty in the energy response of 
the long counter.’ 

In order to measure the neutron flux more accurately 
and to have an independent check on the long-counter 
results, the neutron flux was also measured by counting 
the number of fissions in U** foils. For this purpose 
we used the fission counter built and described by 
Lamphere.”’"! Although this fission counter was de- 
signed for comparison of fission cross sections rather 
than for absolute measurements, the constructional 


mass was small enough so that in-scattering of neutrons 
by components of the counter did not cause serious 
uncertainties. An estimate, involving crude assumptions 
about the angular distribution and energy distribution 
of neutrons scattered by the components of the counter, 
gave 3% contribution to the counting rate in the U* 
foils from the in-scattered flux. Since the primary flux 


TABLE II. Summary of information on the six determinations 
of the absolute cross section for the Be(n,a) reaction. The errors 
given are considered to be standard deviations. 


Cross 
section 
(milli 
barns) 


Neutron 
energy 
(Mev) 


Identi 
fication Neutron 
No. source 


Detection of 
8 rays 


Determination of 
neutron flux 

1 I (p.n) $41 2x geometry 96 +10 

anthracene 

« rystal; t4% 


Calibration of long 
counter with stand 
ard Po-Be source; 
£10% 

(pn) 4 fission counter; 2” geometry 105 +7 
+ 5% anthracene 
crystal; 44% 
Thin wall cylin 113415 
drical gas pro 

portional 
counter; 


Calibration of long 
counter with stand 
ard Po-Be source; 
+10% 


I (p.m) 


£10% 

I (pn) U6 fission counter; 2 geometry 

+5% anthracene 
crystal; +4% 


(ms fission counter; 2 geometry 
£7, anthracene 
crystal; +5% 


I (p.m) 


2” geometry 
anthracene 
crystal; 44% 


Calibration of long 
counter with stand 
ard Po-Be source; 
+10% 


Li(p.n) 


*See W. D. Allen, Atomic Energy Research Establishment 
Report AERE NP/R 1667 (unpublished). 
“R. W. Lamphere and R. E. Green, 
(1955). 
'! We wish to thank R. W. Lamphere for lending us his counter, 
foils, and associated circuitry and for instructing us in the use of 
the equipment, 
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was attenuated by about 1% before reaching the fission 
foils, a net correction of 2% was applied to the flux 
measurements. The principal error in measuring the 
flux by this method is that caused by the error in the 
cross section itself. We estimate that the neutron flux 
was determined to +5% for neutron energies 2.26 and 
3.11 Mev and to +7% for E,=4.41 Mev. 

Table II contains a summary of information on six 
determinations of the absolute cross section. The three 
values at E,=3.11 Mev, obtained by different methods 
of 8 counting and flux measurements, are in satisfactory 
agreement. The value at 2.41 Mev obtained by the 
use of the Li(p,n) source has been corrected for the 
presence of the second, lower energy group of neutrons 
from the Li(p,n) reaction on the assumption that the 
intensity of this group is 10% of the primary group. 

The absolute cross section values are plotted in 
Fig. 2 and are identified by the corresponding numbers 
listed in Table I]. The relative cross-section curve was 
normalized to give a good fit to the absolute cross 
section points. Figure 3 shows the data at lower neutron 
energies plotted on an expanded neutron energy scale. 
The expected threshold, based on the maximum energy 
of the 8 spectrum, is (0.705+0.050) Mev. The cross 
section near threshold is too small to allow an accurate 
threshold determination. The shape of the curve is 
consistent with a threshold at the expected value of 
0.70 Mev. A small residual counting rate, associated 
with neutron irradiation of the Be sample, persists 
below the threshold. The dashed curve shows the shape 
of the cross-section curve near threshold if it is assumed 
that the residual counting rate is constant with changing 
neutron energy and, therefore, may be subtracted out. 

The salient feature of the (n,a) cross section is its 
smooth variation with neutron energy. No obvious 
resonances are observed. On the other hand, the total 
neutron cross section of Be exhibits resonances at 0.81 
and 2.73 Mev.'? However, it is probably not surprising 
that the resonance at 0.81 Mev is not observed since 
it is quite narrow (8 kev) compared to our neutron 
energy spread. The resonance in the total cross section 
at 2.73 Mev is relatively strong and broad (~100 kev) 
but it is, nevertheless, not directly discernible in the 
(n,a) cross section. 

The Be®(n,2n) reaction has a threshold of 1.85 Mev 
and therefore above 1.85 Mev this mode of decay com- 
petes with the (n,v) process. However, there is no 


12 Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 
(1951). 
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lic. 3. The cross section for the Be®(n,a) reaction, Information 
on the neutron energy spread is given in Table |. The dashed curve 
shows the shape of the cross-section curve near threshold if it is 
assumed that the residual counting rate below threshold is con 
stant with changing neutron energy and, therefore, may be 
subtracted out 


published information on the (#,2m) cross section for 
neutron energies below 4.0 Mev. At 4.0 Mev the cross 
section be inferred from the of 
Beyster ef al." of the nonelastic neutron scattering cross 
section of Be. This cross section is the sum of the 
(n,2n), (njw), and (n,n’) cross sections. However, the 
(n,n’) cross section should be negligible for Be because 
breakup into Be*+-m is energetically possible for excited 
states of Be* and this should overwhelm decay to the 


can measurement 


ground state by emission of y rays. Beyster et al. found 
Tnonelastie WAS 620+ 30 mb. Since the (n,a) cross section 
of 4.0 Mev is 85 mb, one sees that the (m,2n) reaction is 
6 times more likely than the (n,a) reaction. The com 
petition offered by the (,2n) process probably accounts 
for the fall-off of the (,a) cross section at the higher 
neutron energies. 

We wish to thank Professor E. L. Hudspeth and his 
group at the University of Texas for the private com 
munication of the results of their work on the Be(s,a) 
reaction 


'’ Beyster, Henkel, Nobles, and Kister, Phys. Rev. 98, 1216 


(1955) 
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Sum Rules for Photodisintegration of H’ and He’ 


M. L. 


Ruste! 


Louisiana State University, Baton Rouge, Louisiana 
(Received March 8, 1957) 


We apply the sum rules of Levinger and Bethe to calculate the dipole bremsstrahlung weighted cross 
section (ap=fo"(a/W )dW) and the integrated cross section (oin.= fo”odW) for H® and He? using Irving’s 
wave function. On assuming charge symmetry and neglecting Coulomb repulsion, we find that o»(H*) 


= o»(He®) and ojn.(H*) = o\4( He’). 


N arecent paper Rustgi and Levinger' have extended 
the sum-rule calculations of Levinger and Bethe? 
to include two-body Heisenberg forces. We shall in 
this note apply these sum rules to calculate the 
dipole bremsstrahlung weighted cross section (a, 
So(a/W)dW) and the integrated cross section 
(dine=JS 0’ odW) for H* and He’ nuclei. We use a two- 
body spin dependent Yukawa potential: 


Kr,;)/Kri;) 
x! “ (y+2)+(y+2)P.;* | (1) 


V o(exp( 


and Irving’s wave function.’ Here r,; is the relative 
distance between two nucleons 1 and 7, and V» and K 
have the standard values for the two-body triplet 
potential’; 


Vo= 67.3 Mev and 1/K=1.17XK17~-" cm. (2) 


(y+2) is the fraction of Heisenberg plus Bartlett 
exchange with operator P%, The ratio (singlet depth 
triplet depth)=1—2(y+z) is called q by Irving and 
has the numerical value 0.69 chosen to fit the two-body 
system 

According to Irving,’ 


v= N exp| 
‘[ (ror) + (03-1) J, 
ri); R A(r, + Tot Ps), 


V = (a®2*/9'5!)!. (5) 


V2a(p’+ r’)3 |, (3) 


(4) 
v3 (1, 


Here r; is the position vector of the proton, and r, and 
r; are the position vectors for the neutrons in an H* 
nucleus. The variation parameter a has been adjusted 
by Irving to give the lowest energy, which is in good 
agreement with experiment. 

Levinger and Bethe evaluate the £1 bremsstrahlung 
weighted cross section a» as 


on (4x? 3) (e he )| (Tr) _ R)? loo, (6) 


on= (149° /9) (e?/hc) (1/a*) = 1.32 mb, (7) 


where we have used a=0.92X 10" cm from Table I in 

t Supported by the Research Corporation. 

'M. L. Rustgi and J. S. Levinger, Phys. Rev. 106, 530 (1957) ; 
M. L. Rustgi, Ph.D. thesis, Louisiana State University, January, 
1957 (unpublished) 

2 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 

4 J. Irving, Phil. Mag. 42, 338 (1951) 


Irving.* We obtain the same bremsstrahlung weighted 
cross section for He*, because 
(r,—R)= —{(re— R)+ (r,— R) }. (8) 

Equation (6) shows that o, for H* is proportional to the 
mean square radius. Irving’s wave function for Het 
gives too small values! for both o, and the mean square 
radius as compared to photonuclear and electron scat- 
tering experiments, respectively. Also, Irving’s wave 
function for H* gives too high an H*—He* Coulomb 
energy difference, showing that for H*® Irving’s mean 
square radius is too small, Experiments on the photo- 
effect and electron scattering from H* are not available 
for comparison with our numerical result in Eq. (7). 

According to Rustgi and Levinger,' the integrated 
Cross section gin, for H® is given by 


4r’e*h M (x+-}y) 
Tint - foaw- {1- 
3Mc 2h? 


x five XE VirisrizFPiyModr}, (9) 
a 


where we have used (Pi;®) spin average= 4. The }y term 
comes from the Heisenberg exchange; i denotes proton 
and j neutron, the double sum being taken over all 
pairs of neutrons and protons; x is the fraction of 
Majorana exchange force; V(r;;) is the neutron-proton 
potential and P;;“ is the Majorana exchange operator. 

Substituting V(r,;) from Eq. (1) and carrying out the 
integrations using the transformation p=R cos@ and 
r= R sin#, we obtain 


4r’e’h M (x+4y)2*(6)'Vo(14+q) 
1+ 
3Mc 2h’rKa 
'(i- u') edu | 
xf (10) 
o (14+Cu)? | 
where u=siné and C=(K/6!a). The value of the in- 
tegral in Eq. (10) is found to be 


f (1—u*)'u'du 1 _—— 


Tint= 


(1+Cu)? 720 (1—C?)5 


315C(14+-2C*) cos'C | 
_ . (11) 
ace d 
= 2.58% 10-2, 
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We therefore obtain 


4 we’h 
7int= [1+0.55(x+4y) ] 
3 Mc 


= 40[1+-0.55(«%+ $y) ] Mev-mb. 
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Because of the assumption of charge symmetry, oint 
is the same for H® and He’. 
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Neutron Spectrum from T +¢t 


S. J. BAme, Jr., AND WALLACE 


LELAND 


Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received March 6, 1957) 


The energy spectrum of neutrons from the T-+¢ reactions has been measured at 0° for a triton energy of 
1.48 Mev. The energies of the neutrons extend from 0 to 12 Mev. A peak at the high-energy end at 11.3 Mev 
is ascribed to the T(t,n)He® reaction. No other peaks are observed within the counting statistics of the 


experiment. 


INTRODUCTION 


ETERMINATION of the energy distribution of 

the neutrons from the triton bombardment of 

tritium provides a means of investigating the details of 

the reactions which take place. Most of the possible 

reactions are many-body disintegrations, each of which 

results in a complex spectrum of neutrons. The reactions 
which are energetically possible are listed below: 


T(tn)He®(n)He*, = Q0,=10.37 Mev, QO2=0.95 Mev, 


T (t,n)He* (n) He’, 


T (t,n,n) He’, Q= 11.32 Mev. 


T (ton?) Hes, 


Each of these reactions should produce a charac- 
teristic neutron energy spectrum. The unstable product 
nuclei He® and om? (dineutron) are of fundamental 
interest, and past evidence regarding their nature has 
not been completely consistent. It is generally accepted 
and borne out by numerous experiments that He® and 
its mirror nucleus Li’ are unstable and very short-lived 
(~10-! sec) but nevertheless act as though formed in 
definite states, the lowest-lying or ground state being a 
rather broad P, state. The next higher state or first 
excited state is thought to be a broad /y state, but as to 
its position and width conflicting evidence has appeared. 
In a previous determination of the neutron energy 
spectrum from the T+/ reaction in which one of the 
present authors participated,' a group of neutrons was 
observed which was attributed to the formation of He® 
ina state 2.6 Mev above the ground state. Titterton and 


t This work performed under the auspices of the U. S. Atomic 


Energy Commission. 
1W. T. Leland and H. M. Agnew, Phys. Rev. 82, 559 (1951). 


Brinkley’ likewise found a group of neutrons from the 
reaction Li®(y,n) which they attributed to an excited 
state in Li’, 2.5 Mev above the ground state, On the 
other hand, Allen ef al.,’ in their study of neutrons from 
the T+ / reactions at low energies, did not find a second 
group of neutrons. Likewise, other investigators in 
studying other reactions involving He® and Li® have not 
observed well-defined particle groups other than those 
attributed to the ground state and conclude that the 
excited state is either very improbable, very broad, or 
both.*-? Analyses of n-Het scattering and p-Het scatter- 
ing*® also are not in agreement as to the position and 
width of the expected 7, state. However, the more 
recent of the analyses,* which is based on more extensive 
data, finds that a best fit is obtained with a level splitting 
of 6 Mev and a reduced width of 29.3 Mev for the 
P, level. The Py, Py states presumably may form a 
doublet based on spin-orbit coupling. In view of the 
significance of the reaction, it seemed worthwhile to 
attempt to resolve some of the discrepancies in the 
experimental information by remeasuring the neutron 
spectrum from the T+/ reaction, utilizing improved 
apparatus now available. 
APPARATUS AND PROCEDURE 


A 1-inch-long gas target with a 0.0002-inch aluminum 
window was filled with tritium gas to 30-cm pressure. 


2. W. Titterton and T. A. Brinkley, Proc. Phys. Soc. (London) 
A64, 232 (1951) 

4 Allen, Almqvist, Dewan, Pepper, and Sanders, Phys. Rey. 82, 
262 (1951) 

4G. M. Frye, Jr., Phys. Rev. 93, 1086 (1954) 

5 Good, Kuntz, and Moak, Phys. Rev. 94, 87 (1954) 

* Almqvist, Allen, Dewan, and Pepper, Phys. Rev. 91, 1022 
(1950) 

7C, D. Moak, Phys. Rev. 92, 383 (1954) 

*D). C. Dodder and J. L. Gammel, Phys. Rev. 88, 520 (1952) 

9R.K. Adair, Phys. Rev. 86, 155 (1952). 
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‘This target was bombarded with a beam of tritons 
from a 2.5-Mev electrostatic accelerator. The average 
beam energy in the tritium gas was 1.48 Mev and the 
energy lost in the gas was 100 kev. 

The neutrons were detected at 0° to the bombarding 
beam proton-recoil-type neutron 
spectrometer.””"' The spectrum of forward-angle pro- 
tons from a hydrogenous radiator was measured, from 
the spectrum of the 
deduced, The counter system used for detecting the 
recoil protons from a 0.003-inch-thick polyethylene 
radiator consisted of two proportional counters filled 
with krypton, an aperture, and a CsI scintillation 
counter, The protons scattered in the forward direction 
from the radiator passed through the proportional 
counters and were stopped in the CsI crystal. A three- 
fold comcidence of the counters gated a multi-channel 
analyzer which recorded the pulse-height spectrum of 
the recoil protons in the scintillation counter. 

The pulse-height spectrum from the scintillation 
counter contained a distinct high-energy group which 
could be attributed to those neutrons from He® which 
leave He® in the ground state. The calculated energy of 
the recoil protons from this neutron group was con- 
verted to a proton energy deposited in the CsI, by 
subtracting the energy lost by the protons passing 
through the polyethylene and the counter gas. This 
energy established an energy scale for the pulse-height 
spectrum, assuming linear response with energy for the 
CsI counter, The energy scale for protons in the CsI 
was then converted into an energy scale for neutrons 
incident on the radiator by the reverse procedure. 

The experimental pulse-height spectrum was con- 
verted into a neutron spectrum, once the energy scale 
was established. Each point of the spectrum was 
multiplied by the counter system efficiency appropriate 
to that energy. This efficiency was calculated by a 
numerical integration over the radiator and the defining 
aperture involving the differential cross section for (n,p) 
scattering." 

The data were corrected for two backgrounds. The 
first was a spectrum of reaction products produced by 
the T'(¢,m) neutrons in parts of the counter system other 
than the radiator. This spectrum was obtained by 
recording data without the polyethylene radiator in 
place in the counter. The second background was 
caused by neutrons produced by the accelerated tritons, 
but not coming from the target gas. This background 
was obtained by recording data with the tritium gas 
removed from the target. The background obtained 
with no tritium in the target and no radiator in the 
counter system was negligible. 

The resolution of the counter system depended on 
the thickness of the radiator, the energy straggling of 
protons in the proportional counters, the scintillation- 
counter resolution, and the angular spread of the 


direction with a 


which incident neutrons was 


” CH. Johnson and C. C, Trail, Rev. Sci. Instr. 27, 468 (1956) 
" Bame, Haddad, Perry, and Smith (to be published). 


AND 


W. T. LELAND 

protons accepted by the system. At the high-energy end 
of the spectrum the width at half-height of a peak from 
a monoenergetic group of neutrons was about 11% and 
depended mainly upon the angular spread of the 
protons and the scintillation-counter resolution. At 
low energies the resolution depended mainly on the 
radiator thickness, being about 50% at 2 Mev. The 
poor resolution at low energy was unavoidable because 
the low cross section for the T+-/ reaction” required the 
use of a comparatively thick radiator. 


DISCUSSION OF RESULTS 


The measured neutron energy spectrum is given by 
the solid line in Fig. 1. The counting statistics are 
approximately 10%. At neutron energies below about 
4 Mev the energy scale may be inaccurate by as much 
as 20 to 30%, since a large percentage of the recoil- 
proton energy is lost in the radiator and counter gas 
at these energies. The prominent peak at 11.3 Mev is 
accounted for by the reaction T(/,n)He’+ 10.37 Mev, 
where He® is formed in its ground state. Most signifi- 
cant, perhaps, is the absence of the second group around 
8 Mev reported previously. No explanation for the 
erroneous result is available. Perhaps impurities were 
present in the target gas or the accelerated beam. The 
statistics also were marginal and it is not inconceivable 
that the difficulty lies here. The increased number of 
low-energy neutrons is presumably due, in part, to 
the in-flight breakup of He® into a neutron and He‘ with 
a Q of 0.95 Mev. 

The neutrons of intermediate energy probably arise 
either from the three-body disintegration or from a two- 
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Fic, 1. Energy spectrum of neutrons from T+-t. The probable 
errors of each point are of the order of 10%. The dashed curve is a 
calculated spectrum for the reaction T (¢,n)He®(n) Het. 


"Agnew, Leland, Argo, Crews, Hemmendinger, Scott, and 


Taschek, Phys. Rev. 84, 862 (1951). 





NEUTRON SPECTRUM 


stage reaction wherein He® is formed in a very broad 
excited state. To examine this point further, a calcula- 
tion was made as to the expected distribution of neu- 
trons from a two-stage reaction involving the He® 
ground state. If it is assumed that, at the low bombard- 
ing energy used here, only the S-wave portion of the 
incident triton beam is of consequence and that He? is 
formed in a P; state, conservation of angular momentum 
and parity requires a correlation between the direction 
of He® motion and the subsequent direction taken by 
the neutron it emits. The correlation function in the 
center-of-mass system is 
{(0)=143 cos’, 


1.35K 


P(E)= 


P(E) is the relative probability of He® being formed 
such that E is the energy associated with its breakup. 
Transformation from the center-of-mass system to the 
laboratory system was effected by using the formula 
n(E’ 6’)=n(E)(E’/E)}, 
where the primed variables refer to the laboratory 
system and the unprimed to the center-of-mass reference 
frame. E’ and E are related by the usual formulas 
involving the center-of-mass velocity. The absence of 
6 in the center-of-mass distribution function n(£) is a 
consequence of the assumed S-wave interaction. The 
detector response was simulated by a Gaussian error 
function with a half-width of 1.2 Mev. 

It is apparent from Fig. 1 that although some general 
agreement is obtained between the calculated and 
measured spectrum, there are significant differences in 
detail. Unfortunately, the structure expected in the 
neutron spectrum due to the assumed 1+ 3 cos’@ correla- 
tion function appears at low neutron energies where the 
reliability of the data is questionable enough so that it 
is useless to make a detailed comparison. The difference 
in the ratio of the number of medium-energy neutrons 
to the number in the high-energy group suggests that 
three-body reactions or two-stage reactions involving 


FROM T-+¢ 1259 
where @ is the angle between the He® direction of motion 
and the direction taken by the neutron it ejects. When 
this result was combined with a Breit-Wigner one-level 
formula to account for the state width, a neutron 

energy distribution was calculated for the center-of 

mass system. This was then transformed to the labora 

tory system and altered to conform with what would be 
The 
dotted curve in Fig. 1 gives the calculated distribution. 


observed using a detector of finite resolution. 


Parameters for the Breit-Wigner formula were taken 
from the analysis of n-He* scattering.® Specifically these 


parameters give 


(140.3384) 


{(6.90/ (1+0.3384) ]—4.23— hy2+-[1.35F3/(14-0.3384) Pr 


excited states of He® are involved, The measured energy 
spectrum of the alpha particles from the 'T+-/ reaction,” 
however, appears to give credence to the 1+ 3 cos’ 
correlation functions, Since this depends on the exist- 
ence of a specific Py state, the most reasonable conclu- 
sion at present is that a major portion of the T-+/ 
reaction involves the production of He® in its ground 
state, 

A dineutron with zero binding energy would give 
proton recoils in the spectrometer at about 5.5 Mev. 
Although a broad peak near this energy is not ruled out, 
it is estimated that a narrow group representing 5% 
of the total reactions would have been detected, 
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Angular Correlations in the F'’(p,ay)O'* Reaction* 


H. J. Martin,t W. A. Fowrer, C. C. Lauritsen, AND T. LAuRITSEN 
Kellogg Radiation Laboratory, California Institute of Technology, Pasadena, California 
(Received March 11, 1957) 


Angular correlation patterns in the F!(p,ay)O"* reaction, between alpha particles leading to the 6.13-Mev 
excited state of O' and the corresponding gamma rays, have been measured for proton bombarding energies 
of 873, 935, 1250, 1280, 1346, and 1372 kev. The patterns confirm earlier spin and parity assignments and 
permit quantitative determination of the relative importance of high orbital angular momenta in the 
formation and decay of Ne™ states. In two cases, the higher /-values participate much more strongly than 
might be expected from elementary barrier considerations. 


INTRODUCTION 


HE reaction F'(p,a)O"® has been the subject of 

a number of intensive investigations directed 
both toward a determination of the properties of the 
revelant excited levels of Ne” and O'*®, and toward a 
more general study of the course of complex nuclear 
reactions involving compound nucleus formation. 
The reaction shows numerous resonances, involving 
relatively well-defined states of Ne” which decay by 
alpha-particle emission to various states of O'*; of 
particular interest here are those Ne” states which 
yield alpha-particle groups, designated a, ay, ay, to 
the 6.14-Mev, J=3>, 6.91-Mev, J=2*, and 7.12-Mev, 
J=1~ levels of O'*. In all three cases, the alpha-particle 
emission is followed by a y transition directly to the 
ground state of O'*® A schematic excitation curve 
showing the principal (p,vy) resonances from /,=0.8 

1.4 Mev is shown in Fig. 1. 

A compound nuclear state characterized by a given 
total angular momentum and parity, J:m,, may be 
formed by various combinations of channel spin s and 
relative orbital angular momentum /. The decay to a 
final state, Jyr,, may again involve various combina- 
tions of channel spin and orbital angular momentum. 
Thus, for example in the present reaction, a 2~ Ne” 
state may be formed in channel spin s=1 by p- and 
{-wave protons, and may decay to the 3” state of O' 
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Fic. 1, Excitation curve (schematic) for F+ p reactions leading 
to the 6.1, 6.9, and 7.1-Mey states of O', 


* Supported in part by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission 

t Now at Physics Department, Indiana University, Blooming 
ton, Indiana. 


via d- and g-wave alpha particles. The extent to which 
such admixtures occur depends not only upon the 
relative barrier factors, but also upon detailed properties 
of the nuclear states involved,' and a quantitative 
determination of the relative contributions of various 
angular momentum combinations should therefore be of 
considerable significance for the theory. 

The most powerful method of obtaining information 
on the angular momentum changes in a nuclear reaction 
involves analysis of the angular distributions of 
emitted particles. In the present case, the pertinent 
quantities may include the distribution of each of the 
three alpha-particle groups with respect to the proton 
beam (p—a distributions), of the subsequent y rays 
with respect to the proton beam (p—vy distributions), 
and of the y rays with respect to the alpha-particle 
directions (a—y correlations). Three experiments 
which have appeared in the literature have particular 
bearing on the work reported in the present paper. 
The first of these was an exhaustive study of the 
(p—a) and (a—y) correlations at proton energies of 
340, 669, 873, and 935 kev, carried out by Seed and 
French®; this paper has been a most valuable guide in 
our work. In the second set of experiments, reported by 
Sanders,’ the (p—y) angular distributions, involving 
the 6.14-Mev y ray (y:) and the combined 6.9- and 
7.1-Mev vy rays (yo+7s) were determined at /,=873, 
935, and 1372 kev. Finally, Peterson ef al. have 
measured (p—ay) and (p—as) (a particles leading to 
the 6.9- and 7.1-Mev O"* states, respectively) distribu- 
tions at 873, 935, 1346, and 1372-kev bombarding 
energy. These experiments, together with elastic 
scattering studies’ have served to establish the spins 
and parities of nearly all the Ne” and O' levels in- 
volved, and in several cases have yielded quantitative 
information on the mixing of orbital angular momenta. 


'R. F. Christy, Phys. Rev. 89, 839 (1953). 

2 J. Seed and A. P. French, Phys. Rev. 88, 1007 (1952). Earlier 
studies of (a—~y) correlations at the 340-kev resonance were 
made by W. R. Arnold, Phys. Rev. 79, 170 (1950) ; 80, 34 (1950), 
and by Barnes, French, and Devons, Nature 166, 145 (1950). 

‘J. E. Sanders, Phil. Mag. 43, 630 (1952); 44, 1302 (1953). 

* Peterson, Fowler, and Lauritsen, Phys. Rev. 96, 1250 (1954) ; 
R. W. Peterson, Ph.D. thesis, California Institute of Technology, 
1954 (unpublished). 

®’ Webb, Hagedorn, Fowler, and Lauritsen, Phys. Rev. 99, 138 
(1955); E. Baranger, Phys. Rev. 99, 145 (1955). 
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Fic. 2. Schematic diagram of experimental arrangement. The 
alpha spectrometer was set at either 90° or 95° to the incident 
beam in the center-of-mass system for all of the correlation 
patterns. 


The present experiments serve to fill out and make 
more precise the information on several of these 
levels. 

EXPERIMENTAL PROCEDURE 


Protons accelerated in a 2-Mev electrostatic generator 
were passed through a 90-degree magnetic analyzer 
to give a beam homogeneous in energy to +0.1%, 
The cross-sectional area of this beam was about one 
square millimeter and currents between 0.1 and 2 ya 
were used during the course of the experiments. Thin 
evaporated targets of Cal’, on 0.005-in. copper backings, 
placed at an angle of 45° to the incident beam were 
used; target thicknesses were varied between 5 and 10 
kev to the incident protons, depending upon the 
resonance being studied. 

A schematic diagram of the target and detecting 
equipment is shown in Fig. 2. The target chamber was 
a 2.5-in. o.d. Lucite cyclinder of {-in. wall thickness. 
A conventional gamma-ray scintillation counter was 
mounted on a platform which rotated about the target 
chamber axis. This counter consisted of a 1.5-in. 
diameter, 1.5-in. long cylindrical Nal crystal, followed 
by a DuMont 6292 photomultiplier tube. The face of 
the crystal was located 2.25-in. from the target chamber 
axis. Alpha particles emerging from the target were 
analyzed by a 30-degree strong-focusing magnetic 
spectrometer® of 31.5-in. radius. This spectrometer was 
used with an energy resolution of 3.8% and a solid 
angle of about one-thousandth of a sphere. Detection 
of the alpha particles was accomplished with a CsI 
crystal followed by a DuMont 6291 photomultiplier 
tube. 

In the present experiments the alpha particles were 
detected at a fixed angle, corresponding closely to 90° 
in the center-of-mass system, to the incident beam. 
The associated gamma rays were then measured at 
different positions of the gamma detector, in the plane 
of the alpha spectrometer and the incident proton beam. 
The angular position of the alpha detector as well 
as that of the gamma detector was measured relative 


*H. J. Martin and A. A. Kraus, Rev. Sci. Instr. 28, 175 (1957) 
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to the incoming beam, the gamma-detector angle 
being determined to +} degree and the alpha-detector 
angle to better than 4 degree. The variation in sensitiv 
ity of the gamma detector as a function of angle was 
determined by examining the gamma rays from the 
935-kev resonance in the F!*(pyay)O'® reaction. The 
angular distribution of these gamma rays is known’ 
to be isotropic to +037. This distribution was 
measured several times during the present experiments 
and the maximum observed deviation from isotropy 
was 2.5%; the indicated corrections, attributable 
mainly to variations in absorption in the target 
backing, were made to the experimental data. 

A conventional coincidence mixer having a resolving 
time of 0.35 usec was used to detect a—y coincidences; 
allowance was made for the time of flight of the alpha 
particles through the spectrometer (approximately 
0.1 usec). The gain of the gamma channel was monitored 
by two integral discriminators, one discriminator 
accepting only the high-energy peaks of the gamma 
spectrum while the other discriminator accepted most 
of the spectrum. The ratio of counts from the two 
discriminators provided a continuous check on the 
gamma channel gain. 

The angular correlation patterns obtained at several 
different bombarding energies are shown in Figs. 3-8; 


a minimum of 1000 total coincidence counts were 


“obtained at each angle and the true coincidence counts 


were then normalized to the number of alpha-particle 
counts at the angle. A 2.1-usec delay line was placed in 
the alpha channel when only accidental coincidences 
were to be counted, Fifteen to thirty percent of all of 
the runs were accidental coincidence measurements, 
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Fic. 3. (a)~7;) correlation pattern at a proton bombarding 
energy of 873 kev; the alpha detector was at 0, =95”" in the center 
of-mass system. The theoretical curve for the parameters given 
in the text is shown 


7R. B. Day, Ph.D. thesis, California Institute of Technology, 
1951 (unpublished); Phys. Rev. 80, 131(A) (1950), 
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Fic. 4. Calculated angular distributions for a, particles and for 
the corresponding gamma rays at the 873-kev resonance, plotted 
as functions of B,; the square of B, measures the relative contribu 
tion of l’=4 and /’=2 alpha particles in the disintegration 
leaving O inthe J=3° state. The rectangles indicate the probable 
ranges of B, as determined from (p—+,) and (p—a,) distributions, 
while the results of the present experiment are indicated by the 
two bars in the base line 


EXPERIMENTAL RESULTS AND DISCUSSION 
The (a~y) angular correlation function may be 


written’: 


WOo)~ >> |S fi(L) (s,m, ; bmi | J ym) 
l 


a Me mi 


«Vi (04,0) > (20 +1) f 1) Simi U0; Some) 
Vv 


* Xo (0,p)/*. (1) 
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Fic. 5. (a;~y,) correlation pattern at a proton bombarding 
energy of 935 key; the alpha detector was at 64 = 90° in the center 
of-mass system. The theoretical curve includes an interference 
term resulting from the 873-kev resonance. The amplitude con 


tributed by this resonance is taken to be —0.059 relative to the 
amplitude of the 935-kev resonance 


LAURITSEN, 


AND LAURITSEN 

This formula describes the combination of a proton 
and F'* nucleus, in channel spin s (0 or 1), with projec- 
tion m,, and with relative orbital angular momentum /, 
into a compound Ne” state with spin J;, which subse- 
quently decays to an O"* excited state of spin J, by 
emission of alpha particles of orbital angular momentum 
l'. The angle between the direction of emission of the 
alpha particle and the proton beam is 6, ; the gamma-ray 
direction is defined by the spherical coordinates (4,) 
where the z axis lies along the alpha-particle direction 
and the (p,a) plane is the ¢=0 plane. Xs.”*(6,6) is 
the radiation function. In the present experiments, 
6,= 1/2, ¢=0, and 6 was varied; in those of Seed and 
French, ¢=7/2. 

The complex terms f;(/) and f,(/’) contain the purely 
nuclear factors determining the course of the reaction. 





™ 
{ (a) E,#1280 Kev 


RN 


~ 
iS 


w& 


I | 


ny 
ve 





120° 150° 


& 


r 
4 
« 
= 
@- 
a 
< 
z 
” 
ud 
° 
z 
ro 
; 
° 
Me 
° 
« 
w 
; 








4 


90° 





120° 150° 


Fic. 6. (a;—y;) correlation patterns at 1250 and 1280 kev; 
the alpha detector was at 04=95° in the center-of-mass system. 
The solid curve at the 1280-kev resonance is calculated for a 
J =3* assignment 


In general, a given Ne*® state may be formed with 
protons of relative angular momentum / and /+2, 
and the decay may proceed via alpha particles of 
angular momentum /’, /’+2, l'+4, ---. The relative 
contribution of the possible /-values may be presented 
by 

Be*®= f,(l'+2)/f(U), 


fe 


= f (l+2)/f.(D, 


where a, 8 are the phase differences between the 
interfering channels, and A and B the relative ampli- 
tudes (contributions from /’+4 and higher are here 
ignored). The phase differences can be calculated, 
except for an additive term which is an integral multiple 
of mw, from knowledge of the barrier factors.? For 





F'®(p,ay)O'8 


well below the barrier, a may be 


n ” 
( )-+tan ( )-s 
1+2 +1 


where n= 7Z,Z2e?/hv. An analogous expression may be 
written for 8. For a given Ne” state, there will be a 
unique A and a, but three values of B and 8 will occur, 
corresponding to the three alpha-particle groups; 
these will be distinguished by subscripts, as B,, Bo, 
By, etc. 

Formulas generally similar to (1) may be written 
for (p—y) and (p—a) correlations as well.’ Thus, if 
the spins and parities of intermediate and final states 
are known, combination of information from the three 
types of experiment determines A and the sign of 
cosa for each Ne” state, and B and the sign of cosg 
for each alpha-particle group from that state. In the 
following paragraphs, the various Ne’ states will be 
discussed in turn, and an attempt will be made to 
determine these parameters for each state, insofar as 
presently available experimental results permit. 

E.,=873 kev.—The Ne” level formed at a bombard- 
ing energy of 873 kev is well-established? as J=2-; 
it can be formed with channel spin s=1 and orbital 
angular momentum /=1 or 3. It cannot be formed with 
s=(Q. Alpha-particle emission to the 7.1 Mev, J/=1 
level of O'® (ay) can occur only through l’/=2 so that 
B,=0 and the (p—a,) angular distribution gives a 
direct measure of A and cosa. For these parameters, 
the work of Peterson e/ al. yields A=0.06 and cosa 
= + 0.438, consistent with 4=0.1+0.1 given by Seed 
and French.’ 

The emission of alpha particles (a;) to the 6.1-Mev, 
J=3> state of O'8 may occur through /’=2 or 4; the 
(a;—7y1) correlation will then involve A, B,, 
and cos@;. On Fig. 3 are shown the experimental points 
obtained for this correlation, together with the distribu- 
tion calculated from Eq. (1), using A=0.06, cosa 
=+().438 and either B,;=0.85+0.10, cosB,;=+0.242 
or B,=0.2+0.1, 0.242. The curve shown 
includes corrections for the finite solid angle of the 
detectors ; the probable errors indicated for B, have been 
determined by trial fitting of at least three neighboring 
curves. The yi) pattern of Seed and French’? 
(at @=mn/2) is reported by them to yield B,=0.54, 
cosf;= —0.242. It appears, however, that some con- 


proton energies 
written 


a=tan 


cosa, 


( osp 


(ay 


siderable latitude may be allowed in this value of By, 
and furthermore that the first of parameters 
indicated above, with cos8;= +0.242, also produces an 
acceptable fit to the data. The (p—a,) distribution of 
Peterson ef al.4 W(6)=1—0.49 cos’@ also admits two 
values of B,; : By) =0.34+0.1 for cos6;=—0.242, and 
B,=1.00+015 for cos6@=+0.242, where the errors 
indicated correspond to +10°7 latitude in the coeffi- 
cient of cos’é. The (p 
hand, are independent of coss,; and determine B, 


set 


v1) distributions, on the other 
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by Sanders,’ 
0.62+0.08. 


uniquely. The distribution reported 
W (0) = 1+4-(0.01+0.04) cos’@ gives B, 


The values and ranges of B, derived from these three 
experimental results are exhibited in Fig. 4, where, for 
aj) and (p—y) distributions, the calculated 


the (p 
values of a=[{W(0)—W (9/2) |/W(a/2) are shown as 
a function of B,. The blocks on the diagram show the 
reported values and ranges of the quantity a (vertical 
scale) and the resulting values and estimated probable 
errors in B, (horizontal scale). The values of 4, deter- 
mined in the present experiment are indicated on the 
base line. It is evident that the results from (p 
and v1) distributions agree reasonably well, but 
the fit of the (p—y,) datum leaves something to be 
desired. ‘Taking the probable error estimates at face 
value, a value of 4, near 0.8 is indicated, with the 
lower alternative, near 0.2, much less likely. Alpha 
particles (a2) to the J=2* state of O'® occur through 
l'=1 or 3. Peterson ef al. give By=0.32, cosp» 0.250, 

E,=935 kev. 1 and even parity 
and is formed mainly by s-wave protons.’ 4 
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Tasie I. Angular momentum admixtures for three states of Ne™. 


A COfa B, coe B, 
(lp = 3/bp =1) (i 4/2) 


0.06 +0438 O085* 40.242 
0.04 +-0).595 
0.05 40.005 


cosh 
(l! =3/l =1) 


0.32 0.250 
0.43 0.156 


0.92 0.319 0.58 0.15 


*The values B; =0.2, cosfi = —0,242 are also possible, though less 


probable. 


of the small value of cosa=0.033, the patterns are 
relatively insentitive to d-wave admixture, and because 
no l’-mixtures are possible in the alpha decays, all 
three B’s are zero. The (a;—7,) pattern, shown in 
lig. 5 serves mainly as a check on the angular resolution 
of the apparatus. The solid curve in the figure is 
calculated from Eq. (1) with A= B=0, again modified 
by the detector geometry. The slight asymmetry about 
6=180° appears to be real, and is ascribed to inter- 
ference with the 2~ state at ,=873 kev. The amount 
of interference required is consistent with the known 
width of the 2> state. 

I, = 1280 kev.— Angular distribution studies at this 
resonance are complicated by the overlap of neighboring 
resonances, principally one® at 1190 kev with [110 
kev. The (a;~—7:) correlations observed at /,= 1280 
kev and at 1250 kev, well below the resonance (I'= 19 
kev), are shown in Fig. 6. Because of the evident 
complexity of the background, no detailed analysis 
can be made, but the calculated distribution for J = 3*, 
an assignment suggested by earlier (p—a) and (p—y) 
distributions*’* appears to give an acceptable fit at 
resonance [solid curve in Fig. 6(a) ]. Assignments of 1* 
or 2~ would lead to a maximum at 6= 180° and can be 
excluded. 

E,,= 1346 kev.—The (ai—7¥;) correlation pattern is 
shown in Fig. 7. The evident asymmetry about = 180° 
indicates strong interference from a neighboring state 
of opposite parity, presumably that at ,= 1280 kev. 
Alpha-particle distributions (p—ay), (pay) and 
elastic scattering studies® are consistent with J=2>. 
Peterson el al.4 find A=0.14, cosa= +0.595, B.=0.43, 
COSB» 0.156, 

I, = 1372 kev.—-Flastic scattering of protons at this 
resonance® indicates J =1~> or 2~. The angular distribu- 
tion (p—yetys) reported by Sanders’ is consistent with 
J=2> and excludes J=1~. The (a;—y;) correlation is 
shown in Fig. 8, where the solid curve represents the 
theoretical fit using the parameters J=27, A=0.05, 
cosa = 4+-0,605, By, =0.92+-0.07, cos6;= —0.319. A value 
of B, nearly 4.5 times larger must be used to obtain an 
acceptable fit with cos#;=+0.319. The (p—y1) 
distribution’ is relatively insensitive to the choice of A 
and leads to B,;=0.95+0.08, in excellent agreement 
with the present value, Some difficulty exists, however, 
in the'(p—ay) distribution, which depends only upon 


*S. E. Hunt and K. Firth, Phys. Rev. 99, 786 (1955). 
°C. Y. Chao, Phys. Rev. 80, 1035 (1950), 
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Tase IT. Reduced-width ratios. 


ous vpt(3)/yp2(1) var(3)/vait(1) 


873 12 10.9+2.5* 1.3 
1346 2.8 1.5 
1372 0.36 8.5+1.3 2.6 


vai? (4)/yen?(2) 


* The probable errors indicated result from the uncertainty in Bi; 
reduction of the assumed interaction radius by 10% would increase these 
ratios by about 40%. 


A and cosa. The predicted distribution with A=0.05, 
cosa = +0.605 is 


W (0) = 1+0.54 cos’6+-0.46 cos‘, 


whereas Peterson ef al.4 found the distribution to be 
approximately isotropic. Further measurements made 
to check this point revealed an anisotropy of 1(160°)/ 
1(90°) = 1.33, but there remains some discrepancy with 
the predicted value. A satisfactory fit to Peterson’s 
(p—a»y) distribution can be obtained with B,=0.58, 
cosh,= —0.15. It may be noted that interference effects 
appear to play a strong role in both the a- and y-ray 
distributions’ at this resonance, and more complete 
experimental information is needed before definite 
conclusions can be drawn. 

The present results, together with those from other 
cited works, are summarized in Table I. To the extent 
to which these resonances may be regarded as isolated, 
one may relate the observed widths I',(/) and reduced 
(or intrinsic) widths y,*(J), both in energy units, 
through the formula 


P,(l) =2kRP vy 2()), 


where P;=[F2(RR)+G2(RR) |" is the penetration 
factor. Then A is related to the ratio of reduced-widths 
for / and /+-2 entering protons by 


Ye (l+2) /Pire 
A?= ( _ ). (2) 
ye) \ Pr 


A similar expression may be written for B and the 
corresponding alpha-particle reduced-widths. The re- 
duced-width ratios so calculated, using a_ radius 
R=1.40(A,!+A,')K10-" cm, are exhibited in Table 
II. It is of interest to observe that for protons and for 
ay, the ratios are near unity, as might be expected for 
levels of relatively great complexity, but for a; it would 
appear that the higher angular momentum considerably 
outweighs the lower in importance. In fact, for the two 
cases studied here, the absolute values of the reduced- 
widths for g-wave alpha emission amount to about 
ten percent of the single-particle limit, 3h?/2ma’. 
While the evidence here presented can in neither 
instance be said to be conclusive, the implications for 
nuclear theory are sufficiently striking to warrant 
further exploitation of the technique, with a view to 





F'*(p,ay)O'® 


application in other light nuclei. It may be remarked 
that two other examples of large alpha-particle reduced- 
widths are known® in the same region of Ne’, at 
E,= 340 (J=1*) and 598 kev (J=27-). In both cases, 
it is again the a group, leading to the 3~ state of O'* 
which shows the effect. 
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New Empirical Equation for Atomic Masses* 


Harris B. Levy 
University of California Radiation Laboratory, Livermore, California 
(Received March 4, 1957) 


A new empirical equation for atomic masses has been developed, This equation has been successfully 
applied to atomic masses of nuclides heavier than nickel. The form used is that of an expression for the mass 
defect, AM = M-—A, as a function of Z and A: 


AM(A,Z) =ag+ayA +022 +034 Z +042" + a5A2+5 


Because of the effects of nuclear shell structure a different set of coefficients is necessary for the different 
nuclear shell regions. + 

Atomic masses calculated from this equation agree with experimental mass values to within +0.5 milli 
mass units in 75% of the 340 nuclides studied and agree to within +1.5 millimass units in 95% of the 
nuclides. Beta-decay energies were calculated with the new equation and checked against a total of 179 
experimental values. Agreement of calculated values with experiment was better than +0.5 Mev in 95% 


of the cases and within +0.25 Mev in 84%. 


I. INTRODUCTION 


GOOD equation for atomic masses can be a 

highly useful tool in many problems of nuclear 
physics where an accurate estimate of such quantities 
as nuclear binding energies, alpha- and beta-decay 
energies, 0 values of nuclear reactions, etc. are desired. 
These quantities all involve differences between atomic 
masses. A mass equation that accurately reproduces 
known atomic masses is perhaps the most convenient 
means of estimating atomic masses of nuclides that have 
so far defied measurement. ‘To facilitate calculations it 
is desirable that such an equation should be as simple 
as possible in form. 

The mass equation that is probably most widely used 
at present is the Fermi-Weizsiicker semiempirical mass 
equation,' hereafter referred to as the FW mass equa- 
tion. The form of this equation was dictated by theo- 
retical considerations, with the numerical values of the 
coefficients being obtained by fitting the equation to 
known masses. The FW mass equation contains terms 
with fractional powers, and calculations with it are not 
simple. Metropolis and Reitwiesner have compiled a 
table of atomic masses using the FW mass equation,’ 
thereby making calculations much easier. However, in 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission 

1C, F. von Weizsicker, Z. Physik 96, 431 (1905), and E. Fermi, 
Nuclear Physics, notes by Orear, Rosenfeld, and Schluter (Univer- 
sity of Chicago Press, Chicago, [linois, 1950). 

2.N. Metropolis and G. Reitwiesner, U.S. Atomic Energy Com 
mission Report NP-1980, 1950 (unpublished). 


many regions of the periodic table the FW equation 
deviates very markedly from experimentally measured 
atomic masses and becomes unsatisfactory for many 
calculations unless empirical corrections, which are 
sometimes elaborate, are made. 

Recently, Green has proposed an empirical function to 
describe the over-all behavior of the mass surface.’ 
Green’s equation is simpler and agrees with known 
masses somewhat better than the FW mass equation, 
but the disagreement with experimental masses is still 
fairly large in some places, especially near “magic 
number” nuclei, 

Much of the discrepancy between experimental 
masses and the Green and FW equations arises because 
of the latter having ignored the effects of nuclear shell 
structure on the mass surface. Green obtains improved 
agreement when he adds to his simplified equation a set 
of empirical functions*® to correct for shell-structure 
effects. However, Green’s equation thereby loses much 
of its ease of handling for calculations, while some 
annoying disagreements remain. 

In this paper will be presented a new empirical 
equation developed through a new approach, The 
problem of nuclear shel] structure was met by treating 
each shell region individually. (Justification for this is 
taken up in the next section.) The result is a simple 


+A. KE. S. Green and N. A. Engler, Phys. Rev. 91, 40 (1953) 

'A_E.S. Green, Nuclear Physics (McGraw-Hill Book Company, 
, New York, 1955), pp. 244-270 

6A. FE. S. Green and D. F. Edwards, Phys. Rev. 91, 46 (1953) 
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equation with different sets of coefficients for the 
different nuclear shell regions. The resultant extreme 
simplicity of form and over-all good agreement with 
experimental mass data more than compensate for the 
necessity of using more than one set of coefficients. 


Il, FORM OF THE EQUATION 


Let the following quantities associated with a nuclide 
be defined : 
Z= number protons, 


N=number of neutrons, 
N+Z, 


/ = neutron excess= N —Z. 


A =mass number 


Any two of these four quantities are suffic’ent to charac- 


terize a nuclide uniquely. 

Several investigators® have attempted to find a 
systematic behavior of atomic masses or mass dif- 
ferences as exemplified in various binding energies and 
decay energies. ‘These quantities are plotted as functions 
af Z, N, 
behavior is systematic. The behavior of many of these 
quantities can be closely approximated by remarkably 
simple relationships. ‘These relationships must then be 


satisfied by the empirical equation to be used to fit the 


A, or | to determine whether or not the 


atomic masses. 

Below are the relationships adopted for the purpose 
of developing the form of an empirical mass equation. 
The relationship assumed was algebraically the simplest 
one consistent with the behavior of the experimental 
data. 


(a) Parabolic relationships: 
(1) Atomic mass plotted against Z for constant 
A (the Bohr-Wheeler —pa- 
rabolas). 
(2) ‘The mass defect, M 
for constant Z. 
(b) Straight-line relationships: 
(1) Z4 (most stable Z for a given A) plotted 
against A, 
(2) Beta-decay energy plotted against A for 
constant J, 
(3) Beta-decay energy plotted against \ for 
constant Z. 
(4) Alpha-decay energy plotted against 
constant Z. 
(5) Neutron binding energy plotted against A 
for constant Z, 
(6) Proton binding energy plotted against A 
for constant Z, 


well-known 


A, plotted against A 


A for 


®N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939) 

? Collins, Johnson, and Nier, Phys. Rev. 94, 398 (1954) 

°C. D. Coryell, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, p. 305 

*H. FE. Suess and J. H. D. Jensen, Arkiv Fysik 3, 577 (1951) 

" K. Way and M. Wood, Phys. Rev. 94, 119 (1954) 

" Perlman, Ghiorso, and Seaborg, Phys. Rev. 77, 26 (1950) 

® Glass, Thompson, and Seaborg, J. Inorg. Nuclear Chem. 1, 1 
(1955) 
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Upon consideration of these various relationships, it 
is possible to write a relatively simple equation for 
atomic masses which satisfies all of the above relation- 
ships. The equation takes the form: 


M(U,V)=Cot+C U+CV4+C,UV+C,U°+CsV?, (1) 


where U’ and V are any two of the four quantities Z, V, 
A, and J. The values of the coefficients will differ, 
however, with different pairs of independent variables. 
It also becomes necessary to add a small term 6, which 
depends upon the odd-even character of the nuclide in 
question. 

When one examines the systematic 
nuclear binding energies or decay energies, one notes 
decided discontinuities at “‘magic’” proton and neutron 
numbers. Further, in studying the straight-line relation- 
ships mentioned above, it is noted that the slopes remain 
roughly constant within a nuclear shell region, but 
change when one goes from one shell region to another 
(or sometimes from one subshel! region to another). 
This indicates that a different set of coefficients is 
necessary for each nuclear shell region. In obtaining 
coefficients for the new empirical mass equation, there- 
fore, each nuclear shell region (or subshell region when 
necessary) was treated separately. 


behavior of 


III. ATOMIC MASSES IN TERMS OF Z AND A 


A nuclide is most frequently characterized by its 
atomic number, Z, and its mass number, A. It would 
seem preferable, therefore, to write the empirical mass 
equation in terms of Z and A. Furthermore, in order to 
keep the numbers small and easier to work with, one 
can write the equation for the mass defect, i.e., for the 
quantity AM=M—A, of for the atomic 
mass, M. 

The equation then can be written: 


agtaydA +a0Z+a3AZ+ayZ*+a5A*+6. (2) 


instead 


AM (A,Z) 


The value of the term 6 depends on whether the 
nuclide in question is odd-odd, odd-even, even-odd, or 
even-even. It remains practically constant for a given 
type of nuclide throughout a given shell region. If the 
mass equation is written in such a manner that the 6 
term is separated from the other constant term [ap in 
Eq. (2) |, then the same set of values for the 6 term can 
be used even though the other terms may be rearranged 
so that the equation appears in a different form. 

One of the conditions that was set on Eq. (2) was 
that it be able to reproduce Bohr-Wheeler parabolas on 
the mass surface. It should therefore be possible to 
rewrite Eq. (2) as follows: 


AM (A,Z)=A4M(A,Z4)+K(Z4—Z)*+6, = (3a) 


where Z, is the most stable Z for a given A. Z4 and 
AM(A,Z,4) are functions of A alone. The only Z? term 
n Eq. (3a) has the coefficient A. The only Z? term in 
‘Eq. (2) has the coefficient ay. Therefore, K must equal 
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ay. One can then write 


AM (A,Z)=A4M(A,Z4)+a4(Z4—Z)*+6. — (3b) 


An expression for Z,4 as a function of A can be obtained 
by taking the partial derivative of Eq. (2) with respect 
to Z, then setting this partial derivative equal to zero 
and solving for Z. The resultant expression is: 


Za gA+ qo, (4) 
where 
qo= — Ge 2a. 


qi=—a3/2a, and 


One can now obtain an expression for MM(A,Z4) as 
a function of A. When Eq. (3b) is compared to Eq. (2) 
and coefficients of similar terms are equated, there 
results: 


AM (A,Z4)=aotay;A+a2,A?, (3) 
where 


y= Ag Ae 4a, 


dy = A, Ag 2a, 


a3” day. 


o> M5 


The 6 term in Eq. (3b) is identical to the 6 term in 
Eq. (2). There are certain advantages in using Eq. (3b) 
in preference to Eq. (2). Equation (3b) entails some- 
what fewer subtractions of large numbers to obtain 
small numbers. Equation (3b) also emphasizes the 
Bohr-Wheeler parabolas and is thus probably the 


handier expression for those interested in beta-decay 


energies. 
IV. ANALYSIS OF THE EXPERIMENTAL DATA 


In obtaining coefficients for the new mass equation by 
fitting to the experimental data, it was desired to take 
advantage of the fact that absolute errors of measured 
beta-decay energies are generally much less than those 
of measured atomic masses. By direct examination of 
measured beta-decay data rather than measured atomic 
masses, one would hope to obtain better values for those 
coefficients of the mass equation that are involved in 
the expression for beta-decay energies. The method 
chosen was one that allowed an easy check at all 
stages on how well the equation was fitting the experi 
mental data. 

Values of measured atomic masses were obtained from 
several sources’:~'’ and converted into the correspond- 
ing mass defect, AM. Where more than one atomic mass 

value was found for a given nuclide, a weighted average 
was used. Occasionally a value was discarded when it 
appeared questionable or was superseded by a later 
measurement, but these instances were few. 

Measured beta-decay energies were obtained from 


“ Bonnie E. Cushman, University of California Radiation 
Laboratory Report UCRKL-246%, January, 1954, (unpublished) 

“ B. G. Hogg and H. E. Duckworth, Can. J. Phys. 35, 65 (1954). 

'6R.E. Halsted, Phys. Rev. 88, 666 (1952) 

6 Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 

17 Duckworth, Hogg, and Pennington, Revs. Modern Phys. 26, 
463 (1954). 
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the Table of Isotopes'® and a recent compilation by 
King.’ Only those nuclides whose beta-decay energies 
were reasonably certain were considered, 

Beta decays involving closed-shell nuclides showed 
marked deviations from the regular behavior of the 
other nuclides and were therefore omitted from con- 
sideration in this treatment. Further comment on these 
deviations is made in Sec. VII. 

When Eqs. (3b) and (4) are used to calculate beta 
decay energies, the term AM (A,Z4) drops out. Then by 
analysis of measured beta-decay energies the values for 
a4, gi, and go can be obtained (and also the differences 
between the two 6’s for even-A nuclei and between the 
two 6’s for odd-A nuclei). This was done by a series of 
successive approximations and least-squares fitting, 

Using the values of a4, qi, and go thus obtained, the 
AM values obtained from experimental mass data were 
further transformed to the corresponding values of 
AM (A,Z,4) for the various mass numbers. Equation (5) 
was then fitted to these points by the least-squares 
method to obtain values for do, a), and dy, 

The values of the 6’s were determined by matching 
AM’s calculated from the other terms with the measured 
AM’s. Since the mass surface for even-even nuclides is 
always lower than those for other types, 6 for even-even 
nuclides was arbitrarily set equal to zero and the other 
6’s adjusted accordingly. 

From the coefficients of Eqs. (3), (4), and (5) one can 
readily calculate the coefficients for Eq. (2) by means of 
the relationships given above. 

However, in calculating back and forth between the 
coefficients of Eq. (2) and those of Eqs. (4) and (5), 
small discrepancies in the AM values arise because of 
the rounding off of numbers. Therefore, the values for 
the ao’s and for the do’s were so adjusted that the same 
set of values can be used for 6 with either expression for 
AM. 

The results to be given cover analysis of experimental! 
data ranging from copper (Z= 29) to curium (Z= 96). 
It was felt that data for nuclides beyond curium were 
not as yet sufficiently reliable to warrant their inclusion 
in this study. The difficulties encountered in treating 
mass data below copper are discussed in Sec. VI. 


V. RESULTS 


The values for the coefficients of Eqs. (2), (3), (4), 
and (5) obtained for the various nuclear shell and sub 
shell regions studied are given in Tables I, I], and III 
The units of all the values in these three tables are 
such that AM(A,Z) and AM(A,Z,) are expressed in 
atomic millimass units. 

To see how effective the new mass equation is in 
describing the mass surface, the experimental values of 
the mass defect, M— A, for the 340 nuclides included in 


Perlman Revs. Modern Phys. 25 


'® Hollander 
469-651 (1953 
" R.W. King, Revs. Modern Phys. 26, 327 (1954) 


and Seaborg 
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TasLy I. Values of the a coefficients for Eq. (2) (AM in mMU). 


as a om aa a4 a 


1.4544 
0.9473 
0.8150 
0.7432 
0.6417 
0.6492 
0.6464 
0.6133 
0.5706 


0.11565 
0.10340 
0.10050 
0.09758 
0.06583 
0.05370 
0.08739 
0.05171 
0.08613 


21.956 
10.094 
17.406 

9.712 
13.465 
14.140 
10,680 
10.446 
12.238 


0.9707 
0.7023 
0.5349 
0.5570 
04287 
0.4461 
04644 
04363 
0.3971 


155.91 
150.06 
4-96.27 
135.41 
133.60 
672.42 
83.72 
1746.56 
571.90 


14.202 
7.359 
3,740 
5.342 
6.499 
13.059 
$844 
18.067 
1.407 


this study were compared with the corresponding mass 
defect values calculated from Eq. (2). The differences 
between the calculated and measured values were 
expressed in terms of the quantity 


p= AM (meas.)— AM (calc.). 


Of the AM’s calculated for the 340 nuclides, 256, or 
75%, are within +0.5 millimass unit of the experimental 
values; 295 are within +1.0 mMU; and 323, or 95%, are 
within +1.5 mMU, 

Figure 1 is a plot of the values of p against mass 
number, A, for the new empirical mass equation. For 
comparison, Fig. 2 gives the corresponding p values for 
the FW semiempirical mass equation (note the different 
scales of the two ordinate axes). The two lines at 4-1.5 
and —1.5 mMU in Figs. 1 and 2 represent the range 
within which fall 95% of the p’s for the new empirical 
mass equation, 

The 340 nuclides considered include several nuclides 
with closed neutron or proton shells. It was found in 
using Eq. (2) that the effect of closing a nucleon shell 
on the atomic mass of the nuclide was only of the 
same order of magnitude as the error in the measured 
mass, and in many cases was not even noticeable. 
However, when one adds to a nucleus with a closed shell 
of nucleons another nucleon of the same type, there is 
a marked discontinuity in the mass surface between the 
closed-shell nuclide and the  closed-shell-plus-one- 
nucleon nuclide, One has now gone to a new shell region 
and must use a new set of coefficients in the empirical 
mass equation, 

VI. DISCUSSION 
It has been well known that light mass nuclides (with 


mass number less than 50 or 60) frequently show 


TasLe IT, Values of the term 6 (in mMU) 


Odd 7 
even N 


VW 


Kven 7 
odd N 


kven 7 
even N 


Odd 7 
odd N 


2.65 1 
3.08 1. 
2.02 # 
3.08 a3 
2.52 1 
2.09 
1.61 
1.66 
1.33 


0.96 
(0.84 
1.01 
0.71 
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marked deviations from the fairly smooth behavior 
patterns exhibited by the heavier nuclides. The fact 
that irregularities in the mass surface (besides the 
special case of a closed nucleon shell) are most pro- 
nounced in the light mass regions is not too surprising. 
When a nucleon is added to a nucleus, the resultant 
change in size affects the energy levels of the other 
nucleons as well. Thus, one can say that actually several 
nucleon energy levels are involved in the accompanying 
change in nuclear binding energy. Any peculiarity due 
to the effect on a particular energy level is more likely 
to be prominent in a light nucleus with few nucleons 
where the effect constitutes a greater percentage of the 
total change than in a heavy nucleus where the effect is 
proportionately smaller. When one examines the mass 
surface in the regions below mass number 60, one finds 
the behavior to be rather erratic. Although the general 
trends are similar to what is expected, the deviations 
from smooth behavior are such as appear to preclude a 
satisfactory fit of the new empirical mass equation for 
nuclides with less than 29 protons or 29 neutrons. 

The fission-product region extending from copper to 
the rare earths is of widespread interest and a fair 


TABLE III. Coefficients for Eqs. (4) and (5) (AM in mMU), 


qi qo do a a. 
5.875 
3.617 
1.932 
1,703 
1.901 
8.201 
0.00699 

14.209 
5.666 


—0,04632 
~0,02677 
+0.01275 
—0.006784 
—0,005769 
~0,02293 
0.00399 
—0.02588 
0.01702 


~238.48 
—176.83 
+3.21 
—167,12 
204.24 
749.90 
~127,81 
—1794,78 
507.67 


7.548 
5.328 
10.679 
6.534 
10.492 
10.890 
8.261 
8.842 
10.724 


3337 
3707 

3281 
3747 
3340 
3446 
3592 
3557 
5480 


number of good experimental data are available. The 
analysis of data went smoothly except in the region 
Z= 29-40, N=51-82. In this region there were insuffi- 
cient good experimental beta-decay energies available to 
allow use of the method described above. Instead, the 
coefficients of Eq. (2) were obtained directly from 
measured masses by a combination of interpolation and 
least-squares analysis. Although the resultant equation 
reproduces the atomic masses well enough, it is felt that 
the values of those coefficients involved in beta-decay 
energies are not as individually reliable as the corre- 
sponding values in the other regions. On the whole, 
agreement of the equation with experiment is quite good 
throughout the fission-product region. Of the 216 
nuclides studied from copper to gadolinium, 71% of the 
calculated AM’s agree to within +0.5 mMU of the 
experimental values and better than 95% agree to 
within +1.5 mMU. 

In the region between gadolinium and lead there are 
not available many good experimental data involving 
atomic masses or mass differences. Most of the measured 
atomic masses used in the study of this region. were 
calculated from measured mass doublets which paired 
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a doubly or triply charged ion of the isotope whose mass 
was desired with a standard of a singly charged ion of 
an isotope whose mass was one-half or one-third that 
of the desired isotope.'’ This procedure results in any 
error in the measured mass of the standard isotope being 
doubled or tripled for the mass of the heavier isotope. 
The fit of the equation in this region, while not as good 
as in other mass regions, is still encouraging. Out of a 
total of 26 nuclides with measured atomic masses, 22 of 
these values agreed to within +2.0 mMU of the values 
calculated from the new mass equation. The agreement 
of measured beta-decay energies with those calculated 
from the equation is better and is almost as good as in 
the other mass regions studied. 

Coryell,* in an analysis of the behavior of Z,4 in this 
region, found it desirable to admit a break in the curve 
at 106 neutrons. Cameron,” on the basis of a study of 
nuclear binding energies now in progress, suggests 
breaks at 95 and 110 neutrons, but says that the 
changes are not sharp at either point. This present 
analysis did not show definite evidence either for or 
against a break at any of these neutron numbers. 
However, more good experimental mass data are needed 
in this region before any definite conclusions can be 
drawn concerning these possible breaks. 

In the trans-lead region an excellent set of self- 
consistent atomic masses is obtainable.’? Because of the 
alpha-decay data available in this region, a series of 
closed energy cycles can be set up tying in the masses of 
all the ¢rans-lead nuclides to the four end-product 
nuclides of the different alpha-decay series. Although 
the absolute values of the atomic masses may be 
somewhat in error, the values relative to each other 
should be very good. Thus the shape of the mass surface, 
although not necessarily the position, should be well- 
defined in the frans-lead region. 

The study of the experimental mass surface was 
carried only as far as curium-244 (Z=96, N= 148). It 
was felt that decay data for nuclides beyond curium 
were not as yet sufficiently reliable to warrant their 
inclusion in this study. It was found desirable on 
empirical grounds to make a break in the mass surface 
at 140 neutrons, although there was no a priori expecta- 
tion of a neutron subshell at 140. Alpha-decay sys- 
tematics, however, do show a definite change in slope 
around 140 neutrons. The point of change is not well 
defined, but best results were obtained by assuming a 
break at V= 140. This agrees with Cameron’s” sugges- 
tion of a break at VN=140. As Cameron suggests, the 
nucleon numbers such as 95, 110, and 140 (he suggests a 
break at 152 also) do not correspond to expected 
nucleon subshells but may be connected with changes in 
the nucleon interaction outside the closed shells. 

The fit of the new-mass equation to the experimental 
masses is exceptionally good in the ¢rans-lead regions. 
Of a total of 98 nuclides from bismuth to curium 


*” A. G. W. Cameron (private communication). 
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Fic. 1. The values in mMU of p=AM(meas.) —AM (cale.) for 
the new empirical mass equation plotted vs mass number, 4. An 
* represents a “closed shell” nuclide. Lines at +1.5 and —1.5 
mMU represent the range within which fall 95% of the p’s 
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studied, 96 of the mass values calculated from the new 
equation agree to within +0.5 mMU of the experi- 
mental mass values. 


VII. CALCULATION OF BETA-DECAY ENERGIES 


Because those coefficients of the empirical mass 
equation that are involved in beta-decay energies were 
obtained by direct analysis of experimental beta-decay 
data, the empirical mass equation should be a useful 
tool for the estimation of unknown beta-decay energies. 
Expressions for beta-decay energies may be derived 
from either Eq. (3b) or Eq. (2). For positive beta decay 
(positron emission or electron capture), one has: 


Op' 2a4(Z . _e —(),5) { (b; —§»), (6a) 


Opt = (a2t+agA + 2042) — 4+ (6; — 52), (6b) 


and for negative beta decay (negative beta emission) 
Z—0.5)+ (6; (7a) 


Vs 2a4(Za- 52), 














Fic. 2. The values in mMU of p=AM (meas.) ~AM (calc.) for 
the FW semiempirical mass equation plotted vs mass number, A 
An ® represents a “closed shell” nuclide. Lines at +1.5 and 

1.5 mMU represent the range within which fall 95%, of the 
corresponding p values for the new empirical mass equation 
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hic. 3. The values in Mey of Qg(meas.) —Qg(calc.) plotted vs 
mass number, A, using the new empirical mass equation to 
calculate Og 


Os (7b) 


(a+ a3A + 2a4Z) —ag+ (6;— 5»). 


The values for Z4 can be calculated from Eq. (4). 

To test the applicability of the new mass equation for 
the calculation of beta-decay energies, Eqs. (6) and (7) 
were used to calculate beta-decay energies and these 
calculated values were compared with corresponding 
experimental values. Figure 3 shows a plot of the 
differences between measured and calculated values of 
beta-decay energies, O,(meas.) —QOg(calc.), against mass 
number, Of a total of 179 cases considered, 150 or 84% 
agreed to within +0,25 Mev, and 170 or 95% agreed to 
£0.50 Mev, 

Beta decays which involved a nuclide with a closed 
proton or neutron shell were not included in this study. 
It was noted previously that the effect of closing a 


within 


nucleon shell on the mass of a nuclide was small enough 
as to be hardly noticeable when one is considering 
atomic masses. However, when beta-decay energies are 
considered, the effect of closing a nucleon shell is large 
enough to cause irregularities in the beta-decay energies. 
This is because the absolute errors in experimental beta- 
decay energies are much less than the absolute errors in 
experimental atomic masses, For this reason beta decays 
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involving closed-shell nuclides were excluded from 
consideration in the analysis of beta-decay energies. 


VIII. SUMMARY 


A purely empirical equation has been developed for 
atomic masses of nuclides with Z and N greater than 28. 
Both the form of the equation and its coefficients were 
derived from a study of the behavior of the various 
systematics of atomic masses and mass differences as 
manifested by binding energies and decay energies. 

This new equation has been able to reproduce experi- 
mental atomic masses to better than 1.5 mMU for 95% 
of the 340 nuclides studied. This represents a consider- 
able improvement over the agreement with experi- 
mental masses attained with the FW mass equation. 
The new equation is of an algebraic form that lends itself 
readily to calculations. It is encourag ng to note in Fig. 1 
that where good experimental mass data are most 
plentiful the fit of the new mass equation is best. 

Comparison of beta-decay energies calculated from 
the new equation with experimental values indicates 
that the new equation could be useful in the estimation 
of unknown beta-decay energies. 

J. Riddell, using the new empirical mass equation and 
an I.B.M. machine, has calculated and tabulated 
several thousand atomic masses, decay energies, and 
binding energies. This tabulation is available as a Chalk 
River Project.” 
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Measurements have been made of the polarization and the angular distribution of 424-Mev 
elastically scattered from carbon, aluminum, iron, and silver 


1, 1957) 


protons 


rhe results clearly indicate the importance 


of separating the elastic scattering from scattering involving excited states of the nucleus. By the inclusion 
of inelastic scattering, the dips in the cross-section curves and the details in the polarization curves get 


smeared out. The carbon data show reasonable 


agreement with similar work by Chesnut 


Elastic 


CTOSs 


sections were estimated by extrapolating the difi erential cross-section curves to zero degrees using the 


optical model of the nucleus 
A nuclear radius was calculated from the 


curves for the various elements. Upon using the optical model, an average 


location of the 


first diffraction minima in the cross section 


value ro=1.03K10 " cm was 


obtained. The Born approximation gave ro= 1.210" em 


I, INTRODUCTION 


N recent years, accelerator groups at the University 

of Rochester,'? the University of California,’ 
Harwell,*.® Carnegie Institute of Technology,® Harvard 
University,’:* Institute of Nuclear Problems, Moscow,’ 
and at this University" have been engaged in studying 
polarization effects of nucleons scattered from various 
nuclei at energies above 50 Mev 

All these experiments were initiated when Oxley 
et al.,! in 1953, successfully measured polarization of 
about 200-Mev protons scattered from nuclei. It was 
then quickly realized that this technique could be 
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developed into great precision, and would represent 
another important tool in unwrapping the complexity 
of nuclear forces. 

The formalism, used in theoretical 
polarization, was developed by Wolfenstein.” 
orbit coupling, as the mechanism involved in high 
energy polarization, was first employed by Fermi." 
The nuclear shell model has since then been used for 


treatments of 
The spin 


7 
27 


the same purpose by several authors." 


Il. EXPERIMENTAL TECHNIQUE 
A. General Considerations 


Detailed reviews of high-energy polarization experi 
ments are given in many papers, one of which is a 
recent survey of the Berkeley work.’ Consequently, 
this section will only describe the technique of this 
experiment. 

During the last year, it 
order to evaluate the mechanism of high-energy polar 
ization, one must effect of the elasti 
scattering from scattering into the excited states of the 
This was clearly demonstrated by Chesnut in 


has become evident that in 
separate the 


nucleus. 
a recent report from Rochester.’ 

It is also important to work with high angular 
together with a good 


resolution, ‘This requirement, 
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Fic. 1, Plan view of the 460-Mey synchrocyclotron area 
showing the experimental setup used to produce a 424 Mev, 
54%, polarized proton beam 


energy resolution, enables one to observe strong dips 
in the cross-section curves as a function of scattering 
angle, and corresponding large variations in the polar- 
ization curves. 

Chesnut’ has shown that a scattering process leading 
to the first excited state in carbon, tended to fill out 
the dip in the polarization curve observed in the 
scattering from the ground state. This work has 
followed in the general direction of the Rochester 
pattern, 

Because of straggling and spread in the energy of the 
proton beam, it was not feasible to make a complete 
separation of the elastic effects from the inelastic. The 
results, however, indicate the importance of good energy 
resolution by which the contribution of the various 
excited states can be excluded. 


B. Double Scattering 


The conventional double-scattering technique was 
used.' Accordingly, the polarization was determined by 
asymmetry measurements by the well-known relation- 
ship: 

e= (L—R)/(L+R) ; 
where ¢ is the asymmetry, Z and R are counting rates 
corrected for backgrounds at equal scattering angles to 
the left and to the right, and P, is the initial polarization 
of the beam, which in the present experiment was 
measured to be (53.5+0.9)%. This was done in the 
usual way.” The quantity P, is the polarization 
produced in an unpolarized beam by scattering from 


PP ;, (1) 


the target. 

The target in which the first scattering occurred 
(specified as 7, in Fig. 1), was a 4 in.X4 in.X1 in. 
beryllium slab, located with one of its diagonal planes 
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in the median plane of the cyclotron. The 1-in. target 
edge was mounted parallel with the trajectory of the 
clockwise rotating beam hitting it, and placed at a 
distance of 76} in. from the center of the magnet. A 
magnetic channel, designed by U. E. Kruse of this 
Institute, was placed in the vacuum tank in such a 
way that particles scattered 10° left from the target, 
would be deflected out through an evacuated pipe 
directly connected with the cyclotron vacuum through 
the biological shield wall into the experimental area. 
Figure 1 gives a general idea of this arrangement. 

At both ends of the evacuated pipe, brass collimators 
were inserted. ‘Fhe dimensions of the collimator at the 
cyclotron side of the shield were 1-in. (width) X 2 in. 
(height) X7 in. (length). The corresponding dimensions 
of the collimator at the experimental area side of the 
shield were 2 in.X1} in.X7 in. This latter collimator 
was pushed about 34 ft inside the shield wall to avoid 
producing too large a neutron background in the 
experimental pit from reactions in the collimator. The 
widths and the positions of the collimators were ad- 
justed to take into account the divergence of the beam 
determined by x-ray film exposures. 

An analyzing magnet (M) with a 3-in. gap deflected 
the beam about 26° in the experimental area. An 
ionization chamber, placed before the second scatterer 
(T.), was used as a monitor. From the end of the 
evacuated pipe to the ionization chamber, the beam 
passed through a thin bag filled with helium in order 
to reduce the air scattering. A general layout of the 
counter telescope is given in Fig. 2. 

The approximate height and width of the beam 
hitting the second target were photographically deter- 
mined to be 1 in. and 1} in. As the targets used were 
narrower than the beam hitting them, the total geo- 
metrical angular resolution of this system was deter- 
mined by the width of the target, the width of the 
defining counter in the telescope, and the angular 
spread of the beam. 


C. Counter Telescope 


The telescope consisted essentially of four counters 
connected in various coincidence arrangements. The 
counters are numbered 1, 2, 3, and 4 in Fig. 2. Counter 
2 was the defining counter and placed 48.5 in. from the 
target. Counter 1 was put as close to the target as 
possible without being hit by the beam at the smallest 
scattering angles measured. A reduction in the chance 
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Fic. 2. Geometry for the second scattering. Arrangement of the 
monitor, the scattering telescope, and the shielding 





424-MEV 
coincidence backgrounds was achieved, by putting 
counters 1 and 2 as far apart as possible. Counters 3 
and 4 have large areas, and are behind different 
amounts of copper absorbers. ‘Thus, two angular distri- 
bution curves can be recorded simultaneously, one 
containing more inelastic contamination than the other. 
A further description of the counters and the associated 
electronics is given below in Sec. II E. 

The angles were changed by means of a swivel 
arrangement, and in this way, the relative angular 
positioning of the telescope was fixed within 1/50 of a 
degree. 


D. Monitoring 


For monitoring purposes, a 6-in. diameter ionization 
chamber, designed by H. Kobrak of this Institute, was 
used. The total thickness of the aluminum walls was 
0.006 in., and the gauge pressure of the argon gas was 
5 lb/in.*. The electron collector plate of the chamber 
was connected to a condenser parallel to a vibrating 
reed circuit. When the condenser was charged to a 
certain preset potential difference, the cyclotron was 
automatically turned off. The reproducibility of this 
system was about 1%. 


E. Electronics 


Plastic scintillators were used as detectors. The light 
pipes, depending on the application of the counter, 
were either of air or Lucite, and connected the plastic 
optically to RCA type 5819 photomultiplier tubes. 
The air light pipe was designed as follows. 

Thin aluminum foil was wrapped around the scintil- 
lating plastic and extended as a hollow shaft dewn to 
the cathode of the photomultiplier tube. The loss of 
the light intensity hitting the cathode was substantially 
reduced by reflections on the aluminum foil. ‘This 
arrangement, as used for counters 1 and 2, had the 
feature that no pulses caused by Cerenkov light could 
be produced. Table I gives the dimensions of the 
counters used. 

The 5819 tubes were selected so that they all could 
be operated from the same power supply. By operating 
the last dynode essentially at anode potential of each 
photomultiplier, a space charge effect was obtained 
which limited the size of the output pulses.** These 
pulses were appropriately amplified by a chain of 


TABLE I. Specifications of the counters employed in the tele 
scope. Dimensions are in inches. All the counters were made of 
scintillating plastic } in. Counter 2 was the defining counter 


Counter Width Height 


4 
3 
5 


1 
2 
3 
4 


6 


6 J. Fischer (private communication) 
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Fic, 3. Range curve to determine 


the thresholds of the telescope 


distributed amplifiers, and then fed through adjustable 
delay units into a cut-off diode coincidence circuit 
designed by J. Fischer of this Institute. Here the pulses 
were “clipped” by four millimicroseconds long, shorted 
transmission lines, which determined the resolving time 
of the coincidence circuit (~10°* sec) 

The coincidences made “doubles” (1,2), 
“triples” (1,2,3), and “quadruples” (1,2,3,4). The 
various coincidence pulses were fed through correspond 
ing amplifiers into their respective scalers. ‘The delays, 
the voltage of the photomultipliers, and the attenuation 
of the coincidence pulses were adjusted, so that the 
system was working in the middle of plateaus with 
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were 


reasonable widths as previously reported." 

When the telescope was put in the direct beam with 
no copper between any of the counters, it was found 
that the counting rates were essentially the same for all 
the coincidences. During the recording of the data, 
the counting rate losses in the scalers could be neglected 
for both the triple and the quadruple counts at all 
scattering angles, ‘This is because the intensity of these 
beams was so low. 

The double counts gave a sensitive indication of the 
stability of the beam. It was observed, for example, 
that small fluctuations in the magnetic field of the 
analyzing magnet, gave corresponding variations in the 
counting rates of the ‘‘doubles.”’ This was not noticed 
in the “triples” or the ‘“quadruples.”’ 

Rev. 96, 398% (1954 


*H. G. de Carvalho, Phys 
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hic, 4. Profile curves of the “quadruples” beam at the target 
position respectively the defining counter position, 48.5 in. apart 
from each other. 


F, Lineup Procedure 


The accuracy with which the polarization can be 
determined for the various elements, greatly depends 
on the precision of the lineup of the scattering table. 
This could be done to within +0.07°. The details of 
the procedure will now be given. 

In order to study elastic scattering, it is as previously 
indicated, necessary to discriminate against inelastic 
scattering. One way of achieving this, is to set the energy 
threshold of the telescope as high as possible, consistent 
with getting reasonable counting rates. The thresholds 
of the “triples” and the “quadruples” telescopes are 
given in Fig. 3. 

It was estimated that the intensity of the beam 
hitting the second target was about}10° protons/cm?, sec. 
This intensity was much too high for use of scintillation 
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counters in the direct beam. A “clipper” designed by 
U. E. Kruse of this Institute, was lowered down into 
the beam quite near the center of the cyclotron. Any 
desired intensity reduction of the maximum beam 
could in this way be achieved. The assumption was 
then made that the center of gravity and the energy of 
the beam was not altered by this procedure. Accord- 
ingly, a lineup and an energy determination with the 
counter telescope in the direct reduced beam could be 
undertaken. 

The center line of the scattering table was aligned 
with the center of gravity of the “quadruples” beam. 
By taking profile curves with the defining counter in 
its normal position, and at the target position, the 
results indicated in Fig. 4 were obtained. On the basis 
of these curves, the “quadruples” beam was estimated 
to be +0.6° divergent. Taking similar curves for the 
“triples” beam, it was found that this beam was 0.1° 
to the left of the “quadruples” beam. A corresponding 
correction had to be made to the “triples” data. 

During the run, the lineup was occasionally checked, 
and the beam was found to fluctuate about +0.06°. 
This fluctuation was probably due to variations in the 
analyzing magnet current, which was (750+2) amp. 
By adjusting the current to 770 amp, and recording 
the equivalent change of the beam direction, the above 
variation corresponded to an angular fluctuation of 0.6°. 
This gives good agreement with the observed value. 

III. ENERGY OF BEAM, THRESHOLDS 
OF TELESCOPE 

A final range curve of the proton beam was taken 
after the lineup procedure, as shown in Fig. 3. The 
energy of the beam hitting the second target was 








Carbon 

424 Mev 

86:2 6° 
Rochester Data 4 
se * 125° 








Peees eek kee ere eee ae 
Q° - 10° ‘5° ? 


Lob Angie 8° 


(b) 


Fic. 5. (a) Differential cross-section curves for left and right scattered 424-Mey protons from carbon. Comparison with 
Rochester (Chesnut) data scaled from 220 Mev. (b) Corresponding polarization curve for 424-Mev protons scattered from 
carbon, Comparison with Rochester (Chesnut) data scaled from 220 Mey. 
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(424+5) Mev.” A correction for the total thickness of 
counters 1 and 2 was made. 

The energy thresholds of the “quadruples” and 
“triples” counter telescopes were set to (426+3) Mev 
and (420+3) Mev, respectively. 


IV. DATA 
A. Measurements 


Table II summarizes the polarization and the cross 
section measurements for carbon, aluminum, iron, and 
silver. Figures 5(a) and 5(b), 6(a) and 6(b), 7(a) and 
7(b), 8(a) and 8(b) give the curves of these data. The 
(a)’s represent the cross section measurements and the 
(b)’s the corresponding polarization values. Chesnut’s? 
220-Mev data for carbon has been plotted in Figs. 5(a) 
and 5(b), and has been scaled to 424 Mev according 
to the ratio of the De Broglie wavelengths. The energy 
threshold of the telescope was always the same within 
+0.5 Mev, and corrections for recoil energy losses in 
the second target were made. 

The recorded errors are based on the variance of the 
number of counts from measurement to measurement, 
and not on the counting statistics as usually is done 
with this kind of data. The reason for this was fluctu- 
ations in the beam. With the geometry used, these 
variations were larger than one would expect from 
counting statistics alone. For this purpose at each 
angle, five to six separate recordings were made on 
each side of the beam. By calculating the variance for 
each set of measurements, the random error introduced 
by the fluctuations in the beam and also in the moni- 
toring, were automatically included. 

During the run, the consistency of the results was 
checked as follows. For a given element, the scattering 
at a series of angles was to be investigated. In the case 
of carbon, for example, the scattering angles were, 5.7°, 
6.4°, 7.6°, 8.3°, 9.0°, 9.8°, etc. The data were first 
recorded at each second angle starting with 5.7°, then 
7.6°, 9.0°, and so on. When this cycle was completed, 
the measurements at the intermediate angles 6.4°, 8.3°, 
9.8°, etc., were done. Without any exception, the latter 
values fell between the first ones on a smooth curve. 

During the two-week run, the air humidity in the 
experimental area underwent large fluctuations. This 
caused variable leakage drifts in the monitor circuit, 
which introduced an additional error in the absolute 
determination of the cross sections. For the polarization 
measurements, however, this did not matter. This was 
due to the fact that during the time of any given 
asymmetry measurement the drift was negligible. This 
was done by occasionally repeating the measurements 
of iron at 6.4°. It was found that the most probable 
maximum error introduced by this effect in the absolute 
values of: the cross sections was about 10%. Because 


® Aron, Hoffman, and Williams, U. S. Atomic Energy Com 
mission Report AECU-663 (unpublished) ; University of California 
Radiation Laboratory Report UCRL-12, 1949 (unpublished). 
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TaBLe II. Polarization and cross-section data for 424-Mev 
protons scattered from C, Al, Fe, and Ag. The angular resolution 
represents the total resolution as summarized in Table III. The 
errors are based on the variance of the counts from measurement 
to measurement, The polarization has in addition to the recorded 
errors, an absolute uncertainty of 0.9% due to the error in the 
initial polarized beam, and also a misalignment error which is 
summarized in Table IV. The cross section has in addition to the 
recorded errors, an absolute error of 2% in the initial calibration, 
and an absolute error due to the variable drift in the monitor of 
maximum 10%. However, the relative error for each element 
due to this drift is less than 5%. The cross section is expressed 
in barns/sterad, the polarization in percent, and the laboratory 
scattering angle in degrees. 
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1G. 6. (a) Differential cross-section curves for 424-Mey protons 
scattered left and right from aluminum. (b) Corresponding 
polarization curves for 424-Mey protons scattered from aluminum. 


of the shorter time involved in recording the data for 
one target, the relative error for each element due to 
this drift was smaller (<5%). 


B. Angular Resolution 


The total angular resolution was determined by the 
multiple scattering, the divergence of the beam, the 
width of the target, and the width of the defining 
counter. ‘Table III indicates how these factors are 
folded in to give the final resolution. 

The resolution is most precisely determined experi- 
mentally. With the present geometry, however, it was 
an extremely difficult thing to do. This is essentially 
because the beam was broader than the target. Never- 
theless, similar work in Berkeley’ reveals that good 
agreement exists between angular resolutions calcu- 
lated and found experimentally. 
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Fic. 7. (a) Differential cross-section curves for 424-Mev protons 
scattered left and right from iron. (b) Corresponding polarization 
curve for 424-Mev protons scattered from iron. 


C. Misalignment Error 


It can be shown* if e? is much less than one, that an 
angular misalignment (46) of the scattering table 
introduces the following maximum error (AP) in the 
polarization : 


d |In(da/dQ), 
Ad, (2) 
dé 


where (da/dQ)» is the average differential cross section 
of the “left” and “right” measurements at one angle. 

If one assumes a misalignment of 0.07°, formula (2) 
gives the maximum error introduced to the polarization 
for the different targets as exhibited in Table IV. 


"R. D. Tripp, University of California Radiation Laboratory 
Report UCRL-2075, April, 1955 (unpublished). 
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D. Cross-Section Results 


The relationship between counts per monitor cycle 
(/) and the differential cross section in the laboratory 
system (do/dQ), is given by the following expression : 


T=n AQ NI(1—e°"!') (do /dQ), (3) 


where » is the number of protons hitting the target 
during a monitoring cycle, NV is the number of scattering 
nuclei/cc, ¢ is the thickness of the target, AQ is the 
subtended solid angle, and / is the mean free path, 
which was calculated for the different elements by 
means of the total cross sections found by Nedzel® 
and de Carvalho.” 

In a previous run with 431-Mev protons, the average 
differential cross section for iron at a scattering angle 
of (5.8+0.7)°, was found to be (4.56+0.09) barns 
sterad. The error is based on the counting statistics. 
Unfortunately, the energy threshold of the telescope in 
this geometry was set just above the knee of the 
corresponding range curve. This is a lower energy 
threshold than employed in the present run. As most 
of the scattering is elastic at small angles, it is felt 
justified to use this measurement as a scaling point for 
all the cross sections in the present experiment. By 
scaling this value by the ratio of the De Broglie wave- 
lengths, the above reference point is found to be 
(4.60+-0.09) barns/sterad. 

In order to determine the cross sections for the three 
other elements, the product X AQ in Eq. (3) has to be 
accurately known. Because of the geometry used, this 
factor is the same for all the targets. By inserting the 
above cross-section value for iron together with the 
corresponding measured counting rate (/) in Eq. (3), 
the product is readily obtained. 


TaBLe III. Total angular resolution for the various targets 
used. (Orms°)? is the contribution due to multiple scattering. The 
contribution due to the widths of the target and the defining 
counter is (@geom’)?=0.15. The total resolution includes also the 
divergence of the beam (0.6°). 


Thickness 
(g/cm?) 


: 2.0 
Al 3.58 
Fe 3.67 
Ag 1.68 


Width 
(in.) 


Total angular 


Element (Orvns®)? resolution 


0.14 
0.41 
0.74 
0.55 


0.705 in 
0.706 in 
0.705 in 
0 711 in 


().8° 
1.0° 
A Seg 
1.0° 


TABLE IV, The maximum error in the polarization measure 
ments due to angular misalignment, which was estimated to be 
Ab =0.07°. 


d \In(da/dit)e 
Element d6 
Cc 0.7 
Al 1.1 
Ke 1.4 
Ag 3.3 


8 V. A. Nedzel, Phys. Rev. 94, 174 (1954) 
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MiG. 8. (a) Differential cross-section curves for 424-Mey protons 
scattered left and right from silver. (b) Corresponding polarization 
curve for 424-Mey protons scattered from silver. 


Figure 5(a) gives also a comparison with Chesnut's* 
His average 
section values seem to be lower than the present. 


cross-section curves for carbon. CrOss- 


E. Polarization Results 


The present data exhibit stronger angular variations 
in the polarization curves than seen in most previous 
work. The reason is that in this experiment more 
inelastic scattering has been filtered out of the elastic 
scattered beam. A comparison with Chesnut’s carbon 
data [ Fig. 5(b) | indicates that the scattering in the 
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Tasix V, Total elastic cross sections for C, Al, Fe, and Ag. 
The experimentally found differential cross-section curves were 
extrapolated to zero degrees by means of the Fernbach, Serber, 
and Taylor optical model of the nucleus. Because of the uncer- 
tainties involved in the matching procedure, no errors are quoted. 
ro is assumed to be 1.2%10°" cm. The cross sections are given in 
barns. 
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present case essentially leads to the ground state. On 
the grounds of the employed energy threshold, this was 
anticipated, 

Strauch*® measured the polarization of carbon at the 
first peak in the polarization curve as a function of 
energy. An extrapolation of his curve to 424 Mev shows 
that agreement exists between Chesnut’s value and the 
present data, 

It should be pointed out that carbon has an advantage 
over the other elements investigated, in the sense that 
its first excited state is 4.4 Mev above the ground state, 
the second 7.5 Mey, the third 9.6 Mev, and so on. The 
energy state density for the other elements is consider- 
ably higher, and the first level for all of them is less 
than 1 Mev. With the present experimental arrange- 
ment, it appears to be impossible to make any reason- 
able separation of the excited states involved in the 
scattering by these latter elements. 

A further confirmation of the importance of good 
energy resolution is given in the “triples” data. For 
small angles, up to about the first diffraction minimum, 
the cross section and the polarization measurements of 
the “triples” are essentially in agreement with that of 
the “quadruples.” At larger angles the “dips” and 
“peaks,” which are so pronounced in the “quadruples,” 
are more smeared out in the “triples.” 


F. Coulomb Interference 


An inflection point is observed in Chesnut’s polar- 
ization curve [ Fig. 5(b) | at a scattering angle of about 
8°. The inflection seems to be more pronounced at 137 
Mev, as recently reported by a Harwell group.® It is 
also observed in the present data. 

These “irregularities” can probably be explained on 
the basis of a Coulomb nuclear interference.'*”-**.?? 
For elements of intermediate atomic number, the 
interference apparently results in a decrease of the 
maximum polarization and a broadening in the region 
of the dip. This might explain the initial shape of the 
polarization curves for aluminum [ Fig. 6(b) ] and iron 
[Fig. 7(b)]. In the case of silver [Fig. 8(b)], the 
interference is probably obscured because of the occur- 
rence of the first diffraction minimum at a smaller angle. 

A more quantitative formulation of this effect will 
be given in Sec. V. 
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G. Total Elastic Cross Section 


As previously mentioned, 5.7° was the smallest 
scattering angle used in this experiment. By extrapo- 
lating the measured cross section curves to zero degrees, 
the total elastic cross sections for the various elements 
can be estimated. However, as the major contribution 
to this total cross section is from angles less than six 
degrees, the final result is extremely sensitive to how 
the extrapolation is made. 

The Fernbach, Serber, and Taylor optical model of 
the nucleus* was employed for this purpose. Here the 
differential cross section is directly related to a first- 
order Bessel function as shown in Eq. (4): 


dQ 


2kR sin (0/2) 


da J ((2kR sin(6/2))\? 
~( vetted Se ) | (4) 


The results of the integrations are given in ‘Table V. 
Because of the large uncertainties involved in the 
matching procedure, no errors are quoted. Table V 
gives a comparison with similar measurements done in 
Berkeley at 340 Mev.* 

If any significance can be attached to a comparison 
of these two sets of measurements, a possible reason 
for the lower total elastic cross sections at higher energy 
is a corresponding increase in the transparency of the 
nucleus. 


H. Nuclear Radius 


A nuclear radius can be derived from the position of 
the first diffraction minimum in the average differential 
cross section curves. The final result, however, depends 
on the nuclear model chosen. 

The Fernbach, Serber, and ‘Taylor optical model of 
the nucleus® as expressed in Eq. (4), and a model 
based on the Born approximation were employed. ‘The 
latter gives essentially a first-order spherical Bessel 
function, 7;(2kR sin(6/2)), as the governing relation- 
ship between the differential cross section and the 
scattering angle.” The results of these two approaches 
are given in ‘Table VI. The first model gives 1.03 10" 


TaBLE VI. Summary of nuclear radii for C, Al, Fe, and Ag 
determined by the location of the first diffraction minima in the 
average differential cross-section curves. A comparison is made 
between the Fernbach, Serber, and Taylor optical model of the 
nucleus and the Born approximation with the use of a real and 
an imaginary potential. ro is expressed in units of 10-% cm, and 
the scattering angle (@) in degrees. 


First diffr. 
Element min (@) 


Cc 18.7 
Al 14.4 
Fe 10.7 
Ag 90 


ro 
(Born appr.) 


1.15 
1.20 
1.25 
1.23 


ro 
(opt. model) 


0.98 
1.03 
1.07 
1.04 


*% Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
* Richardson, Ball, Leith, and Moyer, Phys. Rev. 86, 29 (1952). 
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cm for the average nuclear radius, which agrees with 
what a Berkeley group obtained at 340 Mev on the 
basis of the same model. The Born approximation 
gives 1.2X10-" cm, 

As is well known, the determination of nuclear radii 
depends very much upon the particular nature of the 
experiment performed and the model used. In this case, 
the Born approximation tends to give a more consistent 
radius with the total cross section results of Nedzel® 
and de Carvalho.” 


V. THEORIES OF POLARIZATION, FINAL 
DISCUSSION OF RESULTS 


At present, a detailed theoretical fit to Chesnut’s 
data? has not appeared. A theoretical analysis of the 
reported data is further complicated by the number of 
excited states involved. It is, therefore, felt justified 
to limit this section to a qualitative comparison of the 
data with the existing approaches. 

Accurate analysis based on phase shifts 
involves long and tedious calculations, which obscures 
the physics of the problem. ‘The Born approximation is 
in general rather inadequate, but gives a much betier 
indication of the mechanism involved in high-energy 
polarization.” '®7 A general outline of the Born 
approximation will therefore now be given. 

Here the nucleus is considered as a whole and being 
represented by a potential, assumed to consist of four 
parts: 


13,15,18-27 


V=Vet+tViti(VatV,). (5) 
V; is real, and generally assumed to be a square well; 
i(Vat+V,) is the imaginary contribution to the total 
potential, where V, represents in the usual fashion the 
absorption properties of the nuclear matter® and V, 
is the spin-dependent term normally of the same type 
as the Thomas correction;'® V, is the electrostatic 
potential of the nucleus. Because of the charge distri- 
bution,*® it is not correct to assume a point charge, but 
for this rough estimate it should not matter. 
With these assumptions, the Born approximation 
gives the following expressions for the asymmetry and 
the differential cross section. 


3° EE, E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956); J. A. McIntyre, Phys. Rev. 103, 1464 (1956). 
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where 
Zé 


sing cosg P 
mines ) _ ee he 
(P/h)?+ (1/10)? g q Mc 


All the notations have their standard meanings.’*"“ 

lor the forward scattering angles these formulas 
roughly describe the scattering. The qualitative state- 
ment made about the Coulomb interference, in Sec, 
IV E, is quantatively expressed in Eq. (6). However, 
the oscillatory trends found in the reported polarization 
curves at angles corresponding to the diffraction 
minima are not displayed in the Born approximation. 

In the more detailed phase shift analysis, the follow- 
ing parameters are usually varied, the shape and the 
depth of the real and imaginary potentials, and the 
strength of the spin-orbit interaction, which frequently 
is split up into a real and an imaginary part.”’ A better 
agreement with the experimentally observed polar- 
ization data is in this way achieved. 
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The decay of 10 hyperfragments of hydrogen, helium, and lithium is described. Only one event is uniquely 
identified, as H*-—+He*+n+; it gives a binding energy of the A® particle B.E.(A°) =1.54+0.7 Mev. One 
event represents the decay in flight of a hydrogen hyperfragment. In one case a helium hyperfragment was 
ejected from a star produced by a negative K meson. A very simple method for charge determination of 
short fragments emitted in nuclear disintegrations is described and applied to the identification of hyper 


fragments. 


INTRODUCTION 


STACK of stripped Lford G5 emulsions, each 

600 w thick, has been exposed at high altitudes by 
means of free balloons. In scanning for K mesons and 
hyperons, 10 events involving hyperfragment decay 
have been observed. Most of the scanning in the present 
investigation was performed under relatively low mag- 
nification (10, 25), a method which results in a 
tendency to lose hyperfragments of hydrogen. Further- 
more, a number of double stars have been observed with 
short interconnecting tracks representing either hyper- 
fragments or ejected o mesons. ‘These events have been 
excluded from the present material. 


CHARGE DETERMINATION 


As hyperfragments generally are multiply-charged 
particles, the problem of the development of various 
methods of charge determination arises. During the 
last few years an extensive investigation of the emission 
of stable heavy fragments from nuclear disintegrations 
has been undertaken by our laboratory. For the more 
energetic heavy fragments the most characteristic 
feature of the track is the large number of “knock-on” 
electrons or 6 rays, which the particles produce in their 
passage through the emulsion. A study of the distri- 
bution of these 6 rays along the tracks provides a 
precise method for determining the charge of the 
fragments, For low-energy fragments, of range <300 y, 
the 6-ray method is unsuitable, and a different method 
depending on measurements of the total ionization of 
the tracks has been developed. As most of the hyper- 
fragments in the present investigation are of short 
range, the latter method has been used for charge deter- 
mination. A more detailed description of the method is 
given elsewhere.! 

By means of a projection microscope, a drawing of 
the fragment track has been made on tracing paper 
which was placed on a glass plate about 150 cm above 
the microscope. By using a X95 objective and a X10 
ocular a total magnification of ~4500 was obtained. By 


'Q. Skjeggestad, Arch. Math. Naturvidenskab. B54, No 1, 


(1956). 


means of a special device, the fine focus of the micro- 
scope could be regulated so as to keep the track in focus 
as the drawing was made. The drawing was subdivided 
into short lengths, each 5 cm long (corresponding to 
about 12 u of track), and the area of each interval was 
measured with a high precision planimeter. The results 
of the measurements on 441 stable heavy fragments, 
observed in the same stack of plates in which the hyper- 
fragments were found, are represented in Fig. 1. The 
criteria for the selection of the tracks were as follows: 


(1) The tracks ended in the emulsion. 

(2) The ranges were 283 yp. 

(3) The angle of dip was <20.0°. 

(4) For calibration, 70 tracks, >1000m long, of 
helium nuclei were measured by the planimeter. The 
helium tracks were identified by the 6-ray method. The 
rest of the tracks in Fig. 1 were particles which by 





Number 
of tracks 





'{2232498 
20 30 40 
Total track area at 83 microns 











Fic. 1. Histogram showing the total track area, in arbitrary 
units, of the last 83 yw of 441 nuclear fragments. The shaded 
portions represent Li® “hammer” tracks. The majority of the 
particles in groups A, B, and C represent, respectively, helium, 
lithium, and beryllium nuclei. The labels 1-6 on the abscissa 
indicate the corresponding measurements on tracks from the 
hyperfragment material. 
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inspection appeared to be more highly charged than 
helium nuclei. 

From Fig. 1 three groups of particles A, B, C, 
are clearly separable. Group A consists mainly of the 
identified helium nuclei. As a second calibration method 
we have measured 46 Li® “hammer” tracks satisfying 
the criteria (1)-(3). The result is represented in the 
shaded histogram of Fig. 1. The fact that the distribu- 
tion of the “hammer” tracks very nearly coincides with 
that of group B proves that the latter also represents 
lithium nuclei. Furthermore, group C most probably 
consists of beryllium fragments, possibly with a small 
admixture of boron nuclei. 

The abscissa values indicated by the numbers 1-6 
represent corresponding measurements on tracks from 
the hyperfragment material. In the following analysis, 
they will be referred to as Track 1, Track 2, etc. 


DETAILED DESCRIPTION 


An attempt has been made to investigate each hyper- 
fragment disintegration in detail. In most cases, how- 
ever, an unambiguous identification of the hyperfrag- 
ment and determination of the binding energy of the 
A® particle could not be made for either one of two 
reasons: (1) The visible kinetic energy, plus the energy 
required by one neutron to give momentum balance, 
was not consistent with the energy release of a bound 
A particle, thus indicating the emission of two or more 
neutrons. (2) One of the particles emitted in the disin- 
tegration left the stack of plates before being brought 
to rest in the emulsion, thus making an exact analysis 
impossible. 


Event 1 


As shown in Fig. 2, from the nuclear disintegration 
S of type 20+ 3p a slow unstable particle / is ejected at 


Fic. 2. Projection drawing of 
Event 1. From a star S an unstable 
particle F is ejected which decays 
into a short, heavily ionizing, par 
ticle A and a negative m meson B. 
The event is uniquely defined as 
the mesonic decay of an H* hyper 
fragment according to the scheme 
H*+He?+n+n~ with B.E.(A°) 
=1.5+0.7 Mev. 


OF 


HYPERFRAGMENTS 


Fic. 3. Projection drawing of 
Event 2. From a star S an unstable 
fragment F is ejected, decaying 
into a short recoil A, a negative 
meson B, and a short, heavily 
ionizing particle C. The event 
most probably represents the me 
sonic decay of a Li® hyperfrag 
ment. 





an angle of 66.8+2.0° relative to the direction of the 
primary of S. The particle comes to rest after 95 y, 
and gives rise to a star with two prongs A and B, 
A planimeter measurement of F gives a value of the 
total ionization represented by Track 1 in Fig. 1, thus 
strongly suggesting that the particle has unit charge. 
The prong B shows the characteristic multiple scat- 
tering and change in grain density of a w meson, and 
ends, after traversing 14 760 » of emulsion, in a oa star. 
Further characteristics of the secondary star are given 
in Table I. 

If one assumes the event to represent the decay of a 
hyperfragment of hydrogen, conservation of charge 
demands that particle A is an isotope of helium. Fur 
thermore, the noncollinearity of A and B implies the 
emission of a neutron in the disintegration, The only 
possible decay scheme is therefore: 


H*—He’+ n+ 


The binding energy of the A° particle in the H® is 
calculated to be B.E.(A°)=1.5+0.7 Mev. 


(1) 


Event 2 


From a nuclear disintegration S of type 16+5p a 
slow unstable fragment F is emitted at an angle of 
47.5+2.0° relative to the direction of the primary of S. 
The fragment comes to rest after 136 and gives rise 
to a three-prong star A, B,C. A projection drawing 
of the event is shown in Fig. 3. A planimeter measure- 
ment on F gives a value of the total ionization repre 
sented by Track 6 in Fig. 1, showing that the particle 
most probably is a hyperfragment of lithium. ‘The 
prong B shows the characteristic multiple scattering of 
a m meson, and ends after traversing 14 591 yw in a a 
star. Further characteristics of the secondary star are 
given in Table II. 
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Tase I, Relevant data for the secondary star in Event 1. 


Track A B 
13.7 14760 


Range in microns 

Angle with the direction of B, 
projected on the plane of the 
emulsion 

Angle of dip with the plane of the 
emulsion 


196.7+1° 0 


26.742° up 41.642° down 


Tasve IT. Relevant data for the secondary star in Event 2. 


A B 
1.0+0.3 14 591 


Track 


Range in microns 

Angle with the direc 
tion of B, projected 
on the plane of the 
emulsion 

Angle of dip with the 
plane of the emul- 
sion 


35.04 10.0° 127.94-1° 


Not 


measurable 5.142°down 33.743° up 


Because of the small range of the recoil A, no test on 
the coplanarity of the event can be made. As a starting 
point in the analysis we tentatively assume, that no 
neutral particles were emitted in the disintegration. 
Knowing the identity of B, and making various assump- 
tions for the identity of track C, we calculate the 
momentum My, and the angle 64 which the recoil A 
must make with the direction of B, projected on the 
plane of the emulsion, in order to give momentum 
balance between all three tracks. The result is given in 
Table III. 

The observed direction 6, of the recoil A is very 
uncertain, but is estimated to be between the limits 
25°. 45°; thus C cannot be a proton. The assumption 
that C is an isotope of helium results in the negative 
binding energies of the A° particle. Therefore, assuming 
no neutron emission, the only possible decay schemes 
are given in Table IV. 

The low binding energy definitely excludes the event 
from being a Li® hyperfragment. Therefore, the most 
probable interpretation is that F is a Li®* hyperfrag- 
ment, with one of the two alternative decay schemes 
given in Table LV. 


Tasie UI. Calculated values of momentum M4, and angle 6, for 
various assumptions of the identity of track C in Event 2. 


Ma in Mev/c 04 


19.9° 
33.2° 
44.3° 


Assumed identity of C 


H! 79.6 
H? 79.0 
H! 82.6 


TABLE IV. Possible decay schemes of Event 2. 


B.E.(A®) in Mev 


1.1+1.0 
6.4+1.0 
5.24+1.0 


Decay scheme 
Li®-+-H?+- 
Li? +H?+-9 
Li®+H'*+ 


Hyperfragment 
Li* 


Li** 
Li* 
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If we assume the emission of one neutron in the disin- 
tegration, various decay schemes of Li®* and Li’ are 
possible. In that case, however, a calculation gives 
B.E.(A°)<3 Mev, and we regard this alternative as 
less probable. 


Event 3 


From a nuclear disintegration S of type 22+4p, a 
slow unstable particle F is emitted. The particle comes 
to rest after traversing 150 « of emulsion, and gives rise 
to a two-prong star A, B. A projection drawing of the 
event is shown in Fig. 4. A planimeter measurement on 
F gives a value of the total ionization represented by 
Track 3 in Fig. 1, showing the particle to be a hyper- 
fragment of helium. The track B has a range of 26 286 yn, 
and has the characteristic appearance of the track of a 
heavy particle of unit charge. Further characteristics 
of the secondary star are given in Table V. 

From energy considerations it follows that B is a 


Fic. 4. Projection 
drawing of Event 3. 
From a star S an unsta- 
ble particle F is ejected 
which decays into a 
short, heavily ionizing 
particle A and a fast 
proton B. The event 
possibly represents the 
nonmesonic decay of a 
He®™* hyperfragment. 





proton, assuming the event to be a normal hyper- 
fragment decay. Further, the noncollinearity of A and 
B implies the emission of at least one neutral particle 
in the disintegration. If only one neutron is emitted, 
the only reasonable value of the binding energy is 
obtained by assuming particle A to be a triton. This 
strongly indicates that the event was the nonmesonic 
decay of a He™ hyperfragment according to the mode: 


He**—>H?+ H'+n. (2) 


The corresponding binding energy is B.E.(A°)= 3.6 
+1.0 Mev. 

If two neutrons are emitted, no detailed analysis of 
the event is possible. 


Event 4 


From a nuclear disintegration (too near the surface 
of the emulsion to be classified), a slow unstable 
particle F is emitted, making a two-prong star A, B 
after traversing 950 4 of emulsion. A planimeter meas- 





DISINTEGRATION 


urement on F and the prong B gives values of the total 
ionization represented by Track 4 and Track 2, respec- 
tively, in Fig. 1, showing F to be a hyperfragment of 
lithium and B a helium nucleus. Further character- 
istics of the secondary star are given in ‘Table VI. 

If we assume that a single neutron was emitted, the 
only assignment for the tracks A and B giving the 
right order of magnitude for the binding energy of the 
A® particle, is for A to be a proton and B an alpha 
particle. The binding energy in the hyperfragment 
decay, 

Li*—He'+ H!+n, (3) 


is calculated to be B.E.(A°)=7.8+2.0 Mev. This value 
seems somewhat high, and we regard it as highly 
probable that two or more neutrons are emitted in the 
disintegration, making an analysis impossible. 


Event 5 


From a nuclear disintegration S of type 13+-1p, an 
unstable particle F is emitted at an angle of 105.7+2° 


TABLE V. Relevant data for the secondary star in Event 3. 


Track A B 


Range in microns 100 26 286 

Angle with the direction of B, 
projected on the plane of the 
emulsion 

Angle of dip with the plane of the 
emulsion 


136.541° 0 


61.342° up 24.942° down 


TABLE VI. Relevant data for the secondary star in Event 4. 


Track B 


Range in microns 618 

Angle with the direction of A, pro- 
jected on the plane of the emul 
sion 

Angle of dip with the plane of the 
emulsion 


207.5+1° 


0.042° 4.74+2° down 


relative to the direction of the primary of S. The 
particle produces a three-prong star A, B, C after 
traversing 31 4 of emulsion. A projection drawing of 
the event is shown in Fig. 5. The particle has too 
short a range for any method of charge determination 
to be applied. The track, however, has the general 
appearance of that of a particle of unit charge. It does 
not show the characteristic scattering of a particle 
stopping in the emulsion, and a couple of 6 rays and 
gaps along the track indicate that the event represents 
the decay in flight of a hyperfragment. Additional 
support of this view is obtained by calculating the 
QO value of the disintegration. The track C shows the 
characteristic scattering of a m meson and ends after 
traversing 6135 yw of emulsion ina a star. Further charac- 
teristics of the secondary star are given in Table VII. 

If one assumes that the particle F decays at rest, it 
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Fic. 5. Projection 
drawing of Event 5 
From a star S an 
unstable particle / 
is ejected, decaying 
in flight into two 
heavily ionizing par- 
ticles A and B, anda 
negative * meson C, 
The event most prob- 
ably represents the 
decay in flight of a 
hyperfragment of hy 
drogen. 


can be shown that no positive value for the binding 
energy of the A° particle can be obtained, even if one 
assumes compensate the residual 
momentum of the charged particles A, B, C. The 
smallest value for the kinetic energy of the particles 
coming from the disintegration is 47.5 Mev. It is 
obtained on the assumption that A and B are protons, 
and that two neutrons of equal kinetic energies are 
emitted in the same direction. A comparison between 
this value and the energy released in the mesonic decay 
of nuclei with bound A° particles shows that the present 
event represents either an anomalous hyperfragment, 
or the decay in flight of a H** or H™ hyperfragment. 

A further indication that the event is a decay in 
flight comes from the value of the kinetic energy of the 
ma meson. In most published events on hyperfragments 
of hydrogen, the kinetic energies of the w mesons are 
between the limits 23-55 Mev. The exceptionally low 
kinetic energy, 17.5 Mev, of the w meson in the present 
event, is therefore, a strong indication that the process 
is a decay in flight, with the m meson ejected ‘“back- 
wards” in the center-of-mass system. Because of 
neutron emission, no value of the binding energy of 
the A® particle can be calculated. 


two neutrons to 


Event 6 


As shown in Fig. 6, the hyperfragment F originated 
from an 8-prong star produced by a stopped heavy 
particle K, One of the prongs in the star is a negative 
m@ meson which stops after traversing 4028 yw of emulsion 
and produces a a star. The hyperfragment track is only 


TABLE VII. Relevant data for the secondary star in Event 5, 


Track A B 


Range in microns ; 583 71 

Angle with the direction of C, 
projected on the plane of the 
emulsion 

Angle of dip with the plane of 
the emulsion 


139,2+1 
71.942° 
down 


165.841° 0 
65.942° 45.942° 
down down 
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Fic, 6. Projection draw 
ing of Event 6. From a star 
produced by a negative K 
meson, a negative m meson 
and an unstable particle F 
decaying into two heavily 
ionizing particles A and B 
are ejected. The track F 
most probably represents a 
hyperfragment of helium 
undergoing nonmesonic 
decay. 


7 long, and no information regarding the charge of 
the hyperfragment can be obtained from the track 
alone, It produces a secondary star with two prongs, 
A and B, each of which has the characteristic appearance 
of tracks of unit charge. This strongly suggests that the 
hyperfragment possesses charge 2. Further charac- 
teristics of the secondary star are given in Table VIII. 
If a single neutron is assumed to have been emitted, 
the only decay scheme giving the right order of mag- 
nitude for the binding energy of the A®° particle is 


He*—H'+ H'+n, (4) 


with B.E.(A°)=1.34+1.0 Mev. This value seems some- 
what low, and most probably two or more neutrons 
are emitted in the disintegration, making an analysis 
impossible, 

The heavy particle K is ejected from a star of type 
6+1p, and has a range of 6517 w. The identity of the 


Tasie VILL. Relevant data for the secondary star in Event 6 


Track d B 
Range in microns 4059 
Angle with the direction of A, pro 
jected on the plane of the emulsion 0 
Angle of dip with the plane of the 
emulsion 


135.5+1 


66.642° up 50.442° up 


Tasie IX. Characteristics of the hyperfragments of Events 7, 8, 
9, and 10 


Angle with the 
incident direction of 
the star-primary 


Primary Range in 
star microns 


Charge 
2241p o4 : 3.742° 
274+-2n 40 

2449p 225 d 80.5 
2441p 98 31.4 


° 


+ 
+ 
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TABLE X. Relevant data for the secondary stars in Events 7, 8, 
9, and 10. 


Angle with 
the direction 
of A projected 
Range in on the plane of 
microns Charge the emulsion 


Angle of dip 
with the plane 
of the emulsion 


Event Track Identity 


1843 0 
528 94.341 
3168 


41.0+2° down 
down 
159.941° 57.142° up 


263 . 3. up 
1638 46.34-1° -2° down 
31 125.8+1 * up 


3110 0 > down 
5 


5.0+1° 


> 1500 0 2° up 
164 97.541° 13.8+2° up 
301 182.7+1° * down 
360 220.4+41° ’ down 


particle was inferred from gap measurements along 
4000 » of the track. The total gap length of the track 
K was plotted as a function of the residual range. For 
calibration, similar observations were performed on 
three positive mesons each having a range of 2000 y, 
three r mesons having ranges of 3250 y4, 4000 yu, and 
4200 yw, respectively, and three protons each of range 
5000 4. The results of these measurements are repre- 
sented in Fig. 7. The particle K is clearly seen to have 
a mass very near to that of the 7 mesons, and is therefore 
most probably a negative K meson. 


Events 7, 8, 9, and 10 


Four cases of hyperfragment decay were observed 
where no reasonable values for the binding energy of 
the A® particle could be obtained. The relevant data 
for the four events are summarized in Table LX and 
Table X. In events 7, 8, and 9 two or more neutrons 
are emitted. In event 10, one of the prongs, most 
probably a meson judging from the scattering of the 
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Fic. 7. Plot of total gap-length vs residual range for mesons, 
7 mesons (dashed curves), protons P, and the unstable particle K 
in Event 6. The particle is clearly seen to have a mass very near 
to that of the 7 meson, and is therefore most probably a K meson. 
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track, leaves the emulsion before being brought to rest. 
Because of the short range of the hyperfragments, the 
charges have been estimated from charge balance of 
the secondaries, except for event 9 which is represented 
by Track 5 in Fig. 1. 

In all calculations we have used the range-energy 
relation given by Baroni ef al.’ In the determination of 
the binding energies we have used the mass values for 
elementary particles and light nuclei given by Barkas 


? Baroni, Castagnoli, Cortini, Franzinetti, and Manfredini, 
Bureau of Standards CERN Bulletin No. 9 (unpublished). 
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and Hahn,’ and 36.9 Mev for the Q value in the decay 


of a free A® particle. 
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Electron Scattering from Nonspherical Nuclei*} 


B. W. Downs,t D. G 


RAVENHALL, AND D 


R. YENNII 


Stanford University, Stanford, California 
(Received March 5, 1957) 


To explain the anomalously smooth cross sections observed in electron scattering from certain nuclei 
(Hf, Ta, W, U), the contributions to the cross section arising from the nonspherical character of those nuclei 
have been examined. Approximations are developed for the calculation of these contributions, and for a 
sample case, Ta, numerical results are given; the value required for the nuclear distortion in order to obtain 
agreement with experiment in this case is in good agreement with the spectroscopic and Coulomb-excitation 


values. The results suggest that in certain cases electron scattering will be a useful new method for measuring 
both the magnitude and the radial shape of nuclear deformations 


1, INTRODUCTION 


XPERIMENTS on high-energy electron scattering 

by some heavy nuclei (e.g., gold, lead, bismuth) 
yield differential cross sections with pronounced diffrac- 
tion structure.! On the assumption of elastic scattering 
from a spherically symmetric nuclear charge distribu- 
tion these cross sections have been found to indicate 
distributions approximately uniform in the center, with 
a relatively sharp surface. Another group of elements 
(hafnium, tantalum, tungsten, uranium) show, how- 
ever, markedly different differential cross sections: as 
can be seen from Fig. 1, they have roughly the same 
slope (on a semilog plot) but show no diffraction dips. 
In an attempted analysis of the latter experiments it 
was found to be not possible to alter the radius and 
surface thickness of the smoothed uniform charge 
distribution so as to fit both the lack of diffraction 
structure and the rather shallow slope. In search of a 
reason for this strange behavior, one notices that the 


* Supported in part by the United States Air Force through the 
Air Force Office of Scientific Research, Air Research and Develop 
ment Command, 

t Part of a thesis submitted by one of us (B.W.D.) in partial 
fulfillment for the Ph. D. degree, Stanford University, June 1955 


t Present address: Laboratory of Nuclear Studies, Cornell 
University, Ithaca, New York 

‘Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1130 
(1956). For a complete bibliography of electron scattering, see 


kK. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 


first-mentioned group of nuclei are at or close to closed 
the group 
positions in the middle of a shell. Using a collective 
nuclear model, Bohr and Mottelson’ have characterized 
nuclei in the first group as essentially spherically sym- 
metric, while those in the second group have equilib- 
rium shapes far from spherical, having, as a conse- 
quence, low-lying levels corresponding to a collective 


nucleon shells, whereas second occupies 


rotation of the outer nucleons. ‘The energy resolution of 
the electron-scattering experiments does not distinguish 
between elastic scattering and inelastic scattering corre 
sponding to excitation of such levels. In an attempt to 
explain the observed smooth cross section, an approxi 
mate calculation has been made of differential cross 
sections for scattering from such a deformed nucleus. It 
is found that agreement can be obtained by suitable 
choice of the parameters involved. The method, with 
more extensive analysis, may possibly be used to give 
information about both the magnitude and radial shape 
of nuclear deformations.’ 


2A. Bohr and B. R. Mottelson, Kgl 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953) 

* A preliminary account of this work was given at the 1954 
Winter Meeting of the American Physical Society, reported in 
Phys. Rev. 98, 277(A) (1954) 

‘A more detailed account of the analysis and results of thi 
calculation is contained in the Ph. D. dissertation of one of us 
B. W. Downs, Ph. D. dissertation, Stanford University, 1955 
(unpublished ) 
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Fic. 1. Experimental cross sections for scattering of 180-Mev 
electrons by some heavy nuclei. To display the diffraction struc 
fure more prominently, the cross section has been divided by 
[ cos*( 40)/sin*(40) ], which is proportional to the point-scattering 
cross section in first Born approximation, 


The system to be investigated is that of a very 
energetic electron scattered by the Coulomb field of a 
heavy, nonspherical nucleus, with the possibility of 
nuclear excitation. It has been shown previously, for 
the spherically symmetrical case with no excitation, that 
a solution accurate enough for detailed comparison with 
the experiments requires a complete phase-shift analysis 
of the Dirac equation for the system.® Such an analysis 
would be impossible for the system of interest here since 
the Dirac equation cannot be separated into partial 
waves. It has therefore been necessary to make a number 
of approximations, ‘These are as follows: 

(a) The interactions additional to the spherically 
symmetric interaction (that is, the fields of higher 
multipole order caused by the nonspherical charge dis- 
tribution and by the nuclear excitation) are assumed 
small, and are treated by first-order perturbation 
theory. 

(b) The electron wave functions used in the above 
perturbation theory, which describe scattering in the 
spherically symmetric part of the charge distribution, 
will be approximated by distorted plane waves (the 
zero-order scattering by the spherically symmetric part 
of the charge distribution is not approximated: it is 
calculated by the phase-shift analysis described 
previously). 

(c) A model of the nucleus which is essentially an 
extension of Bohr’s collective model in the strong- 
coupling limit will be assumed. 

Approximation (a) is necessary in order to be able to 
do the calculation at all. We feel that this is a plausible 
approximation, although at present it cannot be strictly 
justified, We shall discuss it at the end of Sec. 2, after 
the formalism has been developed. Approximation (b) 
is not mandatory, since it is feasible to use as zero-order 
wave functions the exact partial-wave expansion of the 


® Yennie, Ravenhall and Wilson, Phys. Rev. 95, 500 (1954) 
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elastically scattered wave. In the case of interest here it 
would be necessary to evaluate and combine about 
sixty radial matrix elements. The alternative we have 
chosen is to find for the wave function describing the 
elastic scattering a three-dimensional approximation 
which is reliable close to the nucleus. The complete 
matrix element can then be evaluated analytically. 
With approximation (c) the sum of elastic and inelastic 
scattering due to the deformed part of the charge 
distribution turns out to be independent of the nuclear 
spin, and is identical with what would be obtained from 
a classical, deformed charge distribution oriented at 
random.® That this should be so can be understood by 
uncertainty principle arguments, since the energy is not 
resolved. We assume, with Bohr,’ that the radial matrix 
element is the same for all transitions; instead of the 
surface delta function, however, we use a smooth tran- 
sition density approximately proportional to dpo/dr, 
where po is the spherically symmetric part of the charge 
distribution. The use of the Bohr model for the nuclear 
matrix elements thus simplifies the analysis, but it is 
not essential. Since, however, comparison with experi- 
ment does not allow complete determination of the 
parameters of even this simplified model, it would be 
unprofitable at this stage to consider more complex 
matrix elements. 


2. ANALYSIS 


The development of the three-dimensional approxi- 
mation to the wave function describing the elastic 
scattering will be given in a later paper,’ and we sum- 
marize it here. It is based on two observations concern- 
ing the behavior of the exact partial waves near the 
nucleus; the radial wave functions are to a good approxi- 
mation spherical Bessel functions with modified argu- 
ment; and the total phase shifts are connected for small 
j by the relation 


n=atbj(j+1), (1) 


where j(j+1)h’ is the eigenvalue of the square of the 
total angular momentum J. Thus the total scattering 
wave function g‘*)(r) [where (+), (—) refer, respec- 
tively, to outgoing and incoming scattered waves ], 


. which rigorously is an expansion in terms of the exact 


radial wave functions F;(r) and G;(r) and the spin- 
angular functions x;' and x,’, 


gy’ (r)= Li (kr) "0? let'n[ Gixy'4 iP sx,” |, (2) 


can be approximated at small distances by 


g(r (R ke ap v Tji y(h'r) x, t 1 i44(R'1)x;? ] 


y /B\ ohbecth’.t cos}6 
(W /R)e*ie be (3) 


where k’ is the electron’s wave number in the vicinity 


® |. I. Schiff, Phys. Rev. 96, 765 (1954). 
7D). RK. Yennie and D, G, Ravenhall (to be published). 
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of the nucleus and 7 is now the operator 
n=at+bli-'rX ¥+4e |". (4) 


The simple form of Eq. (3) arises from the physical 
situation that an incident plane wave, after traveling 
through the weak, slowly varying Coulomb field, 
arrives at the nucleus with modified argument, ampli- 
tude, and phase, and with curved wave fronts [due to 
the factor exp(ibJ*) |. For the case of interest here, 
scattering of 182-Mev electrons by tantalum (Z=73), 
b turns out to be —0.0080 which is small enough for us 
to expand the exponential in powers of 6 and retain only 
the first few terms. ; 

The application of the Born approximation to this 
physical situation has been made by Schiff in some 
detail.6 He obtains the results, mentioned in the 
Introduction, that the total contribution to the scatter- 
ing from the intrinsic nuclear deformation is independ- 
ent of the nuclear spin, and is equivalent to scattering 
from a classical deformed charge distribution. The 
corresponding arguments in the present case with the 
more accurate wave functions (2) are essentially the 
same as Schiff’s, but we give them for the sake of 
completeness. 

The essential feature of the Bohr-Mottelson model is 
the close connection between the static quadrupole 
moment and the £2 transition matrix elements among 
the rotational levels. These matrix elements of the 
charge density operator pop(r), 


Pop (¥) . p ree eb(r— Ip); 

are related as follows: 
(I'M" | pop (r)| 1M) 

=b;pbyupo(r) + (21+1) 500m yar 

XC (2m; —M'M)V om(0,) lp2(r)+++°. (5) 

The dependence on the Clebsch-Gordan coefficients C 
is a consequence of rotational invariance. The factors 
vu are peculiar to the Bohr-Mottelson model; for 
IA} they are given by 
1(21—1)/(14+-1)(22+-3), 
31/(I+1) (+2), 
6/ (1+ 2) (21+3). 


(2)]2 
4 


ly 
Cyr ]?: 
Cyi42 }? 
‘They have the property, observed by Schiff,® that 
Urlyin? P=1. (6) 


In calculating the electron scattering due to these static 
and transition charge densities, we shall treat the po 
term exactly by using the partial-wave analysis, 1.e., we 
solve exactly the Dirac equation containing the electro- 
static potential generated by po(r). The potential due to 
pz is then treated by perturbation theory. The scattering 
amplitude for elastic collisions is the sum of the po term 
and a part of the p, term. It is easy to show that the 
interference term vanishes for an unpolarized target. 
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The total quadrupole contribution to the cross section 
is simplified because of (6), so that the total cross 
section, including all transitions, is given by 


a (0) = 09(8)+02(8) ; (7) 


for o2 we have the simple expression 


| 
| 

a(0)=(E debe)? Dnl fo0)V an OV dtr (8) 
} 


where V(r) is the potential due to the passing electron: 


1 
V (r) of ; Ph’ *(r’) oy (r’) dr’, (9) 
lr—r’ 


' 


We observe that the cross section (8) is just what could 
be obtained from a classical deformed charge distribu- 
tion, oriented at random. 

A natural way to introduce this classical deformation 
is to write 


p(r1—aP2(cosy) }), (10) 


where a is a deformation parameter, and y is the angle 
measured from the symmetry axis. Surfaces of constant 
charge density are give by the relation 


pat) 


r| 1—aP2(cosy) |= constant, 


i.e., they are concentric and roughly spheroidal. A 
multipole expansion of (10) gives the result, accurate 
for small a, that 


pa(¥) = po(r)+-p2(r) P2(cosy)+ +++, (11) 
where 


po(r) = p(r)+ (1/10)a*r’p” (nr) +--+ +, 


—arp' (r)+ (1/7)a’r’p (r)+-*-+. © (12) 


If for p(r) we use any “smoothed uniform” distribution 
with radius ¢ (distance to the half-point) and surface 
thickness ¢ (the 90% to 10% distance), then po(r) is 
also a smoothed uniform distribution with parameters 
Co, fo given by 


pa(r) 


coc (1+ a’/5), 
lo’ (14 3a’, 5)+A*%a?c?, (13) 


lor the Fermi distribution, 


p(O){1 | exp (yr 


p(r) C) 0),228/ |} 2 (14) 


the parameter A in (13) is 1.08. A result of this plausible 
assumption about the form of the deformation is that 
po(r) is not independent, but is given by p(r). It is in 
fact a smooth function with a maximum at r~c, and 
width of order ¢. The intrinsic quadrupole moment Oo, 
as defined by Bohr and Mottelson,’ is given by 


COo= (8x 5) f polr)rdr. 


J 


(15) 


With a deformation of the type (10) this relation can be 
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simplified to 
Oo= 2Z(9*) 4 14+-6a/7+-O(a*) |, 


where (r*)4 is the mean-square radius of pa(r); for the 
particular shape (14), (r?)q can be expressed in terms of 
cy and ty by the use of Eqs. (13) and the relations 


(y*)| 1 + 9a? 5 | 7 |, 
Bo 14-1.70(t/c)?+-0.61 (t/c)* |/ 
[1 +O. 58(1 c)?}. 


(r*)4 
(y*) 
(16) 


The remaining problem is to evaluate (9) and (8), 
using for the eigenstates of the po scattering which 
appear in (9) the approximation (3). To do this it is 
necessary to expand exp(ibJ*) in powers of b. The 
justification for this is that the 7 values that are im- 
portant in the matrix element are of order k’c, which at 
this energy is about 6.4. Thus the exponent will be of 
order 0.4, so that an expansion which keeps terms up 
to 6? should be reasonably accurate. At this point it 
should also be remembered that the representation (1) 
for 7 is itself an approximation ; for the present situation 
it is accurate up to 7 values of about 6 or 7, however. In 
the expansion in powers of 6, the first term, which is 
independent of 6, results in an expression for (8) which 
is closely similar to the Born approximation, the only 
differences being in the modified amplitude and wave 
number. To this approximation (8) still has the zeros 


typical of the first Born approximation, Because the 
term linear in 6 in the matrix element is w/2 out of phase 
with the Born-approximation term, the next contribu- 
tion to a2(0) is of order b*. We calculate the 6? term only 
at the zeros, since at these angles only the 6 term in the 
matrix element contributes to the cross section. The 
evaluation of this term is simplified by noting that 


rX Vek r= —kh’XUpe®', 
It can be expressed in terms of derivatives of the Born- 
approximation matrix element. 

We return to the question of the validity of approxi- 
mation (a), that the quadrupole contributions can be 
treated by first-order perturbation theory. Some meas- 
ure of the reliability of this approximation is given by 
the ratio of quadrupole to monopole potentials. The 
maximum value of this ratio, attained at the surface, is 
€ tal 1 O.8(t/o)+--- For the values of a needed 
to fit the experiments, ¢ is at most about 0.1. In fact ¢ 
probably overestimates the importance of the quad- 
rupole effects, because the quadrupole potential has 
a short range, whereas the central potential has a long 
range. In any case, the smallness of ¢ implies that higher- 
order contributions in e can be neglected. However, 
there are two contributions to the cross section of order 
é, of which we include only o2. The other term of this 
order in é is the dispersion contribution to the monopole 
scattering, arising from virtual excitation of the, rota- 
tional levels. ‘To order & the monopole scattering ampli- 
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tude is actually of the form 
Fo(q) + €F disp (q)- 


We have not calculated F4j.,(q), but Schiff’s closure 
estimate of this term® for the general case of nuclear 
excitation suggests that it is of the same order of mag- 
nitude as Fo(q), so that the resulting contribution to the 
monopole cross section is only é of the part we use, and 
thus can safely be neglected. 


3. RESULTS 


The results of calculations for a typical case are 
illustrated in Fig. 2.4 It has been made for tantalum 
(Z=73), at an energy of 182 Mev. It is seen that the 
quadrupole scattering does tend to fill in the diffraction 
minima of the po scattering. That this should be so is 
clear from the simple Born-approximation argument 
that the form factors for the two contributions vary 
with g as jo(ge) and (3/gc)j,(qc), respectively, and j, 
and j2 are r/2 out of phase. Figure 2 also illustrates the 
rather crude way in which we have estimated the 
quadrupole cross section. We have calculated the 6? 
term only at the diffraction minimum of o2(@) and have 
assumed that it is negligible at the diffraction maximum. 
From these points and from the term independent of 
b’, which is easier to calculate, we have sketched in an 
estimated o2(@). To the accuracy with which we wish to 
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Fic, 2. A plot of the separate contributions 79(@) and a2(0) and 


the total differential cross section o (6), for electron scattering from 
tantalum (Z=73) at 182 Mev. 


* L. 1. Schiff, Phys. Rev. 98, 756 (1955). See also B. W. Downs, 
Phys. Rev. 101, 820 (1956). 
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compare the calculations with the experiments, this 
crudeness does not affect our conclusions appreciably. 
For a more precise comparison it is possible to calculate 
the 5? term at all angles, but the evaluation is rather 
lengthy. 

With the limitation on p.(r) imposed by (10), the 
model contains three parameters, c, /, and a, or, as has 
proved more convenient, ¢o, fo, and a. It is a priori 
unlikely that we can do better here than was possible 
with the spherically symmetric nuclei, where the 
pronounced diffraction structure enabled us to deter- 
mine c and ¢. We first observe that it is not possible to 
fit these experimental results with a=0 and a distribu- 
tion p of the type exemplified by (14). Although a 
distribution of this type can, with large enough /, yield 
a cross section with little diffraction structure, the slope 
of the cross section is then much too steep. We next 
admit that since the experimental results contain very 
little diffraction structure, it is not possible to determine 
co With any accuracy; we assume a value for ¢ scaled 
down from the result obtained for the spherically- 
symmetric nuclei, lead and gold, by the relation 
c=1.09A4!X10~-" cm, and increased a little to allow for 
the a term in Eq. (13). If now a value of fy is assumed, a 
can be chosen to give a smooth cross section, but this 
cross section will not in general have the correct slope. 
Thus by fitting the slope also we can determine both a 
and ¢». Figure 3 illustrates our results for various values 
of a, with co=6.38K10~-" cm and ly)=2.80K10~" cm. 
The experimental values are for Ta'®', at 182 Mev.' We 
estimate that the curve for a=0.19 is smooth and is a 
reasonable fit to the experimental points. The intrinsic 
surface thickness / is from Eq. (13) equal to 2.5107" 
cm, which is close to the value obtained for the spheri- 
cally symmetric nuclei.! With the assumed radius, this 
alue of a leads to an intrinsic quadrupole moment 
Qo of 10X10- cm*, which is roughly midway between 
the spectroscopic and Coulomb excitation values.’ 


SUMMARY 


An approximate calculation has been made of quad- 
rupole contributions to electron scattering from heavy, 
distorted nuclei. The general features of the results are 
qualitatively reliable, we feel, although inability to 
calculate the errors involved in the approximations 
does not allow us to quote accurate numerical results. 
The nuclear model employed contains three parameters, 
of which one, the radius c, cannot be determined. 
Assuming a reasonable value for c, comparison of the 
theoretical cross sections with the experiments then 


® McClelland, Mark, and Goodman, Phys. Rev. 97, 1191 (1955) 
These authors give Qo (spectroscopic) = 12.9 barns, Qo (Coulomb 
excitation yield) =6 barns 
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compared with the experimental values, all for tantalum (773) 
at 182 Mey 


Theoretical cross sections for various values of Qo 


determines the parameter /, the surface thickness, and 
a, the distortion parameter. For the case of ‘Ta! at 
182 Mev, a rough comparison with experiment of our 
approximate calculations indicates values (= 2.5% 10°" 
cm and a=0.19, The intrinsic quadrupole moment Qy is 
then roughly 10 barns. 

It is practicable, although tedious, to improve the 
theoretical analysis to the stage where reliable numerical 
values can be obtained for (and a, and consequently Qp. 
Information about the shape of p, may also be found by 
considering it as independent of po.‘ Considerably more 
information could be extracted from the very difficult 
experiment of electron scattering from aligned tantalum 
nuclei, since there would then be interference between 
the quadrupole and monopole scattering amplitudes. 
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Nuclear Emulsion Evidence for Parity Nonconservation in the 
Decay Chain x~t->y*+ —e** 


Jerome I. FrrepMan anv V. L. TeLecp1 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received March 6, 1957) 


Following a suggestion of Lee and Yang, the correlation between the initial direction of motion of the 
muon and the direction of emission of the positron in the decay chain r+—y+t—e*+ was investigated in 
nuclear emulsion to detect a possible parity nonconservation in both decay interactions. Positive pions from 
the University of Chicago synchrocyclotron were brought to rest in emulsion carefully shielded from mag- 
netic fields, and 2000 complete decay events were measured. A correlation W (@) = 1+-a cos@ was found, with 
a= —0,1744-0,038, clearly indicating a backward-forward asymmetry, i.e., a violation of parity conservation 
in both decay processes. Actually, following an argument of Lee, Oehme, and Yang, this asymmetry implies 
a noninvariance of either interaction with respect to both space inversion and charge conjugation, taken 


separately 


A detailed discussion of a depolarization process specific to u* mesons, i.e., the possible formation of 
“muonium,” (u*e~), is given. The results of this and similar experiments are compared with those obtained 
with muons originating from w* decays in flight, and the implications of such a comparison are discussed. 


I. INTRODUCTION 


N a recent brief communication,’ we presented the 

preliminary results of a nuclear emulsion experiment 
conducted in principle along the lines originally sug- 
gested by Lee and Yang? to test the conservation of 
parity in the decay chain rt—>y*t— et, These results, 
obtained on the basis of 1300 complete decay events, 
indicated fo a high confidence level (95%) a preference 
for the backward emission of the decay position with 
respect to the initial direction of motion of the yt 
meson. They clearly implied that space inversion (and 
also® charge conjugation) invariance does not hold in 
cither of the decay processes involved in this chain. 
Similar results in nuclear emulsion were obtained 
independently at Columbia University by electronic 
techniques by Garwin, Lederman, and Weinrich,‘ who 
used wt mesons originating from pions decaying in 
flight. The Columbia workers showed in addition that 
this forward-backward asymmetry in wt decay arises 
also in a number of other stopping media, though its 
magnitude appears to vary from material to material. 
Additional evidence for the same angular asymmetry 
has been presented by Rau ef al. on the basis of 1000 
n-u-e decays from positive pions coming to rest in 
hydrogen, 

The purpose of the present paper is to present data 
derived from a total of 2000 measured decay events. 
‘These data bear out our initial conclusions fully and at 
a much higher confidence level. We wish also to give a 
fuller discussion of the experimental techniques and 

* This work was supported by a joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

J. 1. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 (1957) 

2T. D, Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

4 Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957) 

‘ Garwin, Lederman, and Weinrich, Post-deadline paper at the 
New York Meeting of the American Physical Society, January, 
1957; Phys. Rev. 105, 1415 (1957) 

® A. Abaskiars ef al., Post-deadline paper at the New York Meet 
ing of the American Physical Society, January, 1957; Phys. Rev. 
105, 1927 (1957). 


statistical procedures than contained in reference 1, and 
to discuss the bearing of experiments of this type on 
data obtained with muons that originate from pions not 
decaying at rest. For this reason we include a detailed 
account of the role of “muonium” formation as a 
possible depolarization mechanism in nuclear emulsion. 


Il. EXPERIMENTAL PROCEDURE 
A. Exposure and Development 


Stacks of 1000 «4 G5 unsupported emulsion were 
exposed to a 40-Mev a+ beam from the University of 
Chicago synchrocyclotron. The emulsion received 
about 1.510‘ pions/cm? which is considered an 
optimum exposure as it produces a high density of 
events without obscuration. 

In view of the fact! that the precession frequency of 
a Dirac muon is (2.8/207)X10® sec-'/gauss and the 
“muonium,” i.e., (u*te~), could be formed and precess 
in its 4S, state at a hundred times greater frequency/ 
gauss (see Sec. IV), the emulsion was shielded during 
the exposure from stray magnetic fields such as occur 
near a cyclotron. This was accomplished by placing the 
emulsion within the innermost of three concentric 
tubular magnetic shields, Each shield consisted of two 
layers: the outer layer was a medium permeability, 
high saturation steel, and the inner layer was a high 
permeability alloy. The magnetic field in the experi- 
mental area was of the order of 10 gauss; however, the 
emulsion in the shields was subject to less than 4X 10-* 
gauss, as measured with a calibrated flip coil. 

To insure most uniform development, the emulsion 
was processed unsupported and later glued to glass. 
Special attention was given to producing a reasonably 
high density for minimum ionization tracks (20 g/100 y) 
with a low background grain density in order to 
facilitate the locating of electrons. 


® Pellicles of this thickness were chosen so that a large fraction 
of the stopping pions would produce usable decays. 
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B. Detection and Measurement of Events 


Events were detected by area-scanning under oil 
with a total magnification of 330. Under this magnifica- 
tion about two m-u decays were found per field of view 
(about 500 uw in diameter) in the region of the pellicle 
where pions were coming to rest. 

In order to insure that the detection efficiency be 
completely independent of the direction of the positron 
from the decay of the muon, the observers were in- 
structed to measure only those events that were 
detected by first seeing the m-~ decay. All events so 
found were used in the analysis except those in which 
the muon decays occurred within 50 yu of either surface. 

When a 2-u decay was found, the scanner followed the 
muon to the end of its range and searched for the 
positron. A considerable effort was made to detect all 
positrons because it was felt that the loss of positrons 
could be a source of bias. In only about 1% of muon 
decays could the positron not be found. For each 
positron found, a check was made to make sure that it 
indeed originated at the end of the muon track. 

For each m-y-e decay found, the space angle # between 
the initial direction of motion of the muon and that of 
the positron was measured. This was done to eliminate 
the effects of multiple scattering which change the 
momentum but not the spin orientation of the muon, 
The angles were measured with an accuracy of about 
+2°. The lateral and vertical shrinkage factors were 
accurately determined for subsequent calculation of the 
space angles (@). 

Il]. RESULTS’ 


2000 complete m-u-e decays were analyzed (see Fig. 1) 
and the space angle 6 defined above was calculated for 
each. For 60% of all events, chosen at random, this 
angle was recalculated independently; no appreciable 
discrepancies were revealed, From these data we find 
for a distribution function W(@) of the decay positron 


e= (B—F)/(B+F) 


180° we " 
-|f |W (@) aa— f | W (8) an) / J 
90° 0 0 


0.091+0,022, (1) 


ise 


W (0)d2 


i.e., a preference for backward emission with respect to 
the direction of motion of the muon. The events in the 
backward and forward hemispheres are statistically 
uncorrelated ; the error is thus given by 


o,= (1—&)1/N!}, 


where JN is the total number of events used. a, is the 
estimated error indicated above. This estimate does not 
make any allowance for errors of systematic nature, 


7 These results were presented as a post-deadline paper at the 
New York meeting of the American Physical Society, January, 
1957. 
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such as those introduced by possible local variations in 
shrinkage, etc. An estimate of the latter effects shows 
them to be small and of such a nature as to only decrease 
the experimentally observed value of e. 

‘The nonconservation of parity will assure the presence 
of odd powers of cosé in W(@) but per se imposes no 
limitation on the number of even powers present. Such 
a limitation, however, is effectively provided by the 
fact that the highest even power, say 2”, must satisfy 
the inequality »<s where s is the spin of the muon, 
Lacking a priori information as to the latter, we first 
performed an analysis® of W (@) into suitable orthogonal 
polynomials in cosé. These are the ‘Tchebysheff poly 
nomials, differing from Legendre polynomials in that 
they are defined over discrete intervals. ‘This analysis 
showed that the best fit is obtained with a constant and 
a linear term only, the parameter S defined in reference 
8 increasing with the addition of higher terms. 

With this information at hand, we determined W (6) 
by a least-squares fit to a linear form in cos@. This yields 


W (0) =1— (0.174--0.038) cosd, (2) 


where the error indicated is derived from the e& * width 
of the likelihood function of x*. This latter function is 
quite symmetric; if we identify the indicated error as a 
standard deviation, Eq. (2) implies that the asymmetry 
observed is real to an extremely high confidence level. 

It is worth pointing out that the individual e values 
computed from the data supplied by each of three 
scanners were all statistically consistent with the mean, 
In fact, the three individual values were 0,.06+0.035, 
0.110.036, and 0.130.045. 

As an additional check of possible bias, an analogous 
determination of the distribution of the muon direction 
of emission with respect to the direction of incidence of 
the pion beam was carried out. ‘This distribution was 
found to be isotropic, within statistics, as would be 
expected. In notation analogous to that of Eq. (1), we 


find 
e= —0.026+.0.029. 


IV. INTERPRETATION OF RESULTS 


Solely from the existence of an asymmetry such as 
displayed in (2), one can eonclude that both inter 
actions responsible for the transitions in the decay chain 
rt—yt—e' 
version or charge conjugation, 

‘The siyn and magnitude of the coefficient a of the 
cos@ term in (2) could in principle be predicted if the 
e+ + lv were 


are not invariant under either space in 


interaction responsible for the process yu! 
completely specified and the state of polarization of the 
wt known. This polarization in turn could be derived for 
interaction operating in the mp decay 
neither of 


any specifi 


process, At however, these two 


interactions is a priori known, and the coefficient a could 


present, 


Statistical Theory in Research (M« 
Inc., New York, 1952), pp. 207 ft 


® Anderson and Bancroft 
Graw Hill Book Company 
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in principle be used to restrict possible choices. In 
particular, the experimental value for a might be used to 
test a particularly parameter-free type of interaction, 
involving so-called two-component neutrinos.® 

Unfortunately, the experimental value of a is only 
indirectly related to the asymmetry coefficient predicted 
by theory. Muons can be depolarized by various causes 
during their lifetime, and the observed value of a 
represents only a lower limit. The experimentally 
observed dependence of a on the material in which the 
muons are brought to rest clearly points to the existence 
of efficient depolarization (or relaxation) mechanisms ; 
in graphite, for instance, about twice as large an asym- 
metry as reported here has been found.“ We wish to 
discuss here only one possible depolarization mecha- 
nism, viz., the formation of ‘‘muonium,” because it is 
peculiar to the wt meson and leads with certainty, if it 
operates at all, to a very short relaxation time.’ 

A wt can towards the end of its range easily capture 
an electron, leading to a “muonium” atom, (ute). 
Such an atom, essentially of the same size as (H*e ), 
could of course lose its electron again in further colli- 
sions, and indeed go through several “charge exchange” 
cycles. Such cycles would in fact be likely to occur in 
gases," and could perhaps also take place in condensed 
media where the mobility of muonium is much more 
limited. We shall, however, first assume that muonium, 
once formed, does not further. undergo collisions in, say, 
nuclear emulsion. 

Muonium will have a ‘So ground state and 4S, first 
excited state, separated by the hyperfine splitting 
[4X (3 10" sec!) | from it.” If the w* is initially in a 
completely polarized state, say a(u), while the electrons 
of the medium are, of course, unpolarized [a(e) and 
B(e) |, two “muonium” states can be formed, a(y)a(e) 
and a(y)8(e). The first of these is an exact eigenstate of 
muonium (48,, m=1), while the latter is not, corre- 
sponding to a coherent superposition of 'S» and 4S, 
states with m= 0, As the capture process is no doubt to 
high order of purely electric character, a(y)a(e) and 
a(u)B(e) will be formed in equal amounts, leading to a 
net time-dependent expectation value of the muon spin 
z component after capture given by (S,(0))= 4 (1+ coset), 
where w&310" sec'. Thus 50% of the muons 
captured into muonium will be effectively depolarized 
in a time short compared to their mean life for decay 
(2 10°* sec). Hence if x is the fraction of muons form- 
ing muonium, a theoretical asymmetry coefficient a will 

* Abdus Salam, Nuovo cimento 5, 299 (1957); L. D. Landau, 
Nuclear Physics 3, 127 (1957); T. D. Lee and C. N, Yang, Phys 
Rev. 105, 1671 (1957) 

” Swanson, Campbell, Garwin, Sens, Telegdi, Wright, and 
Yovanovitch, Bull. Am. Phys. Soc. Ser. II, 2, 205 (1957) 

“1. D. Landau (reference 7) has independently pointed out 


that such an atom (which he calls ‘“‘mesonium’’) could be a source 
of depolarization 

#S. K. Allison and S. D, Warshaw, Revs. Modern Phys. 25, 
779 (1953) 

'8 In all that follows, we shall assume the muon to be essentially 
a heavy Dirac electron 

t See note added in proof at end of paper 


AND V. 


TELEGDI 


be reduced to a(1—x/2), if no further depolarization 
mechanisms are at work. 

In a given external magnetic field, “8S; muonium 
would precess at an about one hundred times faster rate 
(1.4 10° sec”! /gauss) than the free muon. This was the 
reason for our elaborate shielding precautions. 

Conversely some depolarization mechanisms too slow 
to affect appreciably the spin of a free positive muon 
during its lifetime could relax the total spin of 4S, 
muonium quite effectively during the same time. If 
such mechanisms were in action, an asymmetry coeffi- 
cient a(1—x) would be observed even in perfectly 
shielded emulsion. It is clear that a succession of several 
“charge exchange” processes would lead to about the 
same reduction in asymmetry. 

In comparing our results with those obtained in 
experiments*” in which the muon spin is made to 
precess by the application of an external field, the 
preceding remarks have to be borne in mind. These 
external fields would necessarily wash out contributions 
to the asymmetry from muons bound in 4S; muonium, 
just like the hypothetical relaxation mechanisms men- 
tioned above. Thus, if such microscopic relaxations were 
not operative, the asymmetry observed by our method 
in nuclear emulsion would differ for a given original 
muon polarization by a factor (1 —«)/(1—«/2) from 
the electronically obtained value. 

The longitudinal polarization of muons emitted by 
pions in motion will in general be reduced by relativistic 
kinematics with respect to pion rest frame value. Aside 
from depolarization effects, experiments of our type! 
should hence lead to maximal asymmetry. If one 
assumes that decays at rest lead to complete polarization, 
the results of such experiments can conversely be used 
to determine the polarization of muons originating from 
pions in flight, provided these are brought to rest in the 
same medium. Comparison of our a value with the one 


300; 


in PPtprkct] 


b 150} 


Histogram trom *-- @* Events Observed 
in Nuclear £ mutex 
Fil to |e acos 


(0.174 * 0.038) 


lic. 1. Histogram from 2000 w*t-»y*-— +e? events observed in 
nuclear emulsion, Dashed curve is least-squares fit to 1+ a cos; 
a= — (0.174+0.038). Indicated errors are statistical standard 


deviations 


“T.e., emulsion and bubble chamber experiments with stopped 
pions 
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obtained at Columbia‘) by electronic methods for emul- 
sion suggests that the polarization of the u* beam used 
at Columbia is close to maximal. The two-component 
theory’ predicts complete polarization and for it a 
a value of <4; —}4 is within the stated errors 
compatible with Columbia’s results for graphite. ‘The 
statistical accuracy of experiments both with muons 
from decays in flight and at rest will have to be greatly 
improved before any firm conclusions can be drawn. 
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Vole added in proof. — Detailed electronic experiments 
at Chicago (reference 10) have shown that even in 
substances yielding a low a value, ut precess essentially 
without exhibiting relaxation over a period of 3 usec. 
Hence the depolarization leading to the reduced a value 
must (1) take place during the slowing down process, 
presumably when v, &¢/137; (2) act rapidly; (3) affect 
only a fraction of all muons. These conclusions would 
appear to support the muonium picture given in the 
text. At a velocity of the order of ¢/137, however, the 
muon loses little energy by e€ capture, and muonium 
(having almost the same velocity) would make ~10!° 
collisions/sec in a solid. This may throw some doubt 
on the literal validity of the picture. On the other 
hand, the latter is not critically dependent on the 
assumed binding between electron and muon. Con- 
ceivably, thermalized muons can sufficiently couple to 
spins of bound electrons (or nuclei) to depolarize, 
These points will be discussed in detail in a future 
publication, 
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Information Obtainable on Polarization of y' and Asymmetry of e' 
in Muonium Experiments* 


G. Breit AND V 


W. HuGues 


Vale University, New Haven, Connecticul 


(Received March 7, 1957) 


The formation of the compound put +e 


garding the polarization of the w* before their capture by the ¢ 


disintegration pt—-e'+v+v’. The detection of 


the counting of e*. 


asymmetry 


(muonium) is considered as a tool for gaining information re 


and the asymmetry of e* emission in the 


effects is supposed to take place through 


The effect of constant magnetic fields and of microwave-induced transitions among 


magnetic substates of muonium is calculated, with the conclusion that all of the experiments considered 


here determine in different ways the same combination of parameters describing the initial muon polarization 


and the asymmetry of e* emission in muon decay 


I, INTRODUCTION AND NOTATION 


N order to answer the question of parity conservation 

raised by Lee and Yang,' experiments were per 
formed by Wu, Ambler, Hayward, Hoppes, and 
Hudson’ showing that parity is not conserved in beta 
decay of Co giving the first example of lack of con- 
servation of parity in weak interactions. The experi 
ment of Garwin, Lederman, and Weinrich’ then showed 
that in the reactions 


wh—ut+y, ptoet+ut+y’, 

* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command under Contract Nos. AF 18(600) 771 
and AF 18(600)-1565 

'T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956); T. D. 
Lee and C, N. Yang, Phys. Rev. 105, 1671 (1957). 

2 Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105 
1413 (1957). 

4Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957). 


’ 


the w* are strongly polarized along the line of motion 
and that there is a large asymmetry in the angular 
distribution of the e' 
of wt. The question arises as to whether the degree of 
polarization of wt and the asymmetry parameter in the 
e* emission, or some parameter connected with both, 


with respect to the spin direction 


could be determined by observing the asymmetry of 
e* emission from the compound 


wire, 
the formation of which may be expected to take place 


at the end of the range of the w* in suitable materials.‘ 
The present note is concerned with this question.® The 


‘The possible role of muonium in the Columbia and Chicago 
experiments has been discussed by J. I. Friedman and V. L 
Telegdi, Phys. Rev. 105, 1681 (1957); estimates of formation may 
be found in Vernon W. Hughes, Bull. Am. Phys. Soc. Ser. II 2. 
205 (1957) 

® After the present work was completed, there arrived a pre 
print of a paper by Lee, Oehme, and Yang, on “Remarks on 
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TaBie I. Inherent probabilities of spin directions of u*. 


Proba 
bility 
of By 


Probability 
Oo tT) 


(Myr) 


(1,1) 
(1,0)’ 
(1, -1) 
(0,0)' 


Spin function 


Oye 1 0 
Saye > CB te s? lhl 
BB. 0 1 
CyB ey — SB yee ial s* 


experiments considered will be seen to be incapable of 
determining the two parameters separately but are 
nevertheless able to give information regarding a 
combination of the two. 

‘The symbols most frequently used are as follows: 


= fine-structure quantum number (total angular 
momentum of muonium). 

weak-field magnetic quantum number with axis 
of quantization along the muon line of flight. 
spin eigenfunctions of u*; a, corresponds to spin 
orientation along the line of flight, 6, to the 
opposite spin direction, 

similarly defined spin eigenfunctions of the 


My 


Oy, By 


Me, Be 
captured € 
p=probability that wt has its spin oriented along 
the beam direction just before capture. 


In addition there will occur frequently a quantity a 
which is a measure of the asymmetry of e+ emission. It 
is defined by counting e* emissions in two cones having 
angular openings 0 to @ and mr to r—@, with @ standing 
for the angle between the direction of e* emission with 
respect to the muon spin. When one restricts oneself to 
these et, the probability that if an e* is observed its 
direction is in the first cone is denoted by (1-+-a)/2 and 
the probability that it should lie in the second cone is 
denoted by (1—a)/2. 


II. CONDITION IN A STEADY FIELD ALONG 
THE LINE OF FLIGHT 

The muonium will be supposed to be subjected to the 
action of a magnetic field 3C along the line of flight of the 
muons. A magnetic field orientation perpendicular to 
the line of flight results in equal probabilities of the y* 
spin along and opposite to 3, and is thus not suitable for 
obtaining information regarding the original spin dire 
tion. The effect of the longitudinal magnetic field is to 
give the probabilities of the states a,, 6, of wt in the 
states (|My) of muonium as in Table I. In this table 
the states (1,0)’ and (0,0)’ are the stationary states 
arising from (1,0), (0,0) if 3 is applied adiabatically. 
For X= 0, s=c=1/V2. In general s, ¢c may be taken to be 
real numbers satisfying s°4+c=1. The notation is 
suggested by the fact that s and ¢ are, respectively, the 
sine and cosine of an angle associated with the orthogo- 
nal transformation from the strong-field states to the 
noninvariance under time reversal and charge conjugation” which 
increases the interest in the question of the determination of the 


spin direction of the muon on account of its bearing on the ques- 
tion of conservation of light particles 
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TABLe II. Relative numbers of muonium atoms and 
of spin directions after capture. 


Number of 
muonium 
atoms % By 


Number of «* with spin orientations 
(FMP) 


(1,1) 


p 
(1,0)" A+(s2 c)p 


a)p 


p 
s2c2 4-52 (52 
0 


c8+c2t(st—2)p 
1 - 


s4-4+-52(2 —st)p 
1+ct+s¢—[1+4+(2—st)2]p 


cts? +07 (2 —st)p 
2cts? + (1 4 (c®# — 52)? |p 


1—p 
st4+-(A—st)p 
Totals 


i, 1) 
(0.0)’ 


actual ones. It will be supposed that if the muon spin is 
a, before capture, the relative number of muonium 
atoms formed in different states is proportional to the 
probability of a,, i.e., to the numbers in the next to 
the last column of Table I. If the muon spin is #,, the 
relative numbers of muonium atoms formed is similarly 
proportional to the probability of 8, in the state into 
which capture takes place. This way of calculating the 
relative probability of formation amounts to the as- 
sumption that torques on the w* spin during the forma- 
tion have a negligible effect. This appears reasonable in 
view of the smallness of the magnetic moment of y* and 
corrections for such effects could be worked out. In this 
way one obtains from ‘Table I the relative numbers of 
muonium atoms produced in the various magnetic 
substates as well as the relative numbers of the y* 
having different spin orientations a,, 8,. These relative 
numbers are listed in Table II. 

The directions of a and 6 will now be referred to by R 
and “ (for right and left), and the fractional excess of 
R over L spin orientations by 6 so that 


b=(R—L)/(R+L), (1) 


where R and / stand for the number of u* spins having 
spin orientations along R and L. For the conditions 
applying to Table II, one has then 


b=([(2—s*)*+1 ](p—}). 
The observable asymmetry of the e* is 


A=[R(et)— Let) |/LR(e*)+ Le) |, 


(2) 


(3) 


where R(et) and L(et) are the relative numbers of et 
emitted along R and L, respectively. From the definition 
of a, one has : 
R(et)= (14+a4)R/2+ (1—a)L/2, 
L(et) = (1—a)R/2+ (1+a)L/2, 
and hence from (1) and (3), 


A=ab. 


(4) 


(5) 
Thus 


A=((e—s*)?+1](p—4)a. (6) 


From 3 one can calculate c and s and hence a measure- 
ment of A through (6) determines (p—}4)a. 

By applying a microwave magnetic field with a 
frequency corresponding to the energy difference be- 
tween (1,1) and (0,0)’, it should be possible to equalize 
the relative numbers of muonium atoms in these two 
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states making each of them s*/2+(1+c—s*)p/2. For 
this saturated condition of (1,1) and (0,0)’ states, the 
the asymmetry of electron emission is obtainable by 
the same procedure as that used in obtaining (6). The 
result is 


A,= (3¢°—22+1)(p—4$)a 
[ (1,1) and (0,0)’ equalized}. (7) 


Similarly one finds 


A= (1—2s?+3s4) (p—})a 
[(1, —1) and (0,0)’ equalized]. (8) 


In all cases the measurement of the asymmetry of the 
electron emission gives the combination (p—4)a and 
does not suffice for the determination of p and a 
separately. The occurrence of the factor (2p—1)a in 
the result is in agreement with expectation because a 
change from p to 1—p together with a change from a 
to 1—a replaces every R muon by an L muon and also 
reverses the sign of the inherent e+ emission asymmetry. 
The value of A cannot be affected by these two changes 
as is in fact the case in (6), (7), and (8). The occurrence 
of (p—4)ain A could in fact have been predicted from 
this consideration because the only way of combining 
expressions containing no powers of a and p higher 
than the first into a form invariant to changing p to 
1—pand ato —ais to forma multiple of (p—4)a. One 
may conclude therefore that the experiments just 
considered can give the parameter (p—})a in several 
ways but not p and a separately. 


III. ESTABLISHMENT OF EQUILIBRIUM 

The question arises as to whether an observation of 
the rate at whiich equilibrium is established as a result 
of the application of a circularly polarized microwave 
field can distinguish between p and a. If it were possible 
to observe the reaction on the microwave cavity pro- 
duced in transitions between (1,1) and (0,0)’, one 
would know the value p(1+s*?—c?)—s’=s*(2p—1) and 
the value of p would be determinable. The number of 
muonium atoms available is too small, however, to 
make such an observation of the absorption of micro- 
wave energy practical. It is necessary therefore to use 
the observation of the disintegration e* exclusively. The 
possibilities of experiments making use of such observa- 
tions appear as follows. 

The combined effect of absorptions and stimulated 
emissions is to give rates of change of populations 
N., N» of two states a, b as follows: 


dN,/dt=—dNatNo, dN./dt=—rANi+ANa, 


where J is determined by the strength of the microwave 
field and the transition matrix element. These rates of 
change leave N,+.V, time-independent and give an 
exponential decay of V,—N» with time constant 
1/(2d). At the time /, 


Na()=404+u)N.(0)+3(1—w)N(0), 


' 9) 
No(O=4(1—w)No(0)+3(1+40)N,(0), " 


ION OF gt 1295 
where 
(9) 


Referring to the states (1,1), (1,0)’, (1, —1), (0,0) as 
1, 2, 3, 4, the relative numbers of muonium atoms in the 
four states may be written as 


citdp, (it=1, 2, 3, 4). (10) 


These quantities are listed in succession in the second 
column of Table II. The quantities occurring in the 
third and fourth columns of Table 1 will be called g, 
and 1—gq;, respectively. The inherent probability of 
a, in state 7 is thus g,; and that of 8, is 1—q,. The relative 
numbers of u* with spin orientations along and opposite 
to the beam direction are therefore g,(¢;+dip) and 
(1—g:) (ci +-dip), respectively. Hence 


b= di (2gi— 1) (c:+-d ip) »: (cit+dp), 
and, on account of the normalization used in ‘Table I 
Diec=2, > d=0. (11’) 


Thus 6 is linear in p as has been observed previously. 
According to (9), the effect of a microwave transition is 
to change a pair cy+dyp, ¢:+dip to 

Ce + dy p=} (14-0) (Cet+-dip) +43 (1— 1) (ce +dip), 

cl +d/p (1 —u)(€x+dip)4 Kd { u) (ci +dip). 


(11) 


The contribution of states k, / to 2b is, according to 
(11) and (12), 
1) (cx +-dx' p) + (2qu— 1) (cr +-d'p) 
(24k —1)(c.4 dyp) } (2q: —1)(c¢,+ dip) 
+- (1 - ut) (qk - qoler -Cn4t (d,— d,)p I. 


(29: 


Thus during the transition the value of 6 is 
~Cy4t (d, dy) p |. 


Since b is a multiple of 2p—1, and since the same 
applies to 6’ when u=0, the value of 6’ for other u is 
also a multiple of 2p—1. Inspection of the second 
column of Table II shows in fact that ¢,—¢,+- (di—d) p 
is a multiple of 2p—1 for any pair of states. The ob- 
servation of the rate of transitions thus gives informa- 
tion about A but not about the values of a or p 
separately. 


b’=b+4(1—u) (qe—qu Ler (13) 


IV. CONCLUSIONS 


Measurements of the asymmetry in the emission of 
e* yields several ways of determining the quantity 
(2p—1)a which can be of value in testing assumptions 
regarding the formation of muonium and the applica- 
bility of simple theory to its structure. Steady magnetic 
fields along the line of flight and microwave transitions 
magnetic formulas for et 
asymmetries containing the same parameter (2p—1)a 


between substates give 
as a factor. 

It is desired to acknowledge helpful discussions with 
Professor T. D. Lee. 
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An attempt is made to construct a crude field theory of hyperons and K particles, which are assumed to 
have spin 4 and spin 0, respectively. The parity of A is defined to be plus. Some preliminary experimental 
evidence is adduced in support of parity plus for 2. It is further argued that A and & are coupled to x with 
N case, while the coupling of K to baryons is weaker. 
The very strong (VS) pion 


roughly the same coupling constant as in the w 

A model of the strong couplings is Suggested that incorporates these features 
interactions are completely symmetrical in the baryons, and would leave them all degenerate in the absence 
of the moderately strong (MS) interactions of K. These last lead to the mass differences among baryons and 
to the production and absorption of A particles. The MS coupling constants must be determined by experi 
ment, but the VS interactions are exactly specified 

With the MS couplings treated in lowest approximation, it is possible to relate any matrix element for 
K and hyperon reactions to a corresponding matrix element in the theory of nucleons and pions. Thus in 
the processes K+p—-+r+A and K+ p— > 242 it is expected that in the final state the analog of the 
(3/2,3/2) resonance of the x —N system will be observed 

It may be, as Wigner has suggested, that the equality of pion couplings for the baryons is somehow related 


to the conservation of baryons, and that the analogy with electromagnetic coupling is instructive 


I, INTRODUCTION 


ESPITE the scarcity of experimental information 
now available on the strong interactions of K 
particles and hyperons, it is perhaps worthwhile to 


speculate about the nature of these couplings, and to . 


see to what extent experiments already performed may 
guide such speculations. 

In studying the properties of mesons and baryons at 
one or two Bev, we may already be exploring a highly 
unfamiliar world, in which the characteristics of space- 
time are altered, or causality is violated over short 
intervals, or particles are bound to one another with 
binding energies comparable to their masses to form 
apparently “elementary” systems. 

Yet in constructing a detailed theory of the strong 
couplings, we encounter the difficulty that we have as 
yet no language except that of field theory in which to 
express ourselves ; and the present language and methods 
of field theory are surely not adequate to describe a 
really unfamiliar situation. In any case, there are grave 
doubts about the applicability of conventional local 
field theory to phenomena at energies greater than a 
Bev ; 


(1) If electrodynamics is used to make a crude calcu- 
lation of n-p and w'—x" mass differences, a cutoff is 
indicated in the neighborhood of 1 Bev.' 

(2) The consistency of strong-coupling local field 
theories at these energies (or lower) has been challenged 
by some physicists,’ who claim that negative probabili- 
lies are predicted. 

(3) If a “fundamental length” really exists at which 


present concepts fail, it would be most natural to place 


it near the nucleon Compton wavelength, and to try, 


'R, P. Feynman and G. Speisman, Phys. Rev. 94, 500 (1954). 
2 See, for example, Landau, Abrikosov, and Halatnikov, Nuovo 
cimento, Suppl. 1, 80 (1956) 


in a future theory, to relate the masses of mesons and 
baryons to it. 


Still, there remains the possibility that the concepts 
and methods of conventional field theory may be useful 
‘o us in describing the new particles, at least as an 
approximation and over a limited range of energy. It 
is the purpose of this work to explore that possibility 
in the light of the few data now available. We shall 
try to see to what extent the new may be like the old. 

In accordance with this point of view, we assume 
that the spin of K is zero and that of each hyperon 
(A, 2,2) is 4. The spins of A, 2, and K are now being 
determined experimentally, especially by angular cor- 
relations. Preliminary results’ are in accord with spin 4 
for A and spin 0 for K, but there are some indications 
that the spin of 2 may be 3. If this last should turn out 
to be true, our speculations here will have little value. 

Parity, although not conserved by the weak inter- 
actions, seems to be conserved by the strong ones, and 
we shall assume so. The parity of A relative to the 
nucleon N is not defined, since it could be measured 
only by a decay process like A°—> p+, which is weak 
and presumably need not conserve parity. We may, 
however, arbitrarily assign parity + to A, and measure 
the parities of 2 and A relative to it. (In a similar way, 
the parity of the proton relative to the neutron, which 
is not really uniquely defined, is called + and the parity 
of the charged pion is measured relative to this assign- 
ment.) We adopt, as usual, the convention that the 
parity of V ws +. We are left, then, with four possibili- 
ties: 2,K,, 2,K_, 2-K,, and 2_K_, where the sub- 
script indicates the parity. We ignore, for the time 
being, couplings of . 

It is now obvious what to do to construct a simple 
field-theoretic model for each of these cases. For each 


‘Private communication from Dr. A. H. Rosenfeld on the 
work of several groups. 
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of the Yukawa-type processes allowed by charge inde- 
pendence, we introduce an appropriate scalar or 
pseudoscalar interaction (depending on the relative 
parity involved) and a coupling parameter g. Thus in 
the case 2, K_ our interaction Lagrangian density is 


L= EnrOnet BrrPartgerPret gakPaktezrx Px, (1) 


where the pseudoscalar couplings @ are defined as 
follows (we use the symbol for a particle to denote the 
field operator that destroys it) : 


Vur=il(pyop— tysn)w+Vv2(pysut+tiyspr) |, (2a) 
iL SysA°WM +E tysA°et +d ysAwe | 


+Herm. conj., (2b) 


>°) 


Ver) w+ (L°y5l- — Ty 5z 


Katt (L-y5d°— Dy5d+) a |, 


if (Ztysd*—Z 
(2c) 
if prysA°K * + riysA°K® |4+ Herm. conj., (2d) 


Nys2"K°4 V2riy5z Kt 
+V2jrys2* AK° |+ Herm. conj. 


il pysx*Kt— 
(2e) 


In the other cases, we substitute wherever parity de- 
mands it a scalar interaction 8 for the pseudoscalar one 
& (replace 775 by 1). 

In the subsequent sections we shall see that pre- 


liminary experimental results, if interpreted according 


to this type of theory, seem to point to the case 2, K 

ve and gag? and psx? 
model with 
grounds of 


(or perhaps 2,A,) with ga,” 
rather smaller. A fairly specific 
then be suggested on 


these 
properties will 
symmetry. 


II. USE OF EXPERIMENTAL EVIDENCE 


In predicting the results of a field theory with strong 
coupling and comparing these results with experiment, 
we must try, as much as possible, to avoid the pitfalls 
that were encountered in the case of the nucleon-pion 
interaction. The lesson we have learned from that case 
may perhaps be summarized in this way: a qualitative 
feature of the relativistic theory that also appears in a 
simple static model may be believed, while an intrinsi- 
cally relativistic prediction is doubtful. We shall use 
this criterion and, in a general way, analogy with the 
m—WN situation in order to choose experiments that 
really distinguish one of our theories from another. 

The most instructive experiment in this regard seems 
to be the study of the reactions y+p—> A°+A?* and 
1+ 2°+K" Let us the 


first of these. If the ideas we are using here have any 


near threshold. discuss 
validity at all, then this process should be sensitive to 
the parity of the A and to the coupling constant 
gax’/ 4. In particular, if A is pseudoscalar, the analogy 
with the pion seems to be excellent. We recall that for 


the reaction y+p 


>a'-+n there is s-wave production 


STRONG 


COUPLINGS 
near threshold with total cross section 


(3) 
my? 4a 4 
where V, is the pion velocity. For the reaction y+ p —> 
K++ A°, the same phenomenon should occur, with a 
cross section 
w é€ gax’ Vx grax’ VK 
OK 10ub xX ‘ (4) 
my 4r 4dr dor 


If gax?/4m were of the same magnitude as gy,’/4r= 15, 
then the cross section for photoproduction of A’ at 
Vx/c= 4 would be ~50 ub. Now only the most pre 
liminary experiments have been done so far, but they 
seem to rule out a cross section this large.‘ Thus, we 
conclude that if A is pseudoscalar the coupling strength 
gax’/4m is considerably smaller than gy,’/4m, perhaps 
of the order of unity. 

Of course, even with a pseudoscalar A, it is possible 
that the small cross section is due to a cutting-off of 
electrodynamics or to some other breakdown of con 
ventional concepts, but such explanations are not in 
the spirit of this work, 

The reason that such emphasis has been placed on 
discarding the possibility of a large pseudoscalar 
coupling of NV to K and A is that just such a coupling is 
required if the exchange of a A’ particle is to be re 
sponsible for the attraction between A and Nin 
hyperfragments. 

This hypothesis has been investigated by Wentzel,° 
who finds (using perturbation theory) : 


(1) Wf A 


particle or heavier nucleus is repulsive, contrary to 


is scalar, the force between A and an a 


observation, 

(2) If K is pseudoscalar, the force between A and 
any light nucleus is attractive and strongly favors 
antialignment of the A spin and the nuclear spin. 


The latter alternative is consistent with our present 
knowledge of the hyperfragments,® but the coupling 
strength required to give binding of A is at least as 
great as that of the pion-nucleon interaction (the 
potential is like the neutron-proton potential due to 
charged pions alone, but has a shorter range, corre 
sponding to mx! a? 

We must therefore look for a different mechanism for 


instead of m, 


the binding of A to nuclei. The only other simple scheme 
available is that of Lichtenberg and Ross’ and of 


Phys. Soc. Ser. IT 


Am Phys Son 
Bull. Am 


‘Clegg, Ernstene, and Tollestrup, Bull. Am 
2, 235 (1957); Peterson, Roos, and Terman, Bull 
Ser. II, 2, 235 (1957); P. L. Donoho and R. L. Walker 
Phys. Soc. Ser. IT, 2, 235 (1957) 

®G. Wentzel, Phys. Kev. 101, 835 (1956) 

®R. Dalitz, Proceedings of the Sixth Annual Rochester Conference 
on High-Energy Physics, 1956 (Interscience Publishers, New York, 
1956) 

7D. Lichtenberg and M,-Ross, Phys. Rev. 103, 1131 


private communication 


1956) and 
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Dallaporta and Ferrari,* who suggest the exchange of 
two pions between A and N, with A turning into Z in 
between. According to their calculations, this fails to 
give attraction if 2 has negative parity, but if 2 has 
positive parity it gives an attractive force that favors 
the antialignment of A spin and nuclear spin, as poss- 
bility (2) above. 

Once more the required coupling constant must be 
of the order of gy,’/4r=15, but here we are concerned 
with ga,’/4a, which, for all we know, may be this large. 

We have concluded, then, that the 2 must have 
positive parity if our type of model is to work that 
Raw /4n=pn’/4n, and that hyperfragments have A 
spin and nuclear spin antialigned. 

Further, we may say that if K is pseudoscalar, then 
gan’ /4r<py,’/4r, and the exchange of a K particle 
plays a minor role in the binding of hyperfragments. 

We have not, however, excluded the possibility that 
A is scalar. There is some slight evidence against this 
at the moment: 

Let us consider the scattering of K by N, which 
should proceed most simply through the couplings Sax 
and $x, each in second order, In the case of scalar 
coupling, the scattering at low energies does not involve 
virtual states with pairs, as in pseudoscalar coupling. 
Therefore we may place some confidence in the qualita- 
tive predictions of the perturbation theory, which we 
would not do for pseudoscalar coupling, since we were 
led astray in the case of s-wave pion-nucleon scattering. 
But with scalar coupling, the perturbation theory pre- 
dicts attraction of At and p in the s state. Preliminary 


experiments,’ on the other hand, seem to indicate a re- 
pulsion at low energies, 

We shall thus suppose, in what follows, that K is 
pseudoscalar, with gax?/4ar<gw,"/4a, but we may bear 
in mind the possibility that it is scalar. 

‘There is perhaps some evidence that gax?/4a&gy .?/40 
independently of the AK parity. Experiments even at 
quite high energies” seem to show that the production 
of K particles is considerably less frequent than that of 
pions. 

An interesting experiment has been proposed by 
Dalitz,® which tests both the parity of the A particle 
and the spins of hyperfragments. One looks for the 
K+ Het 


found, then the well-known decay ,H* 


> w+ aH* using slow a. 2 ts 
a + He* 


should frequently follow. One then looks at the angular 


proc ess 


distribution of w~ relative to ,4H* (say this angle is @). 
We consider two possibilities for the spin of ,H*: if the 
A—.\V forces tend to antialign spins, as we have argued 


they do, then the spin is 0; if not, the spin is 1. The 


*N. Dallaporta and F. Ferrari (to be published). 

*See, for example, Baldo-Ceolin, Cresti, Dallaporta, Grilli, 
Guerriero, Merlin, Salandin, and Zago (to be published) 

” Proceedings of the Sixth Annual Rochester Conference on High- 
Energy Physics, 1956 (Interscience Publishers, New York, 1950). 
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conservation of angular momentum and the conserva- 
tion of parity by the strong interactions then imply: 


(1) If K is scalar and ,H* has spin 0, the process 
K~+ Het — 9+ 4H is forbidden. 

(2) If K is pseudoscalar and ,H* has spin 0, the 
process is fully allowed and the decay of 4H‘ is isotropic. 

(3) If K is pseudoscalar and ,H* has spin 1, the 
process is forbidden for K in an s state but may proceed 
from K ina p state; the decay has the distribution sin’#. 
If the K particles are not stopped, one should also 
observe a correlation between the K-particle direction 
of motion and the normal to the plane of m~ and ,H* 
motions, of the form cos’¢. 

(4) If K is scalar and ,H‘ has spin 1, the process is 
allowed for K in an 5 state, with a cos’@ distribution 
for the decay, and also for K ina p state, with an essen- 
tially isotropic distribution of the decay when the K 
particles are stopped. If the K particles are not stopped, 
the decay is nonisotropic with respect to the direction 
of motion of K to the extent that p waves are involved. 


The speculations of this section have led us to expect 
case (2) or possibly case (1). 


Ill. A SIMPLE MODEL 


Our arguments from experimental evidence are ad- 
mittedly weak, but if we take them seriously they hint 
at a rather definite picture of the strong couplings, and 
this picture seems to have some intrinsic merit. We 
draw on our previous discussion for these two points: 


(1) There is a strong pseudoscalar coupling of the 
pion to A and ¥ with ga,?/4r= gw .?/4m. 

(2) The coupling constant gax?/4m is smaller than 
gnx'/4n. 


We now consider a point of view recently discussed 
by Schwinger," and reminiscent of some earlier work 
of Pais.” Suppose that there are two classes of strong 
couplings, very strong (VS) and moderately strong 
(MS). Then we may draw an analogy between VS and 
MS couplings on the one hand and strong and electro- 
magnetic couplings on the other. The strong couplings 
possess a symmetry (charge independence) that is 
destroyed by the electromagnetic ones. Charge mul- 
tiplets, which would be completely degenerate in the 
absence of electromagnetism, are split when the charges 
are “turned on.” According to the analogy the VS 
couplings should possess a still higher symmetry that 
is destroyed by the MS couplings. If the MS couplings 
are ‘turned off,”’ degeneracies should show up among 
the elementary particles, with the charge multiplets 
assembled into “supermultiplets.” The MS couplings 
would then split these into the observed charge multi- 


‘tJ. Schwinger, Phys. Rev. 104, 1164 (1956). 

A. Pais, Proceedings of the Fifth Annual Rochester Conference 
on High-Energy Physics, 1955 (Interscience Publishers, Inc., New 
York, 1955). See also A. Salam and J. C. Polkinghorne, Nuovo 
cimento 2, 685 (1955). 
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plets. It is possible to suppose that all the known 
baryons, =, 2, A, and JN, form a supermultiplet, sym- 
metrically coupled by the VS interactions and de- 
generate as far as they are concerned, but unsym- 
metrically coupled by the MS interactions and split 
by them into the observed multiplets Z, A, 2, and NV. 

It is now very tempting to say that the pion couplings 
are VS and the K-particle couplings MS. All the baryons 
are symmetrically coupled to the pion field with a 
coupling constant «15. The K-particle couplings are 
weaker and less symmetric in the baryons although still 
charge independent. 

We are now led to a practically unique theory of the 
pion interactions. We must somehow couple 2, 2, and 
A to the pion field in the same way that nucleons are 
coupled. For Z, the solution is obvious. Just as the 
nucleon is coupled through the interaction 


Vve=itL (prsp—tiysn)w+v2(jpyonwt+nyspr)j, (2a) 
so Z must be coupled through 


Oz,=i{ (Zy?—E-ysE-) 


+V2 (Ry sh at+Eysz wr). (5) 


For 2 and A, since they are not isotopic spin doublets, 
we must resort to a trick. We define Y°= (A°— ®)/v2 
and Z°= (A°+2°)/v2 and then write the coupling 


P= if (Ztysd* pa V5") 3° 
+V2(Zty5 Vt + Pyedte-) | 
+if (2529-2 -ysd>) 9” 
+V2(2ysd>at+U-y:Z"9-) |, (6) 


which obviously treats (2*,¥°) and (Z°,2 


) on the same 
footing as we have treated (p,m) and (2°). If we now 
substitute for Y° and Z° their definitions in terms of 
>° and A°, we find at once that 

y Pxrt Pras, (7) 
where @y, and Wa, are the two charge-independent 
couplings we introduced in Eq. (2). The complete VS 
interaction may then be written in the form 


2nxVnet gv fuxVar. (8) 


Since the VS interaction is to leave all the baryons de- 
generate, we must have 


Ene = g’= ger’. (9) 


The signs of gy, and gz, relative to g are now the 
only points at issue. They are physically important, 
since they determine the signs of, say, the second-order 
nuclear potentials acting between 2 and N, N and 2, 
etc. Yet they do not matter for the degeneracy of the 
baryons. On grounds of symmetry we shall suppose 
that they are both plus and that the VS interaction 
has the form 


£(0vet Cast Vyyt Vzs) (10) 
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with g*/4r=15. We may, however, still retain this 
general picture if the signs should turn out otherwise. 

Now the MS couplings of the A meson are harder 
to pin down since the requirement of asymmetry is a 
weaker one than that of symmetry. There are four 
constants to be determined: the coefficients gx, and 
gxx defined in Eqs. (1) and (2) and the analogous 
coefficients Axx and Ayx of the interactions 


Pax’ =iLZ ysARt+2% AR? ]+Herm. conj., (11) 


and 


PyK’ i| = vsD°R* — 0, .yoKo { V2=y5DtK' 


+vV2E-y5= RK°}+ Herm. conj. (12) 


We are supposing that A is pseudoscalar. 

The mass differences” of the hyperons give important 
information about the MS coupling constants if our 
picture is correct. An investigation of this question will 
be described elsewhere. 

Let us discuss here, however, some consequences of 
our theory of the pion couplings. The most striking 
feature, of course, is the global symmetry of the inter- 
action. We must be careful, however, in using this 
symmetry to predict the results of experiments, since 
the MS interactions, and especially the rather large 
mass differences they induce, will often mask the sym- 
metry of the VS couplings 

Nevertheless, let us be simple-minded and try a first 
approximation in which baryon mass-differences are 
neglected and processes involving A mesons are de- 
scribed by taking the MS couplings as perturbations 
in the lowest order that gives an effect. 
tp m+A and 


>m+Z. In our approximation they are de 


lor example, take the processes K 
K +p 
scribed by matrix elements 


(A | ignnA yop igen (Z°yep+V2Z yon) | p) 


and 


(a> igaKA’ysp { igvK (L"vsp | v2» Yo) p). 


(The particles labeling the states are physical particles, 
with complete pion clouds, and the matrix elements are 
therefore by no means trivial.) Let us examine one of 
these terms in detail, say (W°A®\igen2°y5p| p). In terms 
of Y° and Z°, we have 


xk / , 
2 { (Z| Z-yep| p)— (nV | Pvep| p) 
(97 Vy sp p)}. 


4 (pV Dy sp | p) ( 1 3) 


‘Tf the mass differences are calculated in the lowest order of 
the MS couplings, it is found that (my-+-mz)/2= (3my+ma,)/4 
Experimentally, the first quantity is about 190 Mev above the 
nucleon mass, while the second is about 235 Mev above it. This 
discrepancy may be small enough to account for by higher order 
effects, even with MS coupling constants of the order of unity. 
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Looking at our VS interaction [Eqs. (2), (6), and 
(10) |, we see that Z° and Y° belong to different worlds, 
80 to speak. There is no VS mechanism by which the 
operator ¥° can create a Z° particle, or vice versa. 
‘Thus the third and fourth terms in (13) vanish in our 
approximation. For the first two terms, we have another 
very simple result. Since our VS interaction couples the 
pion to the pair 2*Y°® and to the pair Z°Z~ in exactly 
the same fashion as to the pair pn, we may write in our 
approximation 


(nr VY") Y'vop p)=(n'n tiyop p), (14) 


and 


(15) 


(WZ! | Zvsp\ p) : (xp PY6P |p). 


We have reduced our problem of K-particle absorption 
essentially to a problem in the theory of pions and 
nucleons. The complete evaluation of the matrix ele- 
ments for K absorption in terms of nucleon and pion 
matrix elements may be carried out in the same way. 
Let us comment here on some qualitative features. 

First of all, we have two free parameters gax and 
gxx, but it is to be hoped that experiments on K- 
particle photoproduction will soon determine these. 
Moreover, arguments based on baryon mass differ- 
ences and on K-particle scattering may already give us 
significant information, as will be discussed in subse- 
quent work, 

Next, we must be careful, even in our approximation, 
in saying that the matrix elements for K-particle 
processes are really predicted by our formulas. The 
matrix elements in the pion-nucleon theory to which 
they are referred are neither reliably calculated nor 
experimentally measured; the matrix elements describe 
situations that are not on the energy-shell for pion 
processes, and some of the matrix elements describe 
the absorption of a fictitious pion with J =0, Neverthe- 
less, a combination of theoretical analysis and ex- 
trapolation of experimental results should give us 
estimates of the needed matrix elements. 

One qualitative feature is particularly interesting. 
When low-energy A” particles are absorbed in the p- 
state, they give a pion-hyperon system also in a p state 
and with a kinetic energy in the neighborhood of 100 
20) Mev. Since in our theory pion-hyperon scattering 
is directly related to pion-nucleon scattering, we may 
observe the analog of the famous J/=}, /=} resonance 
Tf 


A survey, based on our model, of hyperon and K 


(in this case a J 1 resonance), 

meson phenomena is in progress and should yield 
estimates of all or most quantities of experimental 
interest. The likelihood of success may not be great, 
but at least there will be formulas with which to com- 


pare the experimental results. 
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IV. GENERAL REMARKS 


Supposing that the model we have presented has 
elements of truth, we may add the following remarks: 


(1) The symmetry properties of the model may be 
correct even though the use of field theory is unjustified. 
For this reason, an analysis purely in terms of the 
symmetry group of the theory is in order. It can be 
done in a mathematically elegant manner, but that 
approach has not been followed here for the sake of 
greater clarity. 

(2) It is interesting to look at the speculations of 
Wigner and Schwinger'' and others about the con- 
nection between coupling constants and conservation 
laws. We are tempted strongly to say that the posses- 
sion by all baryons of the same pionic coupling is 
associated with the conservation of baryons, just as 
the possession by charged particles of the same electro- 
magnetic coupling is associated with conservation of 
charge. The analogy is not perfect, of course, since the 
quantity that is conserved microscopically is always a 
four-vector current density; in the case of electro- 
magnetism, it is just this current density that is coupled 
to photons, while for the baryons it is a different, non- 
conserved pseudoscalar density that is coupled to the 
pions. Still, the analogy may have value. 

On the basis of this analogy, Wigner" predicted in 
1952 that all baryons would have the same coupling to 
the w field. 

(3) The role of strangeness and its relation to the 
charge and the z component of isotopic spin are still 
mysterious. Perhaps the elucidation of the manner in 
which the MS couplings reduce the symmetry of the 
baryons will throw light on this question. 

(4) Problems involving the polarization of the 
vacuum by pions must be investigated. In particular, 
the calculation of the rate of the decay r°—> 2y must 
be revised. ‘To the extent that baryon masses are equal, 
the amplitudes for decay through the pairs p, p and 
~',=* cancel the amplitudes for decay through =~, 2 
and Z ,= . Thus the decay rate is reduced, which may 
help agreement with observation. Such a situation was 
discussed by Kinoshita.'® 


It is a pleasure to acknowledge the value of discus- 
sions with Professor R. F. Christy and Professor R. P. 
leynman. 


Vote added in progf.-In the model described here a 
mass difference between 2* and Y~ can arise only from 
the combined effect of the MS and electromagnetic 
interactions; it is therefore very hard to reconcile the 
model with the observed large mass difference of 
~4 Mev. 
F 
“EF. P. Wigner, Proc. Natl. Acad. Sci. U. S. 38, 449 (1952). 
' T, Kinoshita, Phys. Rev. 94, 1384 (1954) 
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Role of Strong Interactions in Decay Processes 
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An attack is made on the problem of determining which are the primary interactions that contribute to 
decay processes. It is necessary first to understand the rdle of the strong interactions in these processes; this 
has proven difficult in the past because of the appearance of infinities. It is shown that all infinities appearing 
in decay processes involving nucleons, pions, photons, and one lepton pair may be removed by renormaliza 
tion to all orders in the strong and electromagnetic coupling constants, The necessary and sufhicient condition 
for renormalizability is that the primary interactions that actually exist in nature form one of certain 
subclasses of a class of fourteen possible primary ipteractions. In particular, from this point of view it is 


incorrect to treat the -meson decay as proceeding via Fermi interactions only 


‘Two incidental results of 


this work are that the use of perturbation theory in computing the contribution of the pion decay interaction 
to u-meson absorption is justified, and that the “principle of minimal electromagnetic coupling” is violated 


in the radiative tensor decay of the » meson 


I. INTRODUCTION 


N setting up a field theory of elementary particles, 

one must first understand which of the particle 
interactions in nature are primary. These interactions 
will appear explicitly in the Hamiltonian. In spinor 
electrodynamics, for example, the only primary inter- 
actions are the current potential coupling and the mass- 
and field-renormalization counter terms. Processes such 
as Compton and Mller scattering proceed indirectly 
via the primary interactions, though they may be 
represented as virtual interactions among the particles 
involved. 

But the bewildering number of particles and reactions 
now known has made it very hard to pick out the 
primary interactions. Even before the discovery of the 
strange particles, this problem arose in the study of 
decay processes involving pions, nucleons, and lepton 
pairs. This can be illustrated by considering the 
processes of y-meson absorption and m-meson decay. 
Accepting the strong Yukawa interaction as primary, 
one must still decide among the following alternatives: 


(a) A primary Fermi interaction exists among nu- 
cleons, ¢ mesons, and neutrinos, leading directly to the 
process N+yp-—>.\’+v (where N denotes a nucleon); 
m-meson decay is an indirect process proceeding in 
lowest order according to 


r—>N+N—y-+ v. (1) 


(b) A primary Yukawa interaction exists among 
pions, « mesons, and neutrinos, leading directly to the 
process m—u+v; u-meson absorption is an indirect 
process proceeding in lowest order according to 


ut Nutat Nt NN’. 


(c) Both primary interactions exist. 


Inspection of (1) and (2) will make it «clear that 


progress in untangling the primary interactions cannot 
be made without a better understanding of the role of the 


strong interaction r=?.V+N. This is only one of many 


examples of the importance of strong interactions in 
decay processes. Consider also, for instance, the mesonic 
corrections to beta decay. Even if one assumes a primary 
Fermi interaction leading directly to N-+N’+-e+», one 
cannot @ priori neglect reactions of a higher order in the 
strong-coupling constant, such as 


NN’ +2-N"+e+ 0p+29-ON'"+e+ pv. (3) 


The first obstacle to our understanding the role of 
strong interactions is the presence of infinities which 
are difficult to interpret physically. In the case of 
reaction (1) for example, the S-matrix integral will 
diverge quadratically (linearly) if the Fermi coupling 
is pseudoscalar (pseudovector). In reaction (3), further 
more, there appears a logarithmic divergence. 

Two possible points of view can be taken toward 
these infinities. One might assume that field 
theory breaks down at high energies, and proceed to 
cut off or “regulate” all integrals in some more or less 
arbitrary manner. This has been the approach used in 
» although 


local 


previous investigations of decay processes,' 
in accepting this point of view, one is confronted with 
an infinity of possible primary interactions and an 
infinity of possible cutoff procedures. 

We shall, alternative 
which is to take seriously the implications of local 
relativistic field theory, and to make use of the re 
normalization method of Dyson.® When succ essful, this 
method has the advantage of allowing the unambiguous 
subtraction of infinities; in principle, only a small 
number of empirical parameters are required to obtain 


follow the course, 


instead, 


all numerical results. 

We shall demonstrate that all infinities appearing for 
processes involving nucleons, pions, photons, and one 
lepton pair may be removed by renormalization in 


'L. L. Schiff, Phys. Rev. 76, 303 (1949) 

2M. Ruderman and R. Finkelstein, Phys. Rev. 76, 1458 (1949 

' J. Steinberger, Phys. Rev. 76, 1180 (1949) 

‘R.A. Finkelstein and S. A. Moszkowski, Phys. Rev. 95 
(1954 

’ See, however, L 

*F. J. Dyson, Phys. Rev. 75 


16095 


I. Schiff, Phys. Rev. 76, 1266 (1949 
1736 (1949 


1301 
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a reasonable and mathematically consistent manner. 
Krom a study of the conditions requisite for renor- 
malizability we will obtain a partial solution and a 
general clarification of the problem of determining 
which are the actual primary interactions in nature. 
As a by-product of this work, some light will be thrown 
on the often speculated “principle of minimal electro- 
magnetic coupling.” All our results are entirely de- 
pendent on the adoption of the renormalization ap- 
proac h. 

The fully relativistic theory of pseudoscalar mesons 
with pseudoscalar coupling will be the mathematical 
model we will use for the strong interactions. As 
experience has made amply clear, no weak coupling 
approximation for strong interactions can validly be 
applied in this model. In the mathematically similar 
problem of nucleon magnetic moments, use of the weak- 
coupling approximation for the pion-nucleon interaction 
yields numerically incorrect results.’ The renormaliza- 
tion to be performed here must thus be correct to all 
orders in the pion-nucleon coupling constant. The 
particularly drastic approximation of neglecting strong 
interactions altogether is certainly not valid. 

With weak interactions the reverse holds true; the 
weak-coupling constant is small enough for the applica- 
tion of the perturbative approximation. We are in fact 
compelled to use this approximation; no experimental 
data have thus far been available, and no adequate 
mathematical model is known, for high-order effects in 
the weak-coupling constants. 

In attempting a numerical evaluation of the effects 
of strong interactions, we would again be faced with 
the same difficulty encountered in the theory of pion- 
nucleon scattering: we do not know how to calculate 
using all orders in the strong-coupling constant. How- 
ever, we will prove a few simple “low-energy” theorems 
which allow the use of the perturbative approximation 
in some special cases. 


Il. RENORMALIZATION- GENERAL THEORY 


Let us consider the calculation of the Dyson S matrix 
in a theory involving photons and any kinds of spinless 
mesons and spin-} fermions. We use the usual rules for 
constructing momentum-space integrands from Feyn- 
man diagrams. A total interaction form (TIF) is defined 
as the sum (usually pictured as a black box) of all 
proper contributions to a Feynman diagram, or part of 
a diagram, specified by describing /, external fermion 
lines and B, external boson lines. Each TIF is repre- 
sented by an S-matrix kernel, A, which depends on the 
momenta, spins, and charges of the F,+ 8B, external 
lines. Primary interactions act within TIF’s and can 
constitute complete contributions to TIF’s in them- 
selves. A primary interaction is partially specified by 
three numbers: f is the number of fermion field factors 


7 Nakabayasi, Sato, and Akiba, Progr. Theoret. Phys. Japan 12, 
250 (1954). 
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in the interaction Hamiltonian; 6 is the number of 
boson field factors in the interaction Hamiltonian, and s 
is the number of derivatives acting on the f+6 field 
factors. In momentum-space Feynman diagrams, a 
primary interaction is represented as a corner, which 
contributes s momentum factors to the integrand, and 
from which {+6 lines emerge. 

Consider first a single primitive contribution to a 
TIF, having F;+ B; internal lines and N(/,b,s) corners 
of type (/,b,s), where /,b,s range over all possible values. 
The degree of divergence D of this diagram may be 
computed by counting all momentum factors, and is 


D=3F ;+2Bi+ > sN(f,b,s)—4L 5 N(f,bs)—1]. (4) 
Ibe 


Ibis 
We use the topological relations: 


2h. +F.= XD fN (fb), (5) 


J bs 


2B,+B.= X bN(f,b,s), (6) 


J ibia 


and obtain® 


D=4—-3F,—B AX (af+b+s—4)N (bs). (7) 


Ibis 


Thus, the condition for renormalizability is that every 
primary interaction satisfies 


§f+b+s—4<0. (8) 


If this condition is fulfilled, then D may be given the 
value D(F,,B,) (or more properly, the upper bound 
D(F.,B,) \, where: 


D(F,,B,)=4—3F .— Be. (9) 


Since D(F,,B,) is independent of all NV, the condition 
for a primitive divergent TIF is D(/,,B,) 20. For such 
a ‘TIF, the infinities in K may be separated in the usual 
manner by differentiation with respect to external 
momenta.’ It is possible to express this separation in 
very general terms, by noting that infinities always 
contribute to K in the same manner as primary inter- 
actions. We obtain 


K 76 Lal at , Col. + K l- 


(For example, in spinor electrodynamics we have 
l= eyutLyy+Ai,, where in accordance with our nota- 
tion for ‘TIF’s the vertex function I’, is defined to 
include a factor e at the principal vertex.) Here /, has 
the form of a primary interaction (without coupling 
constant) with fa=F., b.=B,, and sg momentum 
factors; the label a implies a specific dependence of J, 
on spins, momenta, and charges. The function K, is 
finite but as yet ambiguous, and the infinite constants 
C, have degree of divergence D( fa,ba) — 5a. The quanti- 


(10) 


'*A similar relation has been given by Sakata, Umezawa, and 
Kamefuchi, Progr. Theoret. Phys. Japan 7, 377 (1952). 
® See, e.g., reference 6, Eq. (66). 
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ties g, are the unrenormalized coupling constants for 
the various primary interactions, except perhaps for 
irrelevant Z factors (see below). The first summation 
in (10) is over all primary interactions existing in 
nature that have the required external lines. ‘The second 
summation in (10) is over all possible primary inter- 
actions satisfying the condition: 


D( faba) —5a>9, (11) 


with the following exceptions: 


(A) If a general selection rule would be violated by 
the existence of /, as a primary interaction, then the 
infinity C, will not actually occur in the sum, 

(B) It may be, because of the nonexistence of par- 
ticular primary interactions, that no diagram with the 
prescribed external lines can be drawn, and in this 
event the TIF itself is zero. Generally, when this is 
the case, we dignify the situation by reference to a 
selection rule (such as light-particle conservation) and 
include it under (A). 

(C) It may be, because of the nonexistence of par- 
ticular primary interactions, that only improper dia- 
grams can be drawn with the prescribed external lines. 
Again, in this case the TIF itself is zero. 

(D) It may be that the only proper diagrams having 
the prescribed external lines always include corners 
with positive-definite D(/,b)—s [see Eq. (7) | and some 
of the infinities C, may not actually appear. 

(E) It may be that the only proper diagrams having 
the prescribed external lines always include corners, 
some of whose s momentum factors are fixed external 
momenta. Again, in this case D will be lowered and 
some of the infinities C, may not actually occur. (‘The 
possibilities (C), (D), and (EF) are of course quite rare. 
Examples of (C) and (D) will be given in Sec. IIT. | 

(F) Conceivably, an “accidental” cancellation in all 
orders would make some C, vanish. However, there is 
no known occurrence of this case. Direct calculation 
in lowest order perturbation theory verifies that none 
of the infinities discussed in Sec. III vanish 
dentally. 


acci- 


The infinities C, are interpreted as renormalizations 
of the primary interaction strengths g,, with the re- 
normalized coupling constants gig given by 


£ia= Bat Ca. (12) 


This is the essential point of the renormalization pro- 
gram; for this to be possible every term present in the 
second sum in (10) must have a corresponding term in 
the first sum. Thus, with the exceptions (A), (B), (C), 
(D), (FE), and (F), every primary interaction satisfying 
(11) must actually exist in nature. [Of course the re- 
normalized coupling constant gi2 may have an empirical 
value of zero, but the definition of the coupling constant 
depends on the particular mode of separation in 
Eq. (10). Only in such special cases as self-energy parts 
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and electrodynamics vertices, where the kinematics are 
particularly simple, does there exist a canonical method 
of extracting the renormalized coupling constants. | 
Comparison of (11) with (8) shows that the primary 
interactions satisfying (11) are renormalizable, and are 
the only renormalizable primary interactions. 

The definition and cancellation of Z factors, and the 
problems associated with external lines and over- 
lapping divergences, may be handled as usual. It is 
possible to avoid all these problems by using the 
renormalized interaction representation,” in which in- 
finities are compensated by counterterms as soon as 
they appear; self-energy parts are treated in exactly 
the same manner as other TIF’s; and the quantities ga 
are defined as: 


ga=I[,Z'" B04, (13) 


where p labels a particular particle, ,,. is the number 
of p lines emerging from a corner of type a, Z, is the 
field renormalization factor, and goa is the true un- 
renormalized coupling constant, 


III. RENORMALIZATION. WEAK INTERACTIONS 


Ii can be applied 
successfully to the five-field theory of protons, neutrons, 
charged and neutral pions, and photons. The primary 
interactions satisfying (11) and satisfying the accepted 


The general theory outlined in Sec. 


invariance principles are just those usually assumed to 
exist among these five fields. But the introduction of 
weak interactions is 
trouble. Condition (8) is violated by the quadrilinear 
Fermi interaction (f= 4, b=s=0) which we may take 
as an archetype of the weak interactions. However, we 


well known to cause serious 


are restricting ourselves to lowest order in the weak 
coupling constants; in any diagram, only one weak 
corner will be present, and if it is a Fermi interaction 
the value of D will be lowered by one, exactly as if a 
boson were being emitted instead of a lepton pair. It 
will be convenient, in fact, to introduce five fictitious 
r” labels 


sé 


boson charged lepton-pair fields 1,4’, where 
the five covariant classes, S, V, 7, A, P, and the 4 
labels the charge. (It is interesting that in the original 
Yukawa theory of beta decay, real mesons exist corre 
sponding closely to the / field. Even this theory is not 


completely renormalizable, since particles of spin 2 


must be introduced to account for the tensor inter- 

action.) We have'! 
Ls (Wye), b= (Wu e1W). 

The Fermi interactions can be written: 


U "(Pn ») t Ly (ern). 


We catalog below all possible primary interactions 
among nucleons, pions, photons, and one lepton pair, 


(14) 


(15) 


© P. T, Matthews and A. Salam, Phys. Rev. 94, 185 (1954) 

Except where indicated, our notation is identical with that 
of J. M. Jauch and F. Rohrlich, The Theory of Photons and Elec 
trons (Addison-Wesley Press, Cambridge, 1955). In particular we 
use units with h=c=1. 
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satisfying (11), with / counting as an external boson, 
and satisfying Lorentz invariance (including parity 
conservation), gauge invariance, charge conjugation 
invariance, charge conservation, the Lorentz condition, 
and Hermiticity. (See below for remarks on the use of 
parity conservation and charge conjugation invariance.) 
We omit the fourteen real coupling constants gq in 
writing these interactions, 


Laban) +l* (wy), 

pol gl, +o*l*), 

L*(Vpr Wn) +1 *(Unv Why), 

pol (O,—ie,Ay)pl,>— (O,+- ie Ay)o*l |, 
Dpol(gl,*—p*l”), 

L(V und tl” (Wnruy), 

15 (pl, +p*l_”’), 

L “(Dever n) +l (Paver Wy), 
(O,—1e,A , ply "+ (0, +1eA , pt, 
Ly (Vyyn) +l (Vivy), 
gl,’+o*l’, 

o*o(gl,°+o*°), 

papu(pl,’+o*l*), 


(C)*-+-m,* 


($1) 
($2) 
(V1) 
(V2) 
(V3) 
(71) 
(T2) 
(Al) 
(A2) 
(P1) 
(P2) 
(P3) 
(P4) 


2ie,A*0,—e,*A*)pl,* 


+ (C)*+-m,?+ 21e,A"0,—eA*)pl_®.  (P5) 


Here %,, is the dual electromagnetic field-strength 
tensor, @ is the charged pion field, and @o the neutral 
pion field. If we ignore all electromagnetic effects and 
require charge symmetry as well as charge conjugation 
invariance, then the interaction (82) is forbidden.'? 
The fourteen listed interactions are of varying 
familiarity. The first in each class—(S1), (V1), (71), 
(A1), (71)-—are of course the usual Fermi interactions. 
Interactions (172), (P5), (A2), and (72) lead directly 
to ordinary or radiative pion decay; (72) will be dis- 
cussed below. Interactions (82), (V2), and (V3) lead 
directly to the process m! +y conjectured by 
Feenberg and Primakoff," with the possibility of extra 
photons being omitted. Interactions (73) and (/4) 
appear at present to be of only technical importance. 
In constructing the above catalog we have used the 
requirements of parity conservation and charge-con- 
jugation invariance. It be argued that our 
conclusions are therefore incorrect, since current experi- 
mental evidence shows that these invariance principles 


om’ +e? 


might 


do not hold in decay processes.'® However, even if 


"A. Pais and R. Jost, Phys. Rev. 87, 871 (1952) 

‘SE. Feenberg and H, Primakoft, Bull. Am. Phys. Soc. Ser. IT, 2, 
49 (1957) 

“Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957) 

'® Garwin, Lederman, and Weinrich, Phys. Rey 
(1957); J. I. Friedman and V. L. Telegdi, Phys. Rev 
(1957) 


105, 1415 
105, 1681 
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these invariance principles hold only for strong inter- 
actions, and provided they are violated in the same way 
in all weak primary interactions, no changes need be 
made in the above catalog; we need only redefine the 
pair field /. In the theory of Lee and Yang"® the viola- 
tion of parity conservation arises from the structure of 
the neutrino, and must therefore be the same in all 
weak interactions of the sort discussed in this paper. 
If it should develop that charge-conjugation invariance 
is violated in different manners for different neutrino 
processes, then it will only be necessary to correct the 
relative phases of the first and second term in inter- 
actions ($1), ---, (P5). 

Considering the results of Sec. II], we note the 
following interesting properties of the primary inter- 
actions ($1), --+, (P5): 


(i) These interactions are all renormalizable. 

(ii) These are the only renormalizable interactions 
with one /-field factor. (Since we have considered 
diagrams with only one weak corner this is not strictly 
accurate; the existence of other interactions such as 
¢'l would increase—but leave finite—the number of 
primitive divergents. However, if we allow the possi- 
bility of many external lepton pairs, then only the 
fourteen cataloged interactions lead to a finite number 
of primitive divergents.) 

(iii) These are the only interactions that will be 
needed as counterterms. 

(iv) If a cataloged member of one of the covariant 
classes S, V, 7, A, or P exists, then all other cataloged 
interactions in that class must also exist, since they will 
be required as counterterms. [Exceptions to this rule: 
If interaction (P2) exists—or if (A2) or (5) exists and 
we ignore all electromagnetic effects—then the other 
primary interactions of that class exist 
(case (C)). If interactions (82) or (A2) exist, then ($1) 
or (Al) need not exist (case (D)). | 

Rather interestingly, the so-called ‘law’ 
electromagnetic coupling is violated by interactions 
(72); the electromagnetic field enters as F,, and not in 
a J,A*-type coupling. This violation is simply a reflec- 
tion of the fact that our theory cannot be renormalized 
to all orders in the weak-coupling constant. It is easy 
to prove that im any completely renormalizable theory the 
law of minimal electromagnetic coupling is a consequence 
of Lorentz invariance (without inversions) and gauge 
invariance, 

Since experimental information makes it fairly certain 
that (71) exists for electrons, it follows that (72) must 
exist aS a counterterm, and might eventually be 


need not 


’ 


of minimal 


observed. 

It would of course be possible to make explicit the 
extraction of infinities in (10) for all eight primitive 
divergent TIF’s: npl, rl, w°nl, xrrl, w°x'nl, rly, x°aly, 
rlyy. It will be convenient to do this here for only the 
first three of these. We define the “radiative correction” 


'6T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957) 
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function K, [see (10) ] to be zero for mpi at equal free- 
particle nucleon momenta, neglecting the nucleon mass 
difference ; for / at free-particle pion momenta ; and for 
r°rl at equal free-particle pion momenta, neglecting the 
pion mass difference. This definition makes the re- 
spective renormalized coupling constants gi [see (12) ] 
unambiguous. 

It is hoped, of course, that some of the renormalized 
coupling constants will turn out to be exactly zero. 
At present it appears that for electrons the renormalized 
coupling constants for (?2) and probably (42) are very 
small (see below). This result says nothing about the 
magnitude of the beta-decay interactions (?1) and (A1) 
since the rate for ordinary pion decay is a function of 
the renormalized coupling constants for (P2) and 
(A2) only. 


IV. APPLICATIONS 


The main point of this work is that decay processes 
must be analyzed in terms of a fairly large but sharply 
limited set of empirical coupling constants. Processes 
such as mu+yv, rr +e+yv, and r->y+e+yv cannot 
be discussed in terms of Fermi couplings alone, as has 
been done in the past.!:?*'*!7'* Unavoidably we must 
consider the contribution of (A2), (P2), (P5) for 
am—yutv; ($2), (V2), (V3) for mr +e+v; and (72), 
(A2), (P5) for r—y+-e+v. In particular, it would not 
be too surprising if experiments should show that the 
pseudoscalar beta decay coupling (71) is large and yet 
does not lead to a r—e decay, or that even though the 
vector beta-decay coupling (V1) is small a vector 
radiative pion decay does take place. 

(Juantitative predictions can be obtained from this 
theory by using a perturbative approximation. This 
approximation is valid only when a “low-energy” 
theorem can be proven; that is, when the S-matrix 
element can be written as the sum of a smal] number of 
irreducible diagrams, in each of which the ‘“‘radiative”’ 
correction functions A, of the primitive divergent 
TIF’s inserted in the diagrams can be shown to be 
negligible. 

The simplest example of a low-energy theorem in 
decay processes occurs fer nonradiative pion decay. 
Only one irreducible diagram contributes (see Fig. 1) 
and the corrections to the rl TIF vanish exactly. The 
rate for m—>(u or e)+- is given by 


1/r=[(m,2—m,, .2)2/84m,? |p””, (16) 


Fic. 1. The irreducible diagram 
for charged pion decay 


1552 


17§,. B. Treiman and H. W. Wyld, Jr., Phys. Rev. 101 
(1956) 


‘®M. Ruderman, Phys. Rev. 85, 157 (1952 
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FRUCESSES 


N 
= 


Pp 


Fic. 2. The irreducible diagram for u-meson absorption 


where we have set 


Bi P2) TF My, 81 A2), (17) 


the quantities gi;p2) and giay) being the renormalized 
coupling constants for primary interactions (12) and 
(P2). Using the observed pion-decay rates!®*° we obtain 
Sry =1.62X107", gy.’S5XK10-"™. It should be empha 
sized that Eq. (16) is exact, following directly from the 
definition of the renormalization and does not depend 
on any theoretical assumptions about the mechanism 
of the decay process 

Neutron beta decay furnishes another example of a 
low-energy theorem. The ratios m,/m, and (m,—m,,)/m, 
are suffi iently small so that corrections to the npl rl 
are negligible. Nuclear beta decay is made considerably 
more complicated by theoretical uncertainties in bound 
state problems, but it seems reasonable to suppose 
that “radiative” 
also quite small, and that therefore the renormalized 


corrections to nuclear beta decay are 


coupling constants are the quantities measured in beta 
decay experiments 

It has been speculated®! that w mesons differ from 
electrons in that w mesons have primary interactions 
the 
time being, let us assume that the only weak u-meson 
interactions are (A2) and (P2). It is 
with this hypothesis the rate of w-meson absorption in 


with bosons only, Accepting this hypothesis for 
well known” that 


hydrogen can be easily calculated by using lowest 
order perturbation theory for weak and strong inter 
actions, and comes out in fair agreement with the rate 
derived from experiments on complex nuclei. [It is now 
possible to justify the use of the perturbative approxi 
mation, by noting that only one irreducible diagram 


contributes to « absorption. (See Fig. 2.) To the extent 


that is is permissible to neglect terms of order m,*/m, 


and m,?/m,”, we can ignore corrections to the npm 
TIF and the pion propagator, and thus obtain an 
effective pseudoscalar Fermi-type coupling constant for 


uw absorption of 


gp. ott = 2’ GV2/(m,? +9"), (1%) 


where gq is the pion momentum in Fig. 2 and G,v2 is the 
renormalized npr coupling constant. (The 
coupling constant £p, ett 1S the constant that would be 


effective 


used to account for uw absorption if it were assumed that 
only the pseudoscalar Fermi coupling contributes to the 


179 (1952) 
Rev. 98, 240(A 


Durbin, Loar, and Havens, Phys. Rev. 88 

2S. Lokanathan and J. Steinberger, Phys 
(1955 

21 See, e.g., J. Schwinger, Phys. Rev. 104 

2? Lee, Rosenbluth, and Yang, Phys. Rev 
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absorption process.) Using the value G,?/4r=12, we 
obtain gp, e= 11.7K10~ erg cm’, giving an absorption 
rate of 6 sec”' in hydrogen. Verification or refutation 
of this prediction would be proof, one way or the other, 
of the presence or absence of any y-meson weak cou- 
plings in addition to (A2) and (2). It seems plausible 
that experiments will either agree with this figure of 
6 sec”! or will give a rate of about 140 sec™', the figure 
expected on the assumption that y» absorption occurs 
through a scalar Fermi coupling with gs=3x10~* 
erg cm*, The major uncertainty in the figure 6 sec~! 
stems from uncertainty in the coupling constant Gj. 
It is however reassuring to note that the approximations 
made in arriving at (18) will err in the same direction 


PHYSICAL REVIEW VOLUME 
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as the approximations made in the derivation of the 
Kroll-Ruderman theorem,” ™ from which we derive 
the value of G,. 

We have here been concerned with the better known 
particles and decay processes. But it is hoped that the 
considerations presented will be of assistance in under- 
standing the decays of the strange particles. 
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Chirality of K Particle* 


SATOS! WATANABE 
International Business Machines, Research Laboratory, Poughkeepsie, New York 
(Received March 12, 1957) 


In the two-component theory, the neutrino that can exist in nature is characterized by one of the eigen 


“ 


values of the 
is generalized so that it can be applied also to bosons 


chirality” operator, ys, which anticommutes with the parity operator. The chirality operator 
The K particle that can exist in nature is characterized 


by a certain condition on the eigenvalues of the chirality operator. There is strong reason to believe that 
the chirality quantum number thus introduced is closely related to the strangeness quantum number. 


1. INTRODUCTION 


HE series of theoretical efforts, which has origi- 

nated from the tau-theta paradox, has culminated 

in a return to the once-abandoned two-component 

neutrino theory.! The present paper is intended to show 

that a unified point of view is possible in dealing with 
both problems. 

A special mathematical formalism is used in this 
paper, so that an operator called “chirality,” which 
anticommutes with the parity operator, can be applied 
to both fermions and bosons. In the case of a spinor 
particle, the eigenvalues of chirality are +1, but they 
are good quantum numbers only when the mass is zero.* 
If we take one of the possible eigenvalues (say, —1 in 

* The word “chirality” (pronounced as kirality) seems to have 
been coined by Kelvin and was extensively used by Eddington 
[A. S. Eddington, Fundamental Theory (Cambridge University 
Press, New York, 1949, p. 111]. The usage of this term here may 
be justified by two reasons: (1) Etymologically, it can mean 
“handedness.” (2) Eddington used it also in the sense of the sign 
of ys though in a different context 

''W. Pauli, Handbuch der Physik (Julius Springer, Berlin, 1933), 
Vol. 24, p. 226; A. Salam, Nuovo cimento 5, 229 (1957); 
T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); L 
Landau, preprint, among others. Experimental tests, proposed 
by Lee and Yang [Phys. Rev. 104, 254 (1956) ], played a decisive 
role in this development. 

? This is true only when one uses ys as chirality operator. For 
further discussions of a chiral particle of spin 4 with finite mass 
and finite charge, see S. Watanabe, Nuovo cimento (to be pub 
lished) 


the right-handed coordinate system), we obtain the 
well-known two-component theory of neutrinos. If the 
mass is finite, the chirality is indeterminate (zero on 
the average).? 

In the case of a boson, the eigenvalues are +2 and 0. 
They are good quantum numbers even if the mass is 
finite. The scalar particle can have only eigenvalues + 2. 
The eigenstates of chirality imply of course an indefinite 
parity. Conversely, a boson with a definite parity (such 
as pion) has an indefinite chirality (zero by convention). 
In view of the fact that the same K particle seems to 
be capable of decaying into two pions or three pions, 
it is proposed to assume the K particle to be in an 
eigenstate of chirality.’ The tensorial rank of K particles 
is assumed to be zero, i.e., of the scalar type. Each of 
the two eigenstates of chirality (+2) provides further 
two eigenstates, corresponding to two possible charges. 
To accommodate the K particle and the anti-K particle 
(either charged or neutral), one thus has four possi- 
bilities to choose from. This leads to two alternative 
assignments of K particles to chiral eigenstates. It is 
still premature to decide which alternative is preferable. 

According to the first assignment, the K particle 
(either positive or neutral) is identified, say in the right- 

+The assumption that the theta and the tau are the same 


particle naturally leads to a unique lifetime for two-pi and three-pi 
decay modes 
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hand coordinate system, with chirality +2, while the 
anti-A particle (either negative or neutral) is identified 
with chirality —2. In this choice, the K particle with 
chirality —2 and the anti-K particle with chirality +2, 
in the right-hand coordinate system, are declared to be 
nonexistent in nature. According to the second assign- 
ment, both K particle and anti-K particle are supposed 
to have chirality +2, and corresponding particles with 
chirality —2 are considered as nonphysical. 

In the first assignment, the A particle and the anti-K 
particle are the charge conjugate of each other. This 
reproduces thus, in the case of neutral A particles, an 
aspect of Gell-Mann and Pais’ theory.‘ In this first 
assignment, the theory can be made invariant sepa- 
rately for charge-conjugation and for space-and-time 
inversion. In the second assignment, the theory can be 
made invariant separately for time reversal and for the 
combination of charge conjugation and space inversion. 
The latter is analogous to the two-component neutrino 
theory. In either assignment, a A particle, by space 
inversion, becomes a forbidden kind of particle. In other 
words, to describe the same A particle in the right-hand 
and left-hand coordinate systems, one has to use wave 
functions with opposite chiralities (but with the same 
charge). 

In either assignment, an arbitrary number of K 
particles (and/or anti-A particles) can interact with an 
arbitrary number of pions. 

Chirality as a physical quantity is perfectly well de- 
fined within the framework of the accepted concept of 
space, yet it has not been exploited up to the present. 
For this reason, it can be expected that this new variable 
may be capable of giving a meaningful interpretation to 
some empirical facts that have hitherto escaped expla- 
nation. In fact, in the first assignment, one-half the 
chirality turns out to be equal to the “strangeness”’ 
number of the AK particle. In the second assignment, 
one-half the product of chirality and charge is equal to 
the strangeness. This might not be considered to be a 
trivial coincidence. 

This significant situation encourages a further specu- 
lation that a hyperon is probably a compound particle 
composed of a nucleon and K particles, in such a way 
that the algebraic sum of the strangeness numbers of 
constituent K particles gives the strangeness number of 
the hyperon. Whether or not this particular scheme of 
composition corresponds to reality, a composite picture 
of hyperons gives a wide range of flexibility to the 
properties of hyperons. For instance, being a compound 
particle, a hyperon need not satisfy the Dirac equation 
rigorously, and it may exhibit complicated handed- 
ness in spite of its being a fermion with a finite mass. 
This might give a clue to a future explanation of the 
fact that the A-K production, for instance, can be 
a strong interaction.® In any event, it should be men- 

4M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955) 


§ As regards the property of the A particle toward space inver 
sion, see reference 18. 


OF 


K PARTICLE 1307 
tioned that at the present stage the theory proposed in 
this paper, is no more capable of explaining why a 
parity-violating interaction should be “weak”’ than is 
the two-component neutrino theory. Neither does it 
give a reason why strangeness, as derived from chirality, 
can give a measure of ‘‘weakness”’ of interaction. It is 
hoped, however, that the mathematical methods used 
in the present paper will prove to be a useful instrument 
in unraveling problems pertaining to the distinction 
between strong and weak interactions. 

To avoid confusion of exposition, the first assignment 
exclusively is used in the body of the following text, 
while Appendix 2 is reserved for discussion of the 
consequences of the second assignment. 


2. CHIRALITY AND CHIRAL CONJUGATION 
FOR SPINORS 


By space inversion (mirage), a spinor (r,t) becomes 
vw(—r, 1), except for an arbitrary phase factor, Le., 


M: V(rmnQh(r,D=y(—r, 0), (2.1) 
where Q.can be considered asa matrix (Q= (r= Q7 =): 


6(r’+r’’), (2.2) 


Thus, for instance, operated on the momentum operator 
(x’| pr|x’’) = 16’ (x’—2x’’), 2 leads to 


Q: pope (2.3) 


~p. 
The operator y42 is called the parity operator: 


P=yQ, P=1. A) 


Its eigefivalues are therefore +1. Any operator X that 
anticommutes with /, 


[PX ],=9, (2.5) 


will interchange the two eigenfunctions of P, and such 
an X will be called a “parity conjugation operator.’”7 
The simplest X, which shows no preferential direction 
in space, is Ys, 


CPyv6],=0. (2.6) 


Hereafter, we shall put 


X=7,, X’=1, (2.7) 


and call it the “chirality operator.”’ The eigenvalues of 
X are again +1. Any operator Y that anticommutes 
with X, 


(X,Y ],=0, (2.8) 


will interchange the eigenstates of XY, and will be called 
the ‘chiral conjugation operator.” ? is one of such Y’s, 
but we do not specify for the moment which one of the 
Y’s should be chosen as the suitable chiral conjugation 


6S. Watanabe, Revs. Modern Phys. 27, 40 (1955), Eqs. (2.74) 
and (8.6) 

’ Parity conjugation was also considered in T, D. Lee and C. N 
Yang, Phys. Rev. 102, 290 (1956). However, it was used only to 
interchange the members of a parity doublet, and its eigenstates 
were not considered there 
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operator. Since the two eigenfunctions of X are inter- 
changed by space inversion (which changes the handed- 
ness of a coordinate system), the name chirality for X 
seems to be appropriate. 

Charge conjugation of a spinor is performed by 


C: pow, tC vad, 


where the bar means the complex (Hermitian) conju- 
gate, and C is a matrix satisfying 


(2.9) 


C+ C 


(2.10) 
Cc! 


It is easy to see that charge conjugation changes the 
parity in c-number theory. In g-number theory, how- 
ever, Charge conjugation leaves the expectation value 
of parity unchanged, on account of the interchange of 
y with w in (2.9). Similarly, charge conjugation inter- 
changes the eigenvalues of chirality in c-number theory, 
but it leaves the expectation value of chirality un- 
changed in g-number theory. 

The (“‘spirality,” according to Lee and 
Yang) operator (p) is defined by* 


“helicity” 


(a (2.11) 


n(p) V4V6VaPa p ’ 


whose eigenvalues are +1. 4(p) means twice the spin 
in the direction of the propagation vector. 
The “para-helicity” operator A(p) is defined by 


A(p) = tysYala, (2.12) 
with 
(2.13) 


laola=1, lapa=9, 


Its eigenvalues are again +1. This quantity means the 


magnetic moment (in a suitable unit) in a direction 
perpendi« ular to the propagation vector, 


It is easy to see that’ 


LPyn(p) |, =9, LX,n(p)J-=0, (2.14) 


[PA(p) |_=0, [XA(p)],=0 (2.15) 


Phe last equation in (2.15) shows that A(p) is one of 
the possible chiral conjugation operators. 

As an illustration, let 
mentum representation of a spinor field, in which the 


us consider the linear mo- 


Hamiltonian, 


H=tyWVafhatyem, (a=1, 2, 3) (2.16) 


the linear momentum p, anc the helicity n(p) are used 
to characterize eigenfunctions. If m= 0, the chirality X 
commutes with // as well as with p, and n(p), and 


we have 


m=(, (2.17) 


n Yi1/ pi, 
* Let us recall that a spiral is a plane-curve while a helix is a 
space-curve Pherefore, in a 3-dimensional space, the former has 
no handedness, while the latter has 
* Two views are possible regarding the behavior of the sign of 
i, with regard to space inversion: It may change with the sign 
change of Pa, or remain unchanged. The second view is adopted 
in the first equation of (2.15) 
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We shall define eigenfunctions u,(k), (1=1, 2, 3, 4), 
where k is an eigenvalue of p, as given in Table I. 
Expanding as usual in the form: 
¥(r,t)= VS « {Lai (kK); (k) + a2(k) (Kk) | 

Xexp(ik-r—i| Et) 
+[ by (k)13(—k) + 6o(k)uy(—k) | 
Xexp(—ik-r+i| £1}, 


we get 


J (eonpae 


Du LV i(k) — Vo(k) + (k) — Mo(k) J, 


foxa 


Dw L—Ni(k)+-No(k) — Mi(k)+Mo(k) J, 


(m=0) (2.20) 
where 
Ni, o(k) = Gy, o(k)ay, a(k), 


(2.21) 
M,, o(k) =6,, o(k)b;, o(k). 


The charge conjugation brings V,(k) to M,(k), i.e., 
to a quantum with opposite charge but with the same 
helicity. Thus: 


Ni(k)=2M (k), 


(2.22) 
No(k)z +M o(k). 


If the mass is finite, the helicity of a particle will de- 
pend on the relative velocity of the coordinate system 
used. However, in the case of a massless particle, the 
helicity can be considered as an intrinsic property of a 
particle, (The particle is a “helixon”’.) For this reason, 
the antiparticle (in the usual sense) of V, should be 
M,, and that of V» should be Ms. 

Space inversion ? applied on the Hamiltonian results 
in a sign change of p, and P anticommutes with mo- 
mentum p and helicity n(p) (and XY). Thus: 

M: N,(k)@N2(—k), 


M \(k)=2M,(—k). 


(2.23) 


The para-helicity operator A(p) commutes with H 
(without change of p) and with p, while it anticommutes 
with »(p) and X. Hence, the para-helicity operator as a 


TABLE I, The adopted assignment of the u’s to the signs of H and 
n(k). The column for X applies only when m=0. 


H n(k 


u; (k) + + 
ue(k) 
ty (k) - + 
uy (k) 
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chiral conjugation has the following effect : 


A: Ni(k)z *No(k). 
Mi (k)z >M o(k). 


(2.24) 


Thus, the para-helicity is a particularly desirable chiral 
conjugation, in the sense that it changes chirality 
(m=() without changing the momentum. 

In the case where m=0, it should be noticed that 
although us and %, respectively, correspond to chi- 
ralities +1 and —1, the corresponding expectation 
values of chirality are —1 and +1, in Eq. (2.20), due 
to the emission operator instead of absorption operator 
standing in front of u; and um, in Eq. (2.18). 

In the two-component neutrino theory, we separate 
out, from a general y, two eigenfunctions of chirality: 


Xpay= +YWay, 
XY(2) - —Y2 : 


bI+X)~=va), 
b(1 — X)y : ¥ (2), 


(2.25) 


Wa) corresponds to .V, and M,, whereas ¥.2) corresponds 
to V,; and M,. Note that this is a classification by the 
eigenvalues of the w’s, and not by the expectation values 
in the sense of Eq. (2.20). An important hypothesis of 
the two-component theory is that in nature there exists 
only one or the other of Yi) and ¥i2). Namely, according 
to a recent experiment, it seems that Wa) (i.e., Vy and 
M,), in the right-handed coordinate system, is favored 
by nature. In the terminology of the two-component 
theory, if V, is a neutrino, then M, is called an “anti- 
neutrino.”” However, it should be noticed that this 
antineutrino is not the antiparticle of a neutrino in the 
sense of (2.22). A combination of charge conjugation 
and chiral conjugation brings an allowed particle to 
another. 

If the mass of a particle is not zero, the chirality is 
not a good quantum number,’ and therefore the average 
of chirality can be expected to vanish. This can be seen 
most easily by using //, p, and para-helicity A(p) to 
characterize eigenfunctions. Indeed, an eigenfunction 
v(p) of A(p) will satisfy 


(v,Xv) = (Av, XAv) (v,Xv), (2.26) 


by virtue of Eq. (2.15), showing that the average 
chirality is zero, Para-helicity cannot be used for the 
neutrino, for it anticommutes with X. 

Time reversal (R) in field theory is given by 


R: y(r,t) V(r, —t)yL, 
W(r,l) 


(2.27) 
ie lve (r, —s t). 


The meaning of this is that if we have (r,t)Op(r,t), 
then we first make ¥(r,))O’Y(r,t) and then apply the 
above transformation. Space-inversion and charge- 
conjugation are the same in field theory as in the 
purely mathematical theory. 
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3. BOSON FIELD WITH INDEFINITE PARITY 


We shall begin with a spinor-theoretical considera 
tion. Let S be the usual transformation matrix for the 
spinors such that 
(3.1) 


Yulur Sy ~) . 


where @,, is the transformation tensor for the coordi 
nates, including inversions. For later use, it should be 
mentioned that!” 


C—'SC=¢,($*7)"', (3.2) 
and 
ya ¥e= a(S)! (3.3) 


where o; is +1 or —1, according as the number of 
simple time-like reflections involved in S is even or odd." 
We consider a four-four-matrix G with Dirac 
indices which transforms as! 


’ 


two 


S: GG’ SGS (3.4) 


If we define another kind of matrix / by 


Ff Gy, G Fy, 


this will transform, by virtue of Eq. (3.3), as 


S: FoF =¢,SFS“ (3.6) 


The transformation rules of G and F are, respectively, 
that of gy and that of g)t, where ~!= Py, and the 
bar means the complex (Hermitian) conjugate. 

Expanding an arbitrary G by the sixteen bases of the 
7 system in the form 


G=(S t Ps t Win t AVY 6Yu t 1D VWs) V4, (3.7) 


we can easily see, with the help of Eqs. (3.1) and (3.4) 
that S, P, V, A, and 7, respectively, transform like a 
scalar (pseudoscalar of the second kind), a pseudoscalar 
(of the third kind), a vector (pseudovector of the 
second kind), an axial vector (pseudovector of the third 
kind), and a tensor (pseudotensor of the second kind)." 
The last term can of course be expressed as a pseudo 
tensor (of the third kind) by interchanging space-space 
components with time-space components. ‘Thus, 

la LT pten, - (38) 


Tw uv) Tan ¥8V cn; 


is +1 or — 1 according as (u,v,«,A) is an even 
or odd permutation of (1, 2, 3, 4) 
The Hermitian conjugate of G i: 


where Ej 


G (S4 iPys+ WV rut tA yy 6¥ut UT ww) ¥4 (3.9) 
10S. Watanabe, 
and (2.33) 

11S, Watanabe, Phys. Rev 
(A.7) 

“The use of spinor matrices to represent tensorial quantities 
originates from E. Cartan, Bull. Soc. Math. France 41, 53 (1913) 
For an application of this instrument in the field theory of bosons, 
see S. Watanabe, Sci. Papers Inst. Phys. Chem. Research (Tokyo) 
39, 157 (1941) 

4 See, for instance, Table III of reference 11. Alterations ensuing 
from the field theory pertain only to time reversal, and must 
be the same as indicated in Table VI in S. Watanabe, Revs 
Modern Phys. 27, 26 (1955) 


Revs. Modern Phys. 27, 40 (1955), Eqs. (2.32) 


84, 1008 (1951), Eqs. (A.4) and 
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The imaginary unit is attached in some of the terms in 
Eq. (3.7), so that G may become Hermitian if S, P, V, 
A, and T are all real. This, however, implies by no 
means that an electrically neutral field can be expressed 
by a Hermitian G. We shall later see the reason for this. 

From (3.4) we see that G transforms exactly in the 
same way as G itself. Hence, Gy, transforms as an 


F matrix 
5S Cys ra S(Gry4)S , (3.10) 


Writing 


D> Aus, (3.11) 


we see from Eq. (3.6) that the spur of a product of n 


spA 


F matrices transforms as 


a: sp(F yk, ‘F,)—(a,)" sp(P\F,- --F,), (3.12) 


, this is a scalar, except for the factor (0,)". By 
virtue of Eq. (3.10), we see also that 


1L.€, 


S: sp(GyGy)—sp(GyiGra), (3.13) 


showing that this quantity is a regular scalar. Expand- 
ing G and G as in Eqs. (3.7) and (3.9), we have indeed 


sp(GyGys) = 8SS—PP-V,V,+AyAutT Tw. (3.14) 


As far as the scalar part (S$ and P) is concerned, it is 
sometimes more convenient to use 


sp(GG) = SS+PP, (3.15) 


which is not only a regular scalar, but also positive- 
definite. 

The tensorial components involved in Eq. (3.7) can 
be divided into two classes, one with positive parity 
and the other with negative parity 


G [ (G+yiGys) 2) 


L(G (3.16) 


viGys)/2]=GY+G6' 


with 


GY =yWGtyy, G' WG. (3.17) 


The parity here considered refers to each component, 
and the parity of a field is, as is well-known, defined by 
the parity of a certain component belonging to that 
field. Decomposition of G in five terms in Eq. (3.7) 
corresponds to a classification with respect to the rank 
and the field parity 

If a field satisfies 


¥sG =¢,G, (cy t 1), (3.18) 


we say that G has “first chirality” equal to ¢,, which is 
+1 or —1. Any arbitrary G can be decomposed into 
two parts, one with positive ¢, and the other with 
negative c, 


G=[(1+7s)/2]G+[1—75)/2)G (3.19) 


G+ (-)G, 


with © 


YHG= WG, YG (3.20) 
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Applying Eq. (3.19) on Eq. (3.7), we have 
4)G=((SAtP)+i(PFiS)ysti(Vit Ayu 
+1(A,y+ V JV 6%ut (Tw Tw’ Yu bys /2. 


In a similar way, we define the “second chirality 
Ce by 


(3.21) 


” 


Gy5= Ch. (3.22) 


In lieu of Eqs. (3.19) through (3.21), we have here 
G=G[(1+75)/2J+GL(1—5)/2J=Gujt+G, (3.23) 


with 


Giujy7e=Guy), GKW~)¥s= —G, yy (3.24) 


and 


Gia) =((S¥iP)+i(P£IS ys+i(V AA), 


+1(Ay+ V ¥6Vut (TF T ys’ Vw) by4/ 2. (3.25) 


When a given G does not satisfy Eq. (3.18), we say 
that c,;=0, as we did in the case of a spinor. Similarly, 
if c, in Eq. (3.22) is indefinite, we say that c.=0. We 
define the total chirality by 


(3.26) 


C=C C2, 


which could be +2, +1 or 0. By comparing Eq. (3.21) 
with Eq. (3.25), we can easily see that if one of c, 
and ¢, is definite (i.e., +1 or —1) then the other is also 
definite, in each of the scalar, vector, and tensor parts. 
More precisely, we get for the scalar and tensor parts 
(,;= —Ca, and for the vector part ¢;=c». Hence, for a 
field with definite chirality, the total chirality is +2 in 
the scalar and tensor cases, and 0 in the vector case. 
To deal with a vector field, it might be more convenient 
to define the total chirality by c=c,+c» instead of 
(3.26). 

It should be noted that the parity transformation 
(multiplication by 4 from both sides) changes the sign 
of c, as well as that of cy. Similarly, any transformation 
that anticommutes with 75, such as A of the last section, 
changes the sign of both c, and c. Such a transformation 
is a chiral conjugation for boson fields. 

Charge conjugation of G should be defined by 


C: Go (Cy Gy)", (3.27) 


where the superscript 7 refers only to the Dirac indices. 
The quantity (C~y,G7,C)" is the only known quantity, 
except G, that transforms exactly as G itself. For this 
reason alone, it is already plausible that the trans- 
formation (3.27) (except for the sign) is the right choice. 
A more convincing argument is provided by the as- 
sumption that G transforms like gy, not only for the 
S transformation, but also for charge conjugation which 
was given in (2.9). This assumption yields (3.27), the 
sign being determined by the anticommutation relation 
of spinors. (This sign, however, does not play any 
important role in the following). 

A field with definite parity can be expressed by any 
one of the five terms in Eq. (3.7). Such a field has 
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necessarily a vanishing chirality, for we see from Eqs. 
(3.21) and (3.25) that we have to mix a regular part 
and a pseudo part. to engender a definite chirality. For 
instance, a pseudoscalar field (pion) can be expressed by 


G, = iby sys, (3.28) 


which obviously satisfies neither Eq. (3.18) nor Eq. 
(3.22). By our usage of the word, the pion thus has 
chirality zero. 

If we apply charge conjugation (3.27) on Eq. (3.28), 
we obtain 


C:  ibysywibyevs. (3.29) 


Thus the antiparticle of G, is given by 


Gr= ibysys. (3.30) 


This of course has the same parity, and we see, further, 
that we need only take the complex (Hermitian) conju- 
gate of b to obtain the antipion. In the case of a real 
field, G, and Gy are the same. 

A scalar field with definite chirality has to be ex- 
pressed as a special superposition of S and P, as specified 
by Eqs. (3.21) and (3.25). For definiteness, let us assign 
(say, in a right-handed coordinate system) to the K 
particle the matrix: 


Gr=a(lt+ys)ys/2, cx=—G@2=1, c=2. (3.31) 


By charge conjugation (3.27), this expression becomes 


Gr=d(1—Ys)¥s/2, = —G=—-1, c=—2, (3.32) 


which should be called anti-K particle. The names 
“particle” and “antiparticle” are interchangeable, but 
we shall stick to Eqs. (3.31) and (3.32) for definiteness. 

By space inversion, the matrix (3.31) will trans- 
form as 


M: a(it+ys)y¥s/2—a(1—Ys)¥4/2, (3.33) 


where the sign-change of r in the argument of a is 
omitted for simplicity. Any chiral conjugation follows 
the pattern of (3.33). In analogy to the neutrino theory, 
we assume that Gx and Gr given in Eqs. (3.31) and 


(3.32) are favored by nature, and their chiral conjugates, 
a(1—ys)¥s/2, c= —a=—-1, c=—2, (3.34) 

and 

c=2, (3.35) 


=a" i. 


d(1+7s)¥4/2, Cj 


do not exist in nature." 

One of the most important features of the charge 
conjugation of a K particle is that not only the field 
component a passes to @, but also the mixing ratio of 
S and P is changed. If Gx represents a positive K 
particle then Gg should represent a negative K particle. 


“Tn the usual way of expressing tensorial (boson) fields, one 
—_ write S+P and S—P (or S+iP and S—iP) to denote two 
different chiralities. However, by such expressions, one can never 
tell which one has a positive chirality and which one has a nega 
tive chirality. Here lies another advantage of the present formal 
ism, which also has the merit of bridging the boson case with the 
fermion case 
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A naive theory would describe the anti-A by d when the 
K is described by a. In the present theory, such a 
simple interchange of a and d is the result of a com- 
bination of charge conjugation and chiral conjugation, 
and the resulting matrix becomes a forbidden one given 
in (3.34), (3.35). This is a different situation, compared 
with the neutrino theory, in which a combination of 
charge conjugation and chiral conjugation transformed 
an allowed particle into another allowed particle. 

Since (3.31) and (3.34) on one hand, and (3.32) and 
(3.35) on the other, would generate the same electric 
current, the foregoing rule can also be formulated as 
follows: A positive K particle with chirality —2, and a 
negative K particle with chirality +2 are forbidden, 
while the other alternatives are allowed. 

Let us note that Gx=Gr. Hence, Gx, which is an 
eigenstate of chirality, can never be Hermitian, no 
matter what condition may be imposed on a. We ob- 
serve also that the neutral AK field and the neutral 
anti-K field can never be the same field." 

It is true that it is, in principle, possible to assign to 
the K and anti-K the following matrices instead of 
(3.31) and (3.32): 


Gx a(l t+¥5)¥4 ra C} y t a: 


(3.36) 

Gr=a(1+7s)¥4/2, 61 =I, + 2, 
In this assignment, the allowed particles are character 
ized by c=2, while the forbidden particles are charac 
terized by c= —2. The combination of charge conjuga 
tion and chiral conjugation transforms an allowed 
particle into another, as in the neutrino theory. How- 
ever, this assignment seems to be unnatural for it 
destroys the conformity with other charged fields in 
regard to charge conjugation. In the following, unless 
otherwise noted, we use the original assignment (3.31) 
and (3.32). The assignment (3.36), which has also 
certain merits, will be discussed separately in Ap 
pendix 2 

The field theoretical transformation of G for space 
inversion (M) and time reversal (R) can be inferred 
from the analogy with gy, with the help of Eqs. (2.1) 
and (2.28) 


M: G(r)—-yG(—r)¥4, 
(3.37) 


R: G(b)—ys(C1G(—DC) "v5 


The space inversion is the same as in the mathematica! 
spinor theory. In the time reversal, we have to reverse 


46 In this point, the present theory is similar to Gell-Mann and 
Pais’ idea: M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955) 
However, the present theory has more specific information about 
the behavior of K particles with regard to space inversion. The 
present theory has also some similitude with Schwinger’s theory, 
insofar as a combination of S and P is considered. J. Schwinger, 
Phys. Rev. 104, 1164 (1956). However, the basic philosophy is 
different, since Schwinger’s theory intends to preserve the invari 
ance under space inversion, whereas the vital assumption of the 
present theory lies precisely in the abandonment of invariance 
under space inversion 
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the order of the factors, if a product is involved. The 
superscript 7 in Eq. (3.37) means here again the trans- 
pose with respect to the Dirac indices only. By the com- 
bination of space inversion, time reversal, and charge 
conjugation, the components of G become!® 

PY Get ip 


CXRXKM: (3.38) 


5,2, 7 
| 


V,A-9-V,—A 


’ 
Similarly, Gx returns to its original form by CK RX M 


4. FREE AND INTERACTION LAGRANGEANS 
FOR K PARTICLES 


The invariant free Lagrangean can be written, with 
the help of Eq. (3.15), in the form 


p™ f soou G)dr, 


with os 
W = (—0,0,+m'*)I = (0,0,+m*)/, 


(4.2) 
where 0, means the differentiation of the factor standing 
to its left. (See Appendix 1 for the quantization of Gx.) 
We do not use Eq, (3.14) here, for it vanishes if we put 
(3.31). The ensuing wave equation is 

WS=0 WP=0 


and 


’ 


therefore also 
Wa=0 


The free Hamiltonian is then 


ur~f spl G( 2404+W)G) |dr. (4.5) 


It is of importance to notice that since ys commutes 
with (20,0,4+-W), the chirality is a good quantum 
number even if m#0. 

The current vector becomes 


iv~i spl G(0,—0,)G | 
Putting Gx, (3.31), in Eq. (4.6), one obtains 


bes ~ il (0,4 ja a(0,a) (4.7) 


This expression changes its sign if we put Gr, (3.32), 
instead of Gx, (3.31). It would vanish if a were real 
(Hermitian), but we do not assume this even for the 
neutral field, for which i, will then bear the meaning of 
chiral current density (see Appendix 1). In the case of 


‘©The results in Eq. (3.38) can also be derived directly by 
multiplying three signs, pc, pr, and py listed in Table III of 
reference 11. This is also in agreement with the rule given in 
Pauli’s article in Niels Bohr and Development of Physics (edited by 
Pergamon Press, London, 1955). See also Lee, Oehme, and Yang, 
Phys. Rev. 106, 340 (1957). If we insert phase-factors, exp (ia), 
exp (#8), and exp(iy) in C, RX, and M, respectively, the relation in 
(3.38) will remain valid only if 8=a+-y, mod. 2%. Gx of Eq. (3.31) 
becomes Gr of Eq. (3.32) by space-and-time inversion only when 
§=y, mod. 2x, Similar remarks can be made regarding other 
transformations too 
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a charged field, i, means both electric and chiral cur- 
rents. Equations (3.31) and (3.34) would give the same 
value for (4.7). 

As far as interaction is concerned, it is not the 
intention of the present paper to investigate exhaus- 
tively all the decay modes or to calculate the lifetimes. 
lo get a glimpse of the behavior of the interaction 
terms toward charge conjugation, time reversal, and 
space inversion, let us limit ourselves to the A-pi 
interaction. 

To express an interaction Lagrangean among several 
K particles, anti-K particles, and pions, we notice first 
that the spur of a product of several G matrices does 
not form a scalar. See Eq. (3.4). However, by virtue 
of Eq. (3.12), we can use a product of F matrices. The 
F matrices corresponding to Eqs. (3.31), (3.32), and 
(3.28) are 


Fe=a(i+ys5)/2, FRr=da(1—ys)/2, (4.8) 


F,=1by;. (4.9) 


The transformation rules of an F matrix for charge 
conjugation, space inversion, and time reversal are 


c F (4.10) 
M: Fi(r) (4.11) 
R: F(t) (4.12) 


rys(COFC) M4, 
msl (—v)¥4, 
rys(C OF (—1)C) ys. 


(hen the Lagrangean involving n K’s, / anti-K’s, and 
m pions would be of the form: 


Ly,= fede: 


Li=f sp( Fh xk x: +h ph rp--+- FF, ++) 


+Hermitian conjugate. (4.13) 


However, since the product of /« and FR vanishes, 
coexistence of Fx and Fr in Eq. (4.13) is impossible." 
Let us then take the case of n K’s and m pions. 


fsp(FrFx---F,F,:+-)+H.c., 
fa"(ib)™/2+H.c., if 
1)")/2+H.c., if n=0. 


(4.14) 
(4.15) 
(4.16) 


Ly 
nF, 


f(ib)™[ 1+ ( 


Since the transformation (4.10) applied on Eq. (4.9) 
results just in replacement of 6 by 6, no distinction 
between a pion and an antipion has been made in (4.14) 
for the sake of simplicity. There can actually be neutral! 
and positive K particles and pions of different kinds of 
charge in Eq. (4.14), insofar as the total charge is 
conserved. 

Equation (4.16) simply means that an odd number 
of pions alone cannot interact among themselves. If a 
K (or K’s) intervenes, the parity of number of pions 

‘7 This by no means implies that an interaction like (r—A R) 


is forbidden. Such an interaction is possible through a Lagrangean 
of the type: sp/’x sp(PrF,) +spFR sp( Fs 
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involved does not matter any longer. Since Eq. (4.14) 
is an invariant, it naturally comes back to itself by space 
inversion (4.11). Thus, the left-right asymmetry of the 
K particle disappears formally from the surface. How- 
ever, if a K particle is represented as (3.31) in a coordi- 
nate system, it is supposed to be represented as (3.34) 
in the space-inverted coordinate system, although this 
becomes immaterial in an actual calculation. 

It can easily be seen that the Hermitian conjugate of 
the term explicitly written out in Eq. (4.14) can be 
written 


{* sp(PrFR:--FeFs---). (4.17) 


By charge conjugation (4.10), the term in (4.14) will 
become the term in (4.17). If the interaction constant / 
is real, the invariance for charge-conjugation is assured. 
By time reversal (4.12), each F does not become the F 
of the antiparticle, but, through the process of diagonal] 
summation, the term in (4.14) becomes the term in 
(4.17) by time reversal. Here again, on the assumption 
that / is real, invariance is guaranteed. 

The above conclusion is based on the assignment 
(3.31), (3.32). For discussions of the assignment (3.36), 
see Appendix 2. 

For an interaction in which a boson F; and a spinor 
particle y, disappear and another spinor particle 2 
appears, one may write 

sp(F iF), (4.18) 
with 

F3=pyrl. (4.19) 
This expression automatically selects the invariant com- 
bination of the components of F, yi, and y2'. In a 
similar way, one can write an interaction Lagrangean 
for a more complicated process.'* 


5. POSSIBLE RELATION BETWEEN|[CHIRALITY 
AND STRANGENESS 


The matrix expression of a boson field is suggestive 
of a fusion-theoretical interpretation of a boson as being 
made out of two spinor particles.” However, unless we 
know the nature of the cohesive force, we cannot even 
write the Bethe-Salpeter equation. There is no guaran- 
tee that the chirality of a boson as defined in the fore- 


146Tt seems natural to assume that strong interactions are 
parity-conserving. In order to make the present formalism com 
patible with this assumption, one has only to assign a special 
parity-property to the partner of the A particle in its “associated” 
production. Consider, for instance, the production process: pion 
+nucleon—A +A. The parity-property of A should then be 
equivalent to that of a hypothetical compound system of (nucleon 
+K’), where K’ (chirality —2) is a hypothetical (forbidden) 
particle of Eq. (3.34), which is the space-inverted image of the 
K particle (chirality +2). The negative parity of the pion can 
be absorbed in the orbital motion of the (K-+-A) system. Then, 
the parity conserves. If one wants to give a realistic meaning to 
this interpretation, the relation A°=nK° of Table Il should be 
replaced by nK”, which has also chirality 2. However, the K’ 
need not exist as an independent particle in nature 

'? L.. De Broglie, Compt. rend. 198, 135 (1934), and subsequent 
writings; W. Heisenberg, Z. Naturforsch. 5a, 251 (1950), and 
subsequent papers. See also S. Watanabe, Phys. Rev. 9], 771 
(1953). 
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TABLE ITI, All particles are assumed to be composed of nucleons, 
antinucleons, K particles, anti-K particles, in such a way that 
isotopic data and conservation of heavy particles are satisfied. 
The algebraic sum of chiralities of constituent particles turn out 
to be twice the “strangeness.” 


Particle Composition Chirality 


K°(Re j +2 
K*t(K~) +2 ( 
n(n) 


p(p) 


0 
) 0 
pn 0 


pn 0 


rin, pp 
nR°, pk 
(nK®, pK*) 
ph (pR®) 
nk~ (nK*) 
nR°, pk 
(nK®, pK*) 
nK°K~, pK~K 
(NK°K*, PA*K*) 
nR°R®, pK~R° 
(nK°K®, pK*K®) 


2(+2) 


>! 


“wMw YM 
Viney 


wl 


going can be derived by some kind of addition of the 
chirality of each constituent spinor particle. This would 
evidently depend on the nature of the cohesive field. 
For this reason, we do not indulge in any further specu 
lation about the structure of a K particle. Instead, we 
shall try to picture all the particles as heavy as, or 
heavier than the pion as composite particles built out of 
nucleons and already-existing K particles.” The guiding 
principle in determining the composition of each par- 
ticle is to reproduce its established isotopic spin, the 


third component of its isotopic spin, and its heavy- 


particle number by the smallest possible number of 


constituent particles, using the established values of 
these quantities of the nucleon and the A particle. 

First, the pion can be considered as a particle similar 
to the K’s, but only in an eigenstate of parity instead of 
in an eigenstate of chirality. The pion can also be pic 
tured as an isotopic triplet composed of a nucleon and 
an antinucleon. 

The A particle is an isotopic singlet consisting of a 
nucleon and an anti-K particle. The 2 particle is an 
isotopic triplet of a nucleon and an anti-A particle. The 
= particle is an isotopic singlet, composite of a nucleon 
and two anti-K particles. After having made such an 
assignment, we calculate the algebraic sum of the 
chiralities of K particles and anti-K particles involved, 
The chirality of a nucleon is zero according to See, 2, 
The total chirality thus computed turns out to be 
exactly twice the strangeness quantum number. See 
Table I. 

It must be admitted that the above-sketched compo 
sition scheme may not be a unique one, and that the 


*®A similar xactly the same view was proposed by 
M. Goldhaber hys v. 101, 433 (1956). Goldhaher’s 


charge”’ is given a physical meaning in the present paper 


“dione 
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algebraic addition of chirality numbers has no solid 
justification. However, the fact alone that a new vari- 
able has been introduced on a solid mathematical basis, 
having opposite values for the K and anti-K (whose 
strangeness quantum numbers are +1) is already sug- 
gestive of some connection between chirality and 
strangeness. 

Strangeness, so far, has received no explanation, 
except by Pais and Gell-Mann’s theory and d’Espagnat 
and Prentki’s theory." According to d’Espagnat and 
Prentki (and also Racah), the strangeness is connected 
with the symmetry property in the isotopic spin space. 
If the present theory and the theory of d’Espagnat 
and Prentki are both correct in their essence, then 
it would mean that there exists a close relationship 
between the symmetry property in the outer space 
and that in the inner (isotopic) space. It is interesting 
to note that Yukawa, from an entirely different ap- 
proach, also suspected a relationship of similar nature.” 

The author would like to express his sincere thanks 
to Dr. R. Oehme, Dr. Y. Tanikawa, and Dr. H. Suura 
for their very helpful discussions. 


APPENDIX 1 


Physical quantities Q (energy-momentum density, 
current density, etc.) have the form: 


O~sp(GOG). (A.1) 


If G here represents the K wave function, then G 
represents the anti-A wave function. Indeed, from Eqs. 
(3.31) and (3.32) we see that 


Gx GR. (A.2) 
In the case of pions, if an expression like (A.1) is used 
for the charged field, we should take one half of the 
expression for the neutral field. In the case of K par- 
ticles, however, we have to use the same expression for 
both charged and neutral fields, for the neutral K and 
the neutral anti-A are two different particles. 

Putting Eqs. (3.31) and (3.32) in (A.1), one obtains 


sp(GrOGk) 1 il Ja. (A.3) 


Therefore, we can use the usual method of quantization 
for a and d. In other words, if we expand Gx as 


dx (2V | Ey La(k) exp(ik-r—i) Et) 
+-B(k) exp( ik -r+-1| Et) \(1+-ys)v4/2, 


Gr (r,t) 
(A.4) 


and Gr as the Hermitian conjugate of (A.4), we can 
interpret V(k)=&@(k)a(k) and M(k)=6(k)B(k) as K 
particles and anti-A particles, respectively, having 
momentum k. 


1A. Pais, Physica 19, 869 (1953); M. Gell-Mann, Proceedings 
of the Glasgow Conference (Pergamon Press, London, 1955). B 
d’Espagnat and J. Prentki, Phys. Rev. 99, 328 (1955); 102, 1684 
(1956). G. Racah, Nuclear Phys. 1, 302 (1956). 

“HH. Yukawa, Proceedings of the International Conference on 
Theoretical Physics, Seattle, 1956 (to be published). 
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If we assume a in (3.31) to be Hermitian, then 6 will 
become identical with a. In order to differentiate the 
neutral K from the neutral anti-K, we have to assume 
a not to be Hermitian. The quantity (4.7) will be pro- 
portional to V—M, which in the case of a neutral field 
may be interpreted as the current of chirality, for V 
and M correspond to the opposite chiralities. In the case 
of a charged field, the quantity (4.7) means both electric 
and chiral currents. To avoid an electric interaction of 
the neutral field, one needs only omit the electric inter- 
action term from the Lagrangean. Incidentally, in the 
neutrino theory, the current expression can be inter- 
preted as a current of helicity. 


APPENDIX 2 


The alternative assignment (3.36) has a welcome con- 
sequence : the form of physical laws remains unchanged 
by time reversal. 

Thus, we shall study in this Appendix some of the 
results that ensue from the assumption that the al- 
lowed K_ particles and anti-K particles are repre- 
sented by 

Ge=a(1t+y7s)¥4/2, c=2, 
(A.5) 
Gr=d(1+7s)¥4/2, c=2, 
~%. 


c=—2, 


while 
G=a(1—7s)¥4/2, ¢ 

(A.6) 

G=d(1—5)¥4/2, 


are forbidden, say in the right-handed coordinate 
system. 

This choice, (A.5), is analogous to the two-com- 
ponent neutrino theory in the sense that a combination 
of charge conjugation, (3.27), and chiral conjugation, 
such as (3.37), can convert (by a suitable choice of 
phase-factors) an allowed particle to another allowed 
particle. For instance, starting from Gx one reaches Gr 
by MXC, as one has 

C: Gr=a(1t+ys)y4/2—d(1—Y5) 74/2, (A.7) 
14 


M: G(1—Y5)y4/2—0 (1 +5) ¥4/2=Gr. 


In view of the general rule given in (3.38), this means 
that an allowed particle becomes another allowed par- 
ticle also by time reversal. This can also be verified 
directly by applying (R), (3.37), on (A.5). 

In the same way that the so-called antineutrino in 
the two-component theory is not the antiparticle, in the 
proper sense, of the neutrino, the anti-K particle Gr, 
according to (A.5), is not the antiparticle, in the usual 
sense, of the K particle Gx. In this respect, the present 
assignment deviates from the Gell-Mann-Pais theory.‘ 

In terms of F matrices, the assumption (A.5) is 
equivalent to: 

Fx=a(1+v7s)/2, 
(A.8) 
Fr=4(1+75)/2. 
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We have here, instead of (A.2), 


Fxe=Fr. (A.9) 


da/2 is not only invariant but-also 
write the free La- 


Hence, sp(F' RF x) 
positive-definite. Thus, we 
grangean in the form: 


can 


(A.10) 


Le~— f sp(PeWP eda, 


in lieu of (4.1). Considerations regarding the Hamil- 
tonian, the current vector, etc., follow the same pro- 
cedure as in Sec. 4, except that the F’s are substituted 
for the G’s. 

The interaction Lagrangean involving n K’s, / anti- 
K’s, and m pions may be written in the form: 


Li=f sp(PeF x: :-F RF R:+-F Fy: ++)+H.c. 
= fara! (ib)™/2+-H.c. 


(A.11) 
(n#0, LAO). 


Creation of pairs of K and K is included. In par- 
ticular, if m=1, we have only pairs created. The Her- 
mitian conjugate omitted in (A.11) is 


H.c.=(—1)"/* sp(FrP re: -PeP e: ++ Fey) 


= f*aa'(—ib)™/2. 


(A.12) 


By space inversion, the term in (A.11) returns to itself. 
By charge conjugation, as well as by time reversal, the 
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term in (A.11) passes to the term in (A.12), and vice 
versa. By these transformations, each F is transformed 
according to (4.10), (4.11), (4.12). 

The quantization of the A field can be done by ex- 
panding x as 
Dx (2VIE 


+ B(k) exp ( 


) '{ a(k) exp(ik r—i| Ej l) 
ik -r+i! Et) }(1+-y5)/2, 


Fx(r,t) 
(A.13) 


and Fr as the Hermitian conjugate of (A.13). Assuming 
that /’, is not Hermitian, even for the neutral A field, 
we can interpret .V=da and M =£8 as particle numbers 
of the K and of the anti-A, respectively. 

We can now interpret the current 


i,~sp[Fr(0,—9,)F x] (A.14) 


as the current of “‘strangeness.” This amounts to defin- 
ing the strangeness of the particles V as one-half their 
chirality (c=2), and defining the strangeness of the 
antiparticles M as one-half the negative of their chi- 
rality (c=2). In the case of charged field, we can say 
that strangeness is one-half the product of chirality and 
charge. By this definition, the strangeness of the 
K-particle and that of the anti-K particle become, re- 
spectively, +1 and —1. This definition is not as direct 
as in the original assignment, (3.31) and (3.32), yet it 
is mathematically meaningful. 

The compound picture of heavy particles explained 
in Sec. 5 is still feasible in this alternative assignment; 
we need only substitute twice the strangeness defined 
in the preceding paragraph for the chirality in Table LI. 
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A neutrino theory of spin-zero particles of zero mass is constructed in terms of bilinear neutrino operators. 
The restrictions of a two-component neutrino theory are shown to reduce the possible fields from three to 
one, Further, by using a two-component neutrino theory it is shown that it is impossible by using bilinear 
expressions to form a theory of light and that using quadrilinear expressions cannot produce a theory of 


gravitation. 


I, INTRODUCTION 


N an article in 1938 Pryce’ showed that the neutrino 

theories of light formulated up to that time were 
subject to a grave fault. They were not invariant under 
spatial rotations. The proposal of Lee and Yang? that 
the neutrino is to be described by a two-component 
equation suggests that the question be reinvestigated. 
This is done below. 

It should be remarked that since the original argu- 
ment uses only invariance properties with respect to 
the proper inhomogeneous Lorentz group and since the 
two-component theory merely describes an invariant 
decomposition (with respect to this group) of the four- 
component theory, the same conclusions must follow. 
There are, however, two impressions prevalent which 
we shall show to be false. 

The first impression is that a composite neutrino 
theory is tied to one dimension. After some formal 
preliminaries in Sec. II, this is shown to be false in 
Sec. IIT by an explicit construction of a spiniess, 
massless field in three dimensions using a two-compo- 
nent neutrino theory. To see the reflection properties 
of the spinless field constructed, we consider the same 
problem using a four-component neutrino theory in 
Sec. IV. From the results obtained there, it follows that 
the field constructed with the two-component neutrino 
describes an equal “mixture” of scalar and pseudoscalar 
particles, 

The second impression is that the difficulty with the 
“neutrino theory of light” arises because light is trans- 
versely and neutrinos are longitudinally polarized. 
However, the two-component neutrino has the same 
type polarization as light. On the basis of the theorem 
provided in Sec. V, it can be concluded that the “two- 
component neutrino theory of light” still does not work. 
Another consequence of this theorem is that one cannot 
construct a “neutrino theory of gravitation” by using 
four two-component neutrinos. 


II. PRELIMINARIES 


As Wigner has shown,’ invariance and irreducibility 
under the inhomogeneous proper Lorentz group requires 


* Permanent address: Physics Department, University of 
Michigan, Ann Arbor, Michigan 
1M. H. L. Pryce, Proc. Roy. Soc. (London) A165, 247 (1938). 
*T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 


5. P. Wigner, Ann. Math. 40, 149-204 (1939), 


that for particles of mass zero and spin s the spin must 
be either parallel or antiparallel to the momentum. If 
invariance under spatial reflection is also required, both 
possibilities must occur. We shall refer to the case where 
only one or the other are present as a ‘two-component 
theory” while the presence of both will be a “four- 
component theory.” 

It is assumed that we are given a field describing 
massless particles of half-integral spin s quantized 
according to Fermi-Dirac statistics. The question we 
wish to discuss is the following: Can we construct 
operators from the given field operators which will 
describe an integral-spin field quantized according to 
Einstein-Bose statistics? 

First let us consider two-component theories. Corre- 
sponding to a momentum of magnitude P, and direction 
n,, we have absorption and emission operators for the 
particles which will be denoted by a(Pim,), a*(Pym) 
respectively. There will be similar operators for the 
antiparticle which will be written as 6(P,n,) and 
b*(P\n,). The commutation relations are 


[a(Pym),a* (Pons) |, = (b(Pyny),b* (Pon) ], 

= 6(P\m,,Pono), (1) 
while all other anticommutators vanish. Under trans- 
lations in space and time, a(Pyn,) and b(P\n,) will 
transform as exp[iP,(n,-r—2) | while a*, 6* transform 
as exp —iP,(n,-r—1) |. We choose our convention so 
that under rotations around the direction n, the 
transformation of a is: 


a(P\n;)—a’ (Pyn,) = e *%a( Pym). (2a) 
Then the other operators will transform so that 

(2b) 
(2c) 
(2d) 


a*( P\n,)—a'* ( P\n,) e'*9a* (Pin), 


b(P\n,)- >b’( Pyn,) e'**b( Pn), 


b* (Pin) b'* (Pn,) =€ ‘#66*( Pin). 


Suppose we attempt to construct operators for anew 
field which are to be bilinear combinations of the above. 
If (kn) is to be the absorption operator for a particle 
of momentum kn, energy &, it must transform as 
expLik(n-r—t) | under space-time translations. ‘There 
are three types of terms that can occur in the expression 
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for (kn). These are 
C*(Pim,)C’ (Pen), 
C(Pym,)C’ (Pon), 
C*(Pyn,)C*’ (P2n2). 


(3a) 
(3b) 
(3c) 


(Here C, C’ can be either a’s or b’s.) What restrictions 
are implied by the translation properties? If terms of 
the form (3a) appear, we must have 


(4a) 
(4b) 


kn= P.n.— Pin, 
k= P.— P,. 
Squaring Eqs. (4) and subtracting gives 
0=2P,P.(1—n,-ne). (5) 
Hence nj=m. From Eq. (4a) we see this common 


direction must be n. The only expressions of the form 
{3a) that can eccur are then 


C*(P)C’(P2)6(P2— Pi, k), (6a) 


where we have suppressed the common direction n. 
Similarly the only expressions of the form (3b) must be 


C(P,)C’ (P2)5(P2+ Py, k), (6b) 


while there can be no terms of the form (3c). Intro- 
ducing particle and antiparticle operators explicitly, 
we thus have the eight possibilities 

a= a*(P)a(P2)6(P2—P,, k), 

ao= b*(P1)b(P2)6(P2— Fy, k), 

a3> a*(P\)b(P2)6(P2— Py k), 

a,= b*(P;)a(P2)5(P2—P,, k), 

By a(P;)b(P2)6(P2+P,, k), 

Bo= b(Pi)a(P2)6(P2+ Pi, k), 

B3= b(P\)b(P2)6(P2+ Pi, k), 

B= a(P)a(P2)6(P2+ Pi, k). 

Here, of course, all P’s are restricted to be positive. 
A notational simplification is obtained by defining a’s 
for negative P by 
a(— P ) 


b*(|P|), a*(—|P|)=d(|P|). (7) 


The anticommutation relations are simply 
[a(P),a*(P’)],=8(P,P’), —2<P,P’<«, (8a) 


and 


[a(P),a(P’)|,=0, —x<P,P’<a, (8b) 
We note that these definitions are consistent with the 
rotational properties expressed by Eqs. (2). Thus, 
under rotations around n, all a’s transform as ¢~*? 
while all a*’s transform as e+’, The eight possibilities 
listed above can now be lumped in three groups. All 


PARTICLES OF ZERO 


MASS 


terms of the form a, a2, 81, 82 can be written as 


a*(P;)a(P2)6(P2—Pi,k), —®<P\,P2<@, (9a) 


while the terms of the form as, 83 are just 


a*(P,)a*(P2)6(—P2—P1,k), —®<P1,P2<@, (9b) 


ind the terms ay, 64 are 


a(P,)a(P2)6(P2+ Pi, k), —©<PiPr<e@., 


(9c) 


From operators of the form (9) we can clearly only 
form absorption operators for particles of spin 0 and 
spin 2s. For spin 0 only the form (9a) can occur, while 
for particles of spin 2s only (9c) or (9b) can occur 
depending on whether we are describing particles which 
behave as « ®** or e*”** under rotation. 

With a four-component theory of our particle of spin 
5, the situation is quite analogous except for a certain 
increase in freedom. Instead of a single absorption 
operator for a particle of momentum Pn, there are two, 
which we denote by a; and dy. Under translations these 
have the same behavior, but they have opposite be- 
havior under rotation. Thus if we take as a convention 
that a, behaves as e~‘"’, then a» will behave as et?, 
The possibilities expressed by (9) are increased since 
each a can either be an a; or ad. For example, for 
absorption operators for a particle of spin zero, we can 
have instead of (9a) the four possibilities 


ay*(P)a,(P2)6(P2— Pi, k), 
a*(P;)d2(P2)6(P2— Pi, k), 
a,*(P)ae*(P2)6(— P2— P,, k), 
a;(P)d2(P2)6(P2t+ Pi, k). 


(10a) 
(10b) 
(10c) 


(10d) 


III. CONSTRUCTION OF A SPIN-ZERO FIELD 


We wish here to construct the absorption and 
emission operators for a massless, spinless field in terms 
of bilinear combinations of a two-component spin-s 
field. ‘The considerations of the previous.section shows 
that the absorption operator &(k) for momentum kn 
must be of the form 


§(k) (11) 


It is fortunate that only spin-s operators corresponding 
to the direction n appear. The conditions 


[é(kn),é(k’n’) |. =(E(kn),£*(k'n’) | _=0 


> p a*(P)a(P+k) f(P,k). 


for nn’ 


are then automatically satisfied. Here the ¢ numbers 
f(P,k) are to be determined so that 


[ E(k),E(k’) |_=0, (12) 
and 
(E(k), E*(R’) |_=6(k,k’). (13) 


For simplicity a box normalization has been assumed 
so that integrals over momenta can be reduced to sums 
over integers. Following Pryce,! >> is taken to mean 
> -2", where R is some large fixed number. It is 
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assumed that all particle and antiparticle states are 
empty ior sufficiently high momenta, i.e., 


a(| P| )¥=a*(—|P|)v=0, |P|>Q, where O<R. (14) 


Using Eqs. (11) and (9) we obtain 

E(k), E(k’) | => pl f(P,k) f(P+h,k’) 
—f{(P+R, k)f(PR)}{a*(P)a(P+k+k’')}. (15) 

The condition of Eq. (12) is obviously satisfied if 

S(P,k) is independent of k, i.e. 


{(P,k)= f(k). (16) 


Hence 


Kk 
E(k) = f(k) & a*(P)a(P+k). 


P——K 


(17) 


With Eq. (17) we find 


hk 
LE(A),E*(R’) J= f(R)f*(k’) 2 {a*(P)a(P+k—k’) 
P R 


—a*(P+k')a(P+k)}. 
Changing variables in the second term gives 


R R+k’ 
ye a*(P4 k')a(P4 k) » a*(P)a(P t+k—k’). 


R +k’ 


Using the conditions of (14) and the commutation 
relations, we find 


R+k 
> a*(P)a(P+k—k’) 


+k’ 
R 
~k'5( RR’) 4->- a*(P)a(P+k—k’). 
R 


Hence 


LE(k),E*(k’) |= | f(k) |*k5(k,k’). 


Therefore the condition (13) yields‘ 
f(k)=1/Vk, 
and thus® 
l - 
£(k) > a*(P)a(P+k). 
Vk ep 


(18) 


IV. SPIN ZERO FROM A FOUR-COMPONENT THEORY 


An analogous procedure can be followed here. Instead 
of Eq. (11) an arbitrary combination of terms of the 
form of Eq. (10) may be tried. A general solution is 


*An arbitrary multiplicative phase factor is certainly always 
possible. 

® This is identical with the one-dimensional solution obtained 
by Max Born and N. S. Nagendra Nath, Proc. Indian Acad. Sci. 
A3, 318 (1936). 


CASE 
easily obtained. Let 


1 
?,(k) = > ay*(P)a;(P+), 
/k P 
1 


$,(k) = * ay*(P)ao(P+k), 
/k ad 


?;(k) , & far(P)ar(k— P) 
P 


(2k) 
+a,*(P)a.*(—P—k)}. (19c) 


A general solution® is 


£(k) = ay®,(k)+-ax?2(k) + az; (k), (20) 
provided 

| ars |?-+ [are |?+ |as|?= 1 (21a) 
and 
(22a) 


aya3*+a;*a3+a2a3*+a2*a;= 0. 
‘Two distinct cases arise: 


(1) a;=0. The condition of Eq. (22a) is automati- 
cally fulfilled and we only have the normalization 
condition 

| ay |?+ | a2 2=], (21b) 

(2) a;#0. Since the choice of phase of & is always 
arbitrary we can choose it so that ay is real. In addition 
to the condition (21a), we then have the reality 
condition 


aytay*+art+a:*=0. (22b) 


It should be noted that the solution for the “two- 
component theory” obtained in the previous section 
merely corresponds to the special case of Eq. (20) with 
a2=a3=0 and a,=1. 

This relationship may be used to determine the 
parity properties of the field described by Eq. (18). 
Under spatial reflection, the operators a; » of the four- 
component theory transform so that 


Q\—4;'=d2, aay’ = 4. 


Hence #;—+-®,'= —4, and describes a pseudoscalar 
field. ®; and %, are merely interchanged under reflection. 
Instead of these operators, we can introduce the 
combinations 


, (k) = (4, (k)+42(k)} /V2, 
?,,(k)= {?,(k) —#.(k)) ‘V2. 


These clearly have the transformation properties sug- 
gested by the subscripts: ®, describes a scalar field and 
®,, a pseudoscalar field. Expressing the field described 
by Eq. (18) in terms of these operators gives 


E(k) = {@5(k)+@ps(k)}/v2. (23) 


® The relative phases of the two terms in Eq. (19c) could be 
chosen arbitrarily. However, this merely mirrors the lack of 
uniqueness of operators defined only by the anticommutation 
relation (8). 





COMPOSITE PARTICLES OF ZERO 


From this we can conclude that the spinless field 
resulting from a two-component theory describes a 
particle with “mixed parity.” It is a superposition of 
equal amounts of a scalar and a pseudoscalar field. 


V. FIELDS OF SPIN ms 


Given a two-component field of spin s, we can now 
ask whether we can construct the field operators for 
particles of integral spin ms by using m of the original 
operators. Thus for m=2, s=4 we would have a 
“two-component neutrino theory of light” and for 
m=4, s=4 we would have a ‘“‘two-component neutrino 
theory of gravitation.” This we will show to be im- 
possible, in the sense that the transformation properties 
discussed in Sec. II determine the form of the possi- 
bilities we can try to such an extent that the relevant 
commutation relations cannot be satisfied. 

The minimum requirement we can ask is to form the 
appropriate operators for a two-component theory of 
spin ms by using m spin-s operators. Thus let us try to 
construct the absorption operator £ for a particle of 
momentum kn which under rotation about n behaves 
as e~'™®, (We shall omit the index k since the impossi- 
bility can be proved by using only one k.) 

The same arguments as in Sec. II. shows ¢ must be a 
superposition of terms of the form 


a(P)a(P2)+++a(Pm)6(Pit Pot +++ +P, k); 


— 0 <P), Ps, +++,Pa<@. (24) 


Hence the most general possibility for ¢ within the 
present context is 


f= 2 


Pi P2.++Pm 


F(P,,P2,-++,Pm)a(Pi)a(P2)-+-a(Pm). (25) 


(Tacitly we know that F=0 unless P\+ P2+-++++Pm 
=k, but we shall not need this.) Since the a’s all 
anticommute, it is clearly no restriction to assume 


(1) F=0 
(2) F(P1,P2,°° 


(26a) 
(26b) 


ifany P;=P;, 147; 


ee + fF ( PY Pi: 7 - Pa’) 


if P,’, Po’-++P,»’ is merely some permutation of P,, P», 
++, Pm. [The + (—) sign holds if this is an even (odd) 
permutation. | Let us see if the commutation relation 


Lée*]-=1 


can be satisfied by an appropriate choice of F, This 


requires that the commutator be independent of 
operators d. 


For the commutator, we have 


(Ee L=- 2 p a 


Pi Po.++Pm Pi! Po'.++ Pm’ 


F(P,,P2, ty me eh 


XF*(Py,-+-Pm’)[a(Pi)a(P2)-+-a(Px), 


Xa*( Pp’ )a*( Pm’ ++ -a*(P1’)). (27) 
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Let us restrict our attention to those terms in (27) 
which are not trivially zero and are diagonal in the 
spin-s field occupation numbers. These arise only from 
terms with P;’, P2’, «++ P,’, some permutation of Pj, 
Ps, +++ P». By using the properties expressed by Eq. 
(26), these can all be rearranged -so that P,’=P,, 
Po! = P2, +++ Pm’ = Pm. Therefore 


Cé,e*] (diagonal)=m! > 
P\ Po... Pm 


|F(P,,P2,+++Pm) |? 


<{a(P)a(P2) 


-,a*(P,,)a* (Pm) 


The commutator under the sum in Eq, (28) is 


ved 


a(P,)a(P2)+++a(Pm—1)a*(Pm_1)* ++ a*(P)) 
a*(P,,)a(P,)a(P2):>-+a(P,.—~2)a*(P—2) 
XK a*(P1)+a*(P»)a* (Pm )a(P1)a(P2) 


<a Pa 3)a* (Pm 3): -a*(P,) (29) 


(It has been assumed that m is even.) On inserting 
Eq. (12a) into (28), we shall successively interchange 
the names of the summation variables. Thus corre- 
sponding to the second line of (29) we interchange P, 
and P,,1, corresponding to the third line we interchange 
P,, and Py», etc. Equation (28) remains the same but 
now the commutator under the summations sign is 


[ ) a(P,)a(P2)++-a(Pps)a*(Pm i)s+a*(P)) 
—a*(P i)a(P;)a(P2)++-a( Py, a* (Pm g)*** 
XK a* (Py) +a*(Pm_1)a* (Pm-2)a(Pi)a(P2):: + 


XK a(Pm—1)a*(Pm—s)**-a*(Pi)—+++. (30) 


If we consider only terms of highest order in the 
occupation number operator (NiNo:+-Nm1), we can 
freely commute the operators in Eq. (30) so that for 


these terms all the rows are equivalent to the first, i.e., 


[ , J~ma(P,)a(P,)-+- 


<a Pa 1)a*(P,, sy°° -a*(P)). 


(31) 


This last expression can in turn be expressed in terms 
of the occupation number operators, 


[ , ]~—mN(P\)N(P2)-+-N(Pm-1), (32) 


where the equivalence is understood to mean an 
equality only so far as terms of the form NyNo-+-Nyes 
are concerned, Finally then 

Cé,é*]-~ LF (Pi,Ps, 


P\ P3..-Pm 


m(m!) 


Fall" 


XN(P\)N(P2) VCP aa), (33) 


Hence, if these operators are not to occur in [ £,£* | 
we must have 


FP 3,Pa°** Fa) 0). (34) 


Then & vanishes identically. 
Putting m= 2 and 4, respectively, we see that neither 
a two-component neutrino theory of light using bilinear 
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expressions in neutrino operators nor a two-component 
neutrino theory of gravitation using quadrilinear 
expression in neutrino operators is possible. 


VI. CONCLUSION 
The situation can be summarized as follows: 


(1) Using a four-component theory of half-integral 
spin fields, we can form three essentially independent 
fields of zero spin using bilinear expressions. 
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(2) The restriction to a two-component theory re- 
duces these to one spin-zero field. This field is a parity 
mixture with equal amounts of scalar and pseudoscalar. 

(3) Expressions of mth order in the operators of a 
two-component theory of spin s cannot produce 
operators for spin ms (m even). 

This situation may be compared with that starting 
with an integral spin-s field. Bilinear operators of 
either a two- or four-component theory cannot be 
constructed which will describe either spin 0 or spin 2s. 
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The recent results on nonconservation of parity in decay 
processes involving neutrinos do not provide an unambiguous 
solution of the r-@ puzzle. In fact the 2m and 3m decay modes of 
6 and + involve no neutrinos, whereas the Lee-Yang two-compo 
nent neutrino theory attributes the nonconservation of parity to 
special properties of the neutrino, However, even if the r and 6 
are different particles with opposite parities, the neutrino decay 
modes (u,v), (ery), and (u,9,v), which presumably violate 
parity conservation, will cause mixing of the two particles r and 
é0-—in the sense that the states with definite lifetimes will be 
certain linear combinations, K, and K, of r and @. Both K, and 


I. INTRODUCTION 


HE recent spectacular developments concerning 

parity nonconservation in 8 decay and m- and 
p-meson decay’ ® have not as yet led to a clear under- 
standing of the familiar problem that motivated them, 
namely, the 7-0 puzzle. It is of course now possible to 
suppose that the puzzle has vanished: that r and @ are 
one and the same particle, which may decay, with 
violation of parity conservation, into both the 2” and 
3m modes observed in K-meson disintegrations. But in 
the processes where parity nonconservation has been 
established experimentally, neutrinos are always in- 
volved among the decay products; and it appears that 
the parity conservation law is violated here in a very 
special way “attributable” to special properties of the 
neutrino. No equally natural and compelling picture 
for parity nonconservation in decay processes not 
involving neutrinos has as yet been put forward. It is 


* This work was supported by the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

2 Lee, Ochme, and Yang, Phys. Rev. 106, 340 (1957). 

*T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 

Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957). 

®Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 
(1957). 


Ky will then decay into both 2 and 3m as well as the neutrino 
modes, but with different lifetimes. An explanation of the apparent 
equality of lifetimes of 7 and @ may be that under present experi 
mental conditions only the long-lived component Kg is observed. 
If this is the case, interference effects between the K, and Kz 
components should be found in experiments performed at shorter 
times. Conversely, absence of such effects would constitute strong 
evidence that 7 and @ are identical. 

Phenomenological expressions are derived by the Wigner- 
Weisskopf method for the decay rates, including interference 
effects; and various experimental possibilities are discussed. 


thus still conceivable that the 7 and @ mesons are 
different particles. If this is so, one is still faced with 
the familiar problem of understanding, among other 
things, the apparent equality in their lifetimes.® 

It was in fact this problem that represented one of 
the major difficulties with the parity-doublet scheme 
introduced by Lee and Yang.? We may now, however, 
re-examine this scheme in the light of the apparent fact 
that parity conservation is always violated in decay 
processes involving neutrinos.‘’® Suppose, as did Lee 
and Yang, that 7 and @ are members of a parity doublet, 
and that between them they account for all the decay 
modes observed among K mesons; for the charged K 
mesons: Koy, Kye, Ky», Ker», Kur». In the original 
scheme parity conservation was of course assumed. Let 
us now abandon this conservation law, but only for 
those processes involving neutrinos. Even in the original 
scheme, it was always conceivable that + and 6 could 
both contribute to neutrino decay modes, but they 
could do so only to states of opposite parity. Now, 
however, it appears that both + and @ couid contribute 
to neutrino processes involving the same states. If this 
were the situation, it would give rise to a “parity” 

® See, e.g., Report of the Sixth Annual Rochester Conference on 
High-Energy Physics (Interscience Publishers, Inc., New York), 
Sec. V, p. 2. 

™T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956). 
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mixing of 7 and @ very similar to the “charge conju- 
gation” mixing of & and # introduced long ago by 
Gell-Mann and Pais.® 

In fact this idea of parity mixing was already dis- 
cussed, before the experiments on parity conservation 
had been carried out, by Arnowitt and Teutsch.’ The 
remarks which will be made here are similar in spirit to 
those contained in the above paper. But because of our 
new knowledge concerning parity nonconservation, it 
will be possible to adopt a somewhat more definite 
model, and our detailed discussion will lead to some 
qualitatively new phenomena (namely, interference 
effects). 

The situation may be summarized in the following 
way. Suppose that 7 and 6 are different particles, as in 
the Lee-Yang parity-doublet scheme. Then if we make 
the assumption that both 7 and @ contribute to neutrino 
decay modes, the r and @ will be mixed in their decay 
processes and neither will have a definite lifetime, even 
if. parity conservation is violated only for decay proc- 
esses involving neutrinos. The two states of definite 
lifetime will be certain linear combinations of the 7 and 
@ states. The decay curves for the various K-meson 
decay modes would then have a more or less complicated 
time dependence, as would, correspondingly, the 
branching ratios into the various modes. We are con- 
sidering here charged K mesons. For the neutral K 
mesons one would be dealing with an even more 
complicated situation in which there are four particles 
of definite lifetime, described by states which are linear 
combinations of #, ®, 7°, 7°. 

All of these phenomena can be subjected to experi- 
mental test. One may take the view that if 7 and @ are 
indeed different particles, then—on perhaps any model 

the phenomena discussed here would very likely 
occur, assuming of course that the two particles have 
the same spin but opposite parity. If it should turn 
out that the charged K mesons in fact show a pure- 
exponential decay curve, this would strongly imply 
that 7 and @ are identical. On the other hand, it is 
still possible that the apparent equality in 7 and @ 
lifetimes is illusory; ie., that under current experi- 
mental conditions one is observing only the long-lived 
component of a more complicated phenomenon. 


II. DECAY FUNCTIONS 


We suppose that in the absence of weak interactions 
7 and @ are particles of the same mass and opposite 
parity. For simplicity suppose that both have spin zero. 
Then the 7+ meson can decay into three pions, the 6 
into two pions—but not vice versa (in accordance with 
our assumption of parity conservation for processes not 
involving neutrinos). Both 7 and 6 may couple, however, 
to the same states involving neutrinos; e.g., 7 and 6 
may couple to both parity states of u+-v. 

* M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

*R. Arnowitt and W. B. Teutsch, Phys. Rev. 105, 285 (1957). 
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Let the symbols r and 6, in appropriate context, 
stand for the state vectors of the r and @ mesons. We 
want to find the linear combinations of + and @ which 
describe states which decay exponentially in time. The 
time-dependent amplitude for such a state may be 
written 

W(t}= (CA+C, re 37, 

where the real part of y is the reciprocal lifetime, and 
the imaginary part describes the mass shift associated 
with the decay. The decay constant y and the coeffi- 
cients C's, C, can be obtained by the methods of Wigner 
and Weisskopf; in fact, as discussed by Lee, Oehme, 
and Yang,’ y and the coefficients C4, C, are, respectively, 
the eigenvalue and eigenfunction of a matrix '+-1M: 


Cs Cs 
ir-+ia( )=1( ). 
C; C, 


The 2X2 Hermitian matrix I’ has diagonal elements 
which are equal to the respective transition rates for 6 
and r into all their final states. The off-diagonal ele 
ments describe the coupling of @ and 7 via parity 
nonconserving processes. The elements of the Hermitian 
matrix M describe the corresponding mass shifts 
associated with these processes. It may be noted that, 
unlike the case discussed by Lee, Oehme, and Yang,? 
the two diagonal elements of I’ are here not equal, nor 
are the two diagonal elements of M. 

Without a detailed dynamical model we of course 
cannot make numerical predictions. We shall, however, 
give the form of the solutions of the above eigenvalue 


problem and discuss the physical consequences in a 


qualitative way. Even here, however, matters are 
simplified considerably if we adopt the assumption of 
invariance under time reversal, a symmetry principle 
which has not as yet been ruled out experimentally. 
This principle leads to the result that the off-diagonal 
elements of I’ are real and therefore equal; and likewise 
for the matrix M. This restriction does not remove any 
of the qualitative physical effects which we want to 
consider. 

Let us denote by y; and yz the two eigenvalues of 
our matrix equation and by K, and K, the correspond 
ing eigenstates. Because of the assumption of time 
reversal invariance, we have that (C4/C,), (C-/Ce)s. 
Setting (C4); fe~'*, we can write for the 
eigenstates 


aand (C,); 


K,=a0+ Be '*r, K.=Be *d—ar, (1) 


’ 
where, with no loss of generality, we may choose a and 
B real, the relative phase of the coefficients being 
contained in the factor « '*. Normalization of the state 
vectors gives 

a+ = 1, (2) 


The state vectors 6 and r can be expressed in terms of 
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K, and Kz as follows: 


6=d "(aK ,+Be Ky), 
T d (Be “Ky aK»), (3) 
d=a+Pe*'4, 

Let us now consider the situation where at time t=0, 


a @ meson is produced, The wave function of the system 
at some later time, ¢, is then given by 


v(t) 


With no loss of generality in all physical applications, 
we can take one of the decay constants, say 7;, to be 
real. So we set 


d'Hak 6°" "4+ pe Kye 1), (4) 


Mm=Ai, hot 21A, 


where A; and A, are real and A represents the mass 
separation of the particles K, and Ky. Decomposing 
y(t) into the states 6 and 7, we have from Eq. (1) 


V(t) =a [ate t+ Pe Par -e2e) 9 


+ ape i¢| eit bat Atle}, (5) 


To find the rate of decay into the 2% mode (which 
receives contributions only from the @ particle) we 
multiply the absolute square of the coefficient of @ in 
Eq. (5) by the transition rate r2, for the process 6—>2r. 
We denote by Ro(2m) the rate of decay into the 27 
mode, where the subscript @ denotes that we are 
considering the case where the particle initially pro- 
duced is a @ meson. Thus 


1 
Rg(2r) =o. {ate~*'+- pte 2! 
| 2 
t 


t+ Qa? Or+2)! cos(Al+-2p)}. (6) 


In the same way we can calculate the rate Ro(37) of 
decays into the 3m mode (again, the subscript @ denotes 
that the particle initially produced is a @ meson). The 
result is 


1 


Ry(31) Fu a’f"{e Mitt gmhat %¢ Hits)! CosAl}, (7) 


|d| 
where rs, is the transition rate for the process r—3r. 
Finally, we want to obtain the rate of decay via 
modes involving neutrinos. In this case both the 6 and 
r particles contribute. Consider, for example, the u+-v 
mode. Let f,, be the transition amplitude for the process 
6—u+v, and g,, the transition amplitude for r—y-+-v. 
For simplicity we shall assume that f and g differ at 
most by a minus sign. In the present model this appears 
to be the most natural assumption; but even if the 
situation were otherwise the effects discussed here 
would not be altered in a qualitative way. The total 
transition rates for the processes 6-y+y and r-y+p 
are now identical; we denote this rate by ry». The rate 


AND 


ae we. WEED, FR. 


of decays into the u+yv mode is then given by 


Ro(uv) = Tuy 


1 
{a’(1+ 2a8 cosp)e~*" 
2 


¢ 
+-3°(1 2a8 cosp)e~'— 2aB[ 2a sing sin(At+¢@) 
+ (a* — B*) cos(At+¢@) Je2O) 4} (8) 


where the (+) sign corresponds to f/g=+1. 

For the decay rates Rg(erv) and Re(urv) into the 
other modes involving neutrinos one obtains expressions 
identical to that in Eq. (8), except that the factor r,, 
in Eq. (8) is replaced by the appropriate transition 
rate fer» OF Tyr. 

So far we have considered the case where at t=0 it 
is the 6 meson which is produced. If the initial particle 
is a r meson we find, as above, the expressions 


1 
R,(2r) =o, 


id 


°B (ee! 2e Or cosAt}, (9) 
2 


R, (39) =f -{Bre Att ote—Aat 
d\? 


+-2a%Be4+%)! cos(At—29)}, (10) 


1 
R, (pv) =ty {6° (1+ 2a8 cos)e~*"! 
q|? 


| ¢ 
+a? (1 2a8 cosp)e~*! 
+ 2a8[ 2a8 sing sin(At—¢) 

(11) 


In the model under discussion the actual decay rates 
which one would observe depend on the relative num- 
bers of @ and 7 mesons produced at the source. In the 
parity-doublet scheme of Lee and Yang, @ and 7 mesons 
are always produced in equal numbers in collisions 
involving ordinary particles. If we maintain this feature 
of the parity-doublet scheme, then the observed decay 
rates would be given by the average: R=}(Ro+R,). 
We find then the following expressions, which are the 
ones to be compared with experiment. 

1 
R(2r) T2e— . {ae Att Ber het 


\¢ 


+ (a*— B*) cos(Al—@) Jetty, 


— 4a’? singe? # sin (Al+@)}, (12) 
1 


{B’e™*+-a*e~ 2! 
9 
di? 


R( 3m) =Van 
2 


+4073? sinpe™ 11+)! sin(At—@)}, (13) 


1 
R(pv) =ry- {1+ 2a8 cosp)e~*" 
\d|? 
+ (1 2a8 cosp)e~>** 
—4aBe 1»! sing[ 2aB sing cosAl 


¥ (a?— 6) sinAt}}. 
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For the other modes involving neutrinos, the rates 
R(erv) and R(umrv) are given by expressions identical 
to that in Eq. (14) except that the factor r,, is replaced 
by the appropriate transition rate res, OF Fur». It is to 
be recalled that we have simplified matters by assuming 
that the transition amplitudes for @-u+y and r—>y+p 
are either equal or opposite in sign. The (+) signs in 
Eq. (14) correspond to these two possibilities. Even 
with this limitation, however, the relative signs need 
not be the same for all three A-meson decay modes 
involving neutrinos. 

The total decay rate into all modes may be obtained 
by summing the above individual rates. It can also be 
calculated by taking the negative time-derivative of 
|W(t)|*. In the latter way one finds 


1 
Reotat=—— {A 16"! +2! — 40° 8? sin*pe 1142) ¢ 
2|d\? 


X[(Ai+A2) cosA/+2A4 sindt]}. (15) 
That this expression does not contain the factors f2,, 
zr, etc., merely reflects the fact that these factors and 
the parameters \,, A», a/8, @, and A are not independent. 
In fact, from the physical requirement that the negative 
time-derivative of |W(t)|* be positive definite—for an 
arbitrary initial state—one easily derives the important 
inequality 
AjA2 


a? sin’ < (16) 


(r+A2)?-+44? 


III. DISCUSSION 


The essential idea of the present discussion may now 
be restated as follows. If r and 6 are different particles, 
of the same spin but opposite parity, then the two 
particles could be interconverted through weak parity- 
nonconserving processes involving neutrinos, e.g., 0 
+v-—r. The particles 7 and @ would then not have 
definite lifetimes. Instead, for charged K mesons the 
two particles of definite lifetime, KA, and Ke, would be 
certain linear combinations of 7 and @. Given a 6 or a 7 
meson produced at the initial time, the subsequent 
decay function would display a complicated pattern, 
characterized by the lifetimes Ay and Ag! of the 
particles K, and Ky and by their interference effects. 


EFFECTS IN r-@ 
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The qualitative behavior is indicated by the formulas 
obtained above. 

It is clear now how the present argument might bear 
on the r—@ problem. Quantitative experiments on 
charged AK-meson lifetimes have so far been carried out 
at distances from the A-meson source corresponding to 
transit times of order 10° sec.6” Suppose that A,! 
<dy! and that Ay'<«<10~% sec. Then in 
experimental circumstances one would always detect 


the above 


essentially the pure long-lived particle Ay and, of course, 
all K-meson decay modes would appear to have the 
same lifetime, Ag". If further, we assume that 7 and 0 
mesons are always produced in the same proportions, 
as in the parity-doublet scheme, then the A-meson 
branching ratios would be the same in all experiments 
carned out at distances corresponding to transit times 
large compared to Ay}. 

On the other hand, the ideas discussed here could be 
tested by studying the A-meson decay functions and 
branching ratios" over a time interval which includes 
times short compared to 10° * sec. If it indeed turns out 
that the decay functions are pure exponentials, we 
would argue that this constitutes strong evidence 
against the idea that 7 and @ are different particles, of 
the same spin and opposite parity. 

Parity mixing could lead to observable effects in 
absorption experiments similar to those proposed by 
Pais and Piccioni® for neutral K mesons. Suppose, for 
example, that an absorber is placed in a pure A» beam 
, it is placed far from the source). If the 7 and 6 
interact differently with nuclear matter, one would 
expect regeneration of the A, component in the trans 
mitted beam. In the parity-doublet scheme of Lee and 
Yang, however, the absorption and scattering cross 
sections in nuclear matter are identical for 7 and 6, so 
that in fact the transmitted beam would still be pure 
K». On the other hand, the scattered beam could have a 
different composition. This would come about if “parity 


(i.e. 


exchange” scattering occurs, i.€., 


6+-nucleus*$7-+ nucleus, 


1, Motley and V. Fitch, Phys. Rev. 105, 265 (1957); and 
references therein 

In experiments where A particles are stopped, say in emul 
sions, after a transit time, ¢, the number of observed decays in a 
particular mode would be given by f(“Rdt 


1224. Pais and O. Piccioni, Phys. Rev. 100, 1487 (1955) 
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Quantization of finite-particle Maxwell theory yields a family of free bosons of nonzero masses and 
spins 1 and 0. The existence of a mass spectrum is a direct consequence of the new degree of freedom A of 
particle size. These are quanta of short-range (meson) forces. The force-free theory (i.e., uncoupled to a 
fermion field) is studied here as a preliminary to the coupled case. An automatic connection with the Pauli- 
Villars regulator theory is obtained, The nature and position of the singularities in the field commutators 
of quantum electrodynamics and meson theory is profoundly altered. 





1, INTRODUCTION 


N a previous paper’ it was shown how finite-size 

sources of linear dimension A could be covariantly 
introduced into the Maxwell theory by 
extending its space from the 4-dimensional one of 
points? «” in space-time (equivalently: space-time 
spheres of center x” and radius \=0) to the 5-dimen- 
sional one of all space-time spheres, characterized by 
their centers x” and radii A. The possibility of this 
extension arose essentially from the observation that 
the fundamental group of the Maxwell theory was 
already a group of sphere transformations (properly 
containing the Lorentz group), so that by extending its 
space in the above way, one altered nothing in the 
fundamental, group-theoretical structure of the original 
theory. The extended theory then admitted, as its 
Liénard-Wiechert type solution, the field of a smeared 
out source of linear dimension \. The extra dimension 
required the use of tensors with 5? components, leading 
to a unified treatment, in a certain sense, of field and 
f-current. The 4-current so described was shown to 
obey all the formal requirements expressed by the 
conservation laws: its charge was conserved, and 
energy and momentum were conserved in interaction 
with its own field. 

To avoid confusion, let us state explicitly that we 
have to do here with fields which are simply functions 
of the five coordinates x", A, determined by field 
equations which are linear partial differential equations 
in all five coordinates. The extra coordinate \ is space- 
like, but is set apart from x, y, and z by its different 
geometrical nature (see above), which is reflected in 
the asymmetrical way in which A and the space-time 
coordinates x” enter the various formulas, and to which 


classical 


* Now at the Institute of Fluid Dynamics, University of Mary- 
land, College Park, Maryland. 

t The research of one of us (J.F.) was supported in part by 
the U. S. Air Force under a contract monitored by the Air Force 
Otlice of Scientific Research of the Air Research and Development 
Command. 

1R. Ingraham, Phys. Rev. 101, 1411 (1956), hereafter referred 
to as I, 

* Index conventions: early Greek letters a, 8, y, «+:« go from 
1 to 5; middle italic letters 1, m, n, ~, q go from 1 to 4. 


this 5-dimensional theory owes its special features. The 
viewpoint implied in J is that A, though a coordinate, 
was to be considered a parameter in final formulas, a 
fundamental length (say, the electron classical radius 
or Compton wavelength) to be fixed judiciously once 
and for all by experiment or some other means. By now, 
however, it is clear that A must be a true coordinate 
like r or ¢, that is, a number fixed by the observer when 
he decides under what conditions of “gauge” he shall 
measure the field, but whose exact observational sig- 
nificance is unfortunately yet obscure. For example, in 
computing the energy and momentum in a region, one 
must perform also a A integration (which amounts to 
taking a certain weighted average over boson masses, 
see below). 

In the present paper the finite-source Maxwell 
theory (I) is quantized. The result is the theory of a 
“superfield” representing an ensemble of free bosons of 
nonzero masses (spins 1 and 0) as well as the photon. 
The formal meaning of A as the position coordinate 
conjugate the mass is especially clear-—the original 
theory with A =0 could of course have no solutions with 
nonvanishing rest mass. The formal properties of these 
free bosons, with especia! attention to the commutation 
relations in position space and their interpretation in 
terms of a new theory of measurability of boson fields, 
are worked out in this paper as a necessary preliminary 
to the more realistic theory in which this field is coupled 
to the fermion superfield (spinor field with mass states 
representing a family of fermions) resulting from the 
same geometrical extension applied to a Dirac-type 
theory.’ There are some radical differences from current 
theories of measurability in meson theories due to the 
altered nature and position of the singularities in the 
commutators. These bosons are vector and scalar, in 
the Lorentz group terminology. Without going pre- 
maturely into details, it appears that they at the same 
time comprise an isotopic triplet and several isotopic 


‘In this case the original theory is not covariant against the 
larger group of the Maxwell theory. The extension, however, is 
unambiguous. In particular, the mass term is replaced by a 
(covariant) derivative with respect to A. 
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singlets.‘ They will be coupled into the fermion field by 
a Dirac type term and via the 5-field strengths to the 
fermion spin and isotopic spin. The boson family 
described here (and also the fermion family) have con- 
tinuous mass spectra when we assume the most natural 
boundary conditions. While this seems an anomalous 
feature at the present moment, one can still restrict 
attention in the initial and final states of the S matrix 
to those values of the boson and fermion masses of 
physica] interest, ignoring those with no present obser- 
vational counterpart. Significantly though, virtual par- 
ticles of all masses will appear in the intermediate states. 

This automatic description of whole boson and fer- 
mion families such that the interaction of any particular 
boson-fermion pair takes place through radiative 
processes involving all the other bosons and fermions 
also raises the hope of obtaining a mathematical de- 
scription of the interaction is divergence-free form, free 
from the ambiguities and arbitrary prescriptions of the 
renormalization process. One knows in fact from the 
regulator theory of Pauli-Villars et al. that, for example, 
the electron self-energy can be made finite by a properly 
chosen radiative process allowing it to emit and reabsorb 
virtual vector mesons as well as photons.® 

This leads up to the most interesting feature of this 
boson theory. One knows that in the standard theories, 
the measurement of the meson field at one point inter- 
feres with its throughout the whole 
interior of that point’s light cone, the effect involving 
a 6-function singularity on the light cone. For the 
photon, there is only interference on the light cone. 
What one now finds for the boson superfield is as 
follows: measurement of the field at x” with “gauge” 
\ interferes with its measurement at other points x’™ 
and some fixed gauge )’ only in a space-time region of 
finite thickness which has been displaced into the 
interior of x”’s light cone and fills out only a “small” 
part of the interior. More precisely, the region is that 
bounded by two hyperboloids each having the light 
cone as asymptotic surface. In special cases one bound- 
ing hyperboloid may shrink back to the light cone 


measurement 


itself (A=X’) or the region may degenerate to a single 
(hyperboloidal) surface (the limit A or A’->0), remi- 
niscent of photon theory. The interference effect is 
singular only on the bounding surfaces of this crescent- 
shaped region, and these singularities are no longer 
6-function type, but simple algebraic. The gap between 
the crescent and the light cone (A#X’) means that in 
A—N’ | /c 


before the disturbance created at r by a measurement 


this case there is a finite time lag of at least 


‘ This feature is independent of the special dynamical features, 

e.g., the form of the boson-fermion coupling—-imposed by this 
group and depends only on the fact that it requires a spinor 
algebra generated by six anticommuting 8X8 y matrices. These 
six components represent a fusion, in a certain sense, of the 
spatio-temporal and boson isotopic spin degrees of freedom 

’See W. Pauli and F. Villars, Revs. Modern Phys. 21, 434 
(1949), p. 442. 
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of the field there at time ¢ is again felt at r.° The gap 
inside the crescent means that in any case, for a given 
r’ the disturbance created by measuring the field at r 
at time ¢ does not linger on, attenuating indefinitely 
as in the individual meson theories, but passes over by 
some finite time t/>t. 

The invariant functions of this boson theory are, in 
virtue of the new degree of freedom \, certain averages 
depending on A, A’ over mass of the usual invariant 
functions A,(x) of meson theory of mass m=thw/c. 
Those occurring in the commutation relations are? 


AG (x; x’) wf An \(KX)T (KX) A(x? — x"? sk), 


z 


AH (x; x’) wf Ak] o(KrX)J o(xkrX)A (xP — x’? s Kk). 


0 


The Pauli-Villars conditions® which the 


cancellation of the singularities (6 function, logarithmic, 


guarantee 


simple poles, and finite jumps) of the 4,(«) on the light 
cone are in fact verified by our weightings for every 
pair \#X’. But we have here the situation not envisaged 
in regulator theory that the continuous spectrum of 
“auxiliary” masses introduces singularities (of another 
type) elsewhere in the regularized functions. Whether 
or not these algebraic singularities, unlike the old 
singularities, are innocuous is a question which must be 
decided by detailed calculations with the S matrix in 
the coupled theory. Finally, the results of any one 
regulator theory are not directly relevant here for 
comparison, because we have to do with an infinite class 
of regularized meson theories, one for each pair A, ’ 
(O<X, d’< 
takes \ integrals. 


*) over which one is averaging when one 


2. FIELD EQUATIONS AND GENERAL SOLUTIONS 


The field equations for the 5-force? Pa, Fea, na 
form manifestly covariant against the group of the 
Maxwell theory, are® 
V+ 0alyyoy""F a.) =0, 
(2.1) 
Dal’ gy } Ogk ya | O,f af 0, 


where Yag 1S the angle metric in sphere space, defined by 


dP =a yl x*dx? N* (dr? — Cd? 4 dd*), (2.2) 


giving the infinitesimal angle d@ between the neigh- 
x™ | dx™ 
A t dx, 


and 


t dx 


centers «= (r,cl) 
A and «® 


boring 


(r+dr.ct+cdt) and radii x°® 


spheres ol 


respec tively ; ee 


‘are the normalized cofactors of Yas, 


‘ 


see remarks regarding the classical theory, I, p 1413 

7 The notation here is that of J. Jauch and F. Rohrkich, Theory 
of Photons and Electrons (Addison-Wesley Publishing Company, 
Cambridge, 1955), Appendix Al, In general our notation conforms 
as nearly as possible to theirs 

® Reference 7, Eqs. (1’), (I’a 


* Reference 1, Eq. (3.1 
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vy =detyag=-™, and here and hereafter 0,,=0/dx", 
d,@0,=0/0X. Splitting the first set (2.1) into its 
‘‘4-+1”’-dimensional form, after introducing the 5-poten- 
tial A,: 


Fap OaAg OgA ay (2.3) 


one gets 
({ }? + Ogg?) A m Im(O,A P } O;A 6) Xr 1(O5A m 


(7A, O0;(0,A”) (). 


0,,A 5)= 0, 


Here, and in general hereafter, indices are raised and 
lowered with the constants gag=g%*: £11=£22= £33 

LumLo= +1, gap=0, (a#B), so that effectively 
space-time indices are raised with the Lorentz metric 
2mn- Introduce the useful auxiliary field @, (not a 
5-vector) via 


Aag= Pq, (2.4) 


then these equations separate if one imposes a Lorentz 
condition on ®; thus, 


(C?#+9)Pn=0, 


(C?+K)b,=0 


’ 


0,07 =0, 
where 


J=0°+A10,—A*, K=0,?+2r"0). 


[ Equation (2.5c) will of course be demanded only as 
an expectation value in the quantized theory (see later 
considerations). | ‘The mass operators g and , which 
have cylinder functions as eigenfunctions, thus in 
particular 


ST (KX) KJ (Kd), KI (kr) KJ o (kr), (2.6) 


have continuous spectra. For the following we shall 


need also the formulas 


A, QS (0d) =AnTo(KA), ApTo(wr) = —KIy (ed). (2.7) 


The extended source Liénard-Wiechert field given in 
I is of course a solution of (2.5). However, instead of 
extracting further particular solutions, we would like 
to define immediately the set of invariant functions 
Ga(x; x’), Ha(x; x’) associated with (2.5a) and (2.5b), 
respectively, in preparation for solving the Cauchy 
problem here, The variable x is short for the sphere 
ax* = (x™")). Consider then first 


Geo homogeneous 
(2.8a) 
Ge inhomogeneous, 


0, 
(02+ 9)Ge(x; x’) | ; 
x), 


b(x 


This has the solutions 


1 x 
Geo(x; x’) vf dn] \ (KX) J (xX’) 


(2r)* Ho 
e 
x fae 
c kak 


AND J. FORD 


where here and above, J; is the Bessel function of 
order 1; d*k=dkidkodksdky; k-x=Ryx™; Rak* =hakgg™ 
=hak™ + kok® = k-k+-«* ;$ and C denotes a closed path 
in the complex k, plane bounded for Ge homogeneous 
and passing through the point » for Gc inhomogeneous. 
In proof, we use (2.6) and find 


a 


(0?+9)Ge(x; x’) = -1' f Ann] (Kd) J (Kd) 


0 1 
x- fatten ew 
(2r)* Fo 


C bounded 


[ 
—5(x—x’), 


neC 


point 


if we recall that 6(A—X’) admits a representation in 
terms of Bessel functions” as follows: 


5(A—)X’) vf Axx J (Kr) J (Kr) 


tf 

(p>—1;A,A\’>0). (2.10) 
(In all that follows \, \’>0 is assumed.) We shall find 
it convenient to define G, corresponding to all the 
standard paths’ C,. Hence, noting that (2r)~* times 
the last integral in (2.9) is nothing else than the 
invariant function’ ,{ 


1 eX (2~2’) 
f dk —_-—— 
(2r)4 Jog kek+K 


of meson theory of mesons of Compton wavelength «, 
we have the set of invariant functions belonging to the 
field equation (2.5a) 


G,(x; x’) nf Ann] (KX)I (KX )Ag(x— 2x"; x). (2.11a) 


0 
This defines 
G, G,, G_, G,: homogeneous, 


Ga, Gr, Gp, Gir =G,, Gia: inhomogeneous. 


Notice in particular that the G, are not functions off 
a—x’ since the translation \‘’=\+d, d=constant, is no 
transformation of our group. This is one more circum- 
stance reflecting the qualitative difference of the 
spacelike coordinates r and }. We can now apply 


t In the following the symbol x will be used as an abbreviation 
both for (x”,A) and for its space-time part 2” (and similarly for ). 
The context should make clear which is intended. For example, 
in inner products [k-x, kk etc. ] and as the argument of familiar 
space-time functions [4,(x—x’; x), etc. ] the space-time part is 
always meant. As the argument of new 5-dimensional functions 
[G(x;x"), H(x;x’), etc.] on the other hand, x means (x”,A). 
Only in Sec. 5 is the special notation 2 for x” introduced to avoid 
ambiguity. 

“ See for example, W. Panofsky and M. Phillips, Classical Elec- 
tricity and Magnetism (Addison-Wesley Publishing Company, 
Cambridge, 1955), p. 140. 
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exactly parallel considerations to the scalar field 
equation (2.5b), which just replaces J; by Jo every- 
where above, yielding 


H,(x; x’) vf Axx] (KX) Jo (Kr) Aa(x—x"3 x), (2.11b) 


0 
which satisfy the equations 


{% H, homogeneous 
(2.8b) 


H, inhomogeneous. 


(C?+K)Ha(x; x’) 


| —5(x— x’), 


The homogeneous functions G and HJ, critical for the 
solution of the Cauchy problem and commutation rela- 
tions of the Aq(x), are evaluated in Appendix I. 
To solve the Cauchy problem for (2.5a), we note the 
properties 
G(x; x’) | --242.9=0 


’ 


O.G(x: x’) | «4 2/420 6(r—r’)d(A—YX’), (2.12) 


which follow at once from (2.11) and the fact that 


A(x—x’;«) can be written! 


A(x 


-x';k) 


1 
die oa fate gr’ 
(27r)’ 


sin{ [k?+-«? ]!(a4—-x’4)} 
(k?+-«°)! 


Upon using 04G= —0,'G, (2.12) can be writtent 


f daa'G(x; x’) f*(x’)=0; 


zeS 


f dag’ d'"G(x; x’) f(x’) = — f(x), 


zeS 


(2.12') 


where the surface element 
doa! Il dx’8, 9! %= 9289 /d,', 
sta ; 


for any functions f*(x’) and f(x’). This is certainly 
true if S is the surface x‘ 
for the moment the most general definition of S, to 
return to this question in Sec. 


const; we shall leave open 


5. Then we assert that 


®,, (x) f daa’ { D!*,,(x")G(x; x’) 
8 
O'°G (x; x), (x")} 


[D’*= (X’)0’4(N"] (2.13a) 


is the solution of the Cauchy problem, namely that 


1 See reference 7, Eq. (A1-23). (There is a sign error in this 
equation if one interprets d‘p in the definition (Al-1) to be 
defined with the covariant component dfo, as indeed one must to 
satisfy (A1-3).) 
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solution of (2.5a) such that #,, and the normal de 
rivative 0®,, take on the prescribed values on S, The 
proof of (2.13a) is, in a certain sense, nontrivial com 
pared to the proofs in the usual, space-time case because 
of the presence of the Bessel functions, and deserves to 
be given here: First we note that ®,,(x) is a solution 
of (2.5a) because G(x; x’) satisfies the same equation 
in its first variable x by (2.8a). Moreover, in virtue of 
(2.12’), we shall have completed the proof if we can 
show that the integral in (2.13a) is independent of the 
(special) surface S. Writing 


?,, (x) foe's m)2(x’), 


Ss 


we find 


Da fim) (") = Oa! D! Py, (X")G(x; x") + Dy, (2) 


X da'G(«; x’) — (0? +0,")G (x; x’) 


x ,, (x’) — 0'°G (x; x’) 0g’ Pm (x’) 


(012+ 9’) (0G (x; x’) +0/%,, (x”) 


KX Oa'G(x; x')+ (r')~"#,, (x’) (2.144) 


« 0,/G(x; x") — (07+ 0,")G(x; x”) 


XK Py, (x") — OG (x; x")dq'D,(x’), 


ba(e)LO"+ A” 
(’) Ay’ IG(x; x’) =0, 
where we have used 0,/D/*=()"+-9’, and where the 
last line vanishes because, as can be verified, G satisfies 
the equation 
(C/2+0)"2— (XN) AG (x; x’) =0 (2.15a) 
in its second variable. Since the integrand in (2.13a) is 
thus shown to have vanishing divergence, the integral 
is independent of S by Gauss’s theorem.” The corre 
sponding considerations for (2.5b) show that 


Ps (x) font Diab eH (x; x’) 


5 

O'*H (x; xv’ Ds ( v’)} (2.143b) 
solves the Cauchy problem for (2.5b). This differs from 
(2.13a) merely by the substitution ©, 5, G-o//. 
Since H(x; x’) satisfies in x the same equation as 25(x) 
[see (2.8b) | and has exactly the properties (2.12) or 
(2.12’) of G, it remains only to show that, where %,5(x) 


2A direct proof that (2.13) solves the Cauchy problem, i.e., 
essentially the proof that 04,,(x) reduces to the prescribed value 
is even more nontrivial and hinges on the formulas for 


Om G (0; x kf 


as x 
changing dq to dq’; 
= OTT (x; rv’). as 


sponding formulas for // (x; x’) 


Om'G (x; x’) but &.G(x; x’) 


well ‘as on (2.12') and (2.14) and the corre 
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S sda a’ g*(x’), g*(x’) has vanishing divergence : 


Oa g*(x') = (C24 9’) Os (x) H (x; x’) 


+ DD! 5(x')0.'H (x; x’) 
(*+-0)"") H (x; x’)45 (x) 
07H (x; x')dq'Vs(x’), 
(027+! — (X’)~*) g(x") (x; x’) (2.14b) 
+ OD (x) Aq’ H (x; x”) + (X’) g(x") 0," 
(x; x’) — (C+ 0,") (x; x”) 05 (x’) 
OH (x; x’) Aq'V5(x’) 
?,(«’)([07+0,” 


+ (d')? JH (x; «’) =0, 


(’)10,’ 


because in its second variable (x; x’) satisfies 


[24-0 — (0)! + 0)? JA (x; x’) =0. (2.15) 


Finally, consider the Lorentz condition (2.5c): 


x(x) = 0,4 (x) =0. (2.16) 


The reader is referred to Appendix 2 for the proof that 


if x= 0x 
quantized theory, read for (2.16): 


0 on S, then x vanishes everywhere. In the 


x(x)|)=0. (2.16’) 


3. PLANE WAVE DECOMPOSITION, 
ENERGY-MOMENTUM TENSOR 


The field equations (2.5) admit the elementary plane 


wave solutions 


Dy) = AI (KA) exp(ik-x), 


p,\/ i(t5J (kd) explik-x), (3.1) 


(tak® (t-k t (Lox 0, kak* kek t K 0. 


These modes represent, as will be shown, free bosons of 
mass fix/c. The new coordinate \ thus plays the role of 
canonical conjugate to the rest mass. The Maxwell 
theory is thus capabie of describing particles with non- 
vanishing mass in virtue of the new degree of freedom. 
Besides the “J-meson” solutions (3.1), one also finds 
three other types of elementary plane wave solutions: 


(1) the “VY ! 


¥ 
mesons” ®, 


[ (3.1) with Jy VY, Ju Yo]; (3.2a) 


(2) the “e photons” ®,™, 


?,,'7 = By? exp(tk-x), 


k BOO, 


and (3) the “boson-neutrino” ,"”, 


’,,"=0, Dy =Cexp(tk-x), k-k=0, (3.2c) 


In particular, the ‘‘(—1)-photon” has a A-independent 
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potential A,, =A®,, = B,,— exp(ik-x), As =AP,=0 and 
might at first sight appear to be the closest analog here 
of the photon solution of the old theory. But in fact all 
three solutions (3.2) suffer from normalization troubles, 
as will be shown in this section, and appear therefore 
to be excluded on physical grounds. Therefore, consider 
the most general solution Aq of our field equations 
which may be represented as a superposition of J 
mesons; it may be written as a Fourier-Bessel integral 
as follows: 


1 Lh a hr 4 
A m(x) J J d®k inc( ) AJ 1 (KA) 
(27)! 0 L 2w 


X (G,,(k) exp(ik-x)+ @,,* exp(—ik-x)}, 


—4 Pa hk? 
A;(x) f f Pk dre ( ) AJ (kr) 
(Qr)idy J, 2w 


ik-)}, 


(3.3a) 


* { @s(k) exp(ik- x) — @5* exp (3.3b) 
where w w(k,x) c(k?+x*)), ky w/c, and the & in 
@m(k), etc. stands for (k,«), and where finally for each k 


kaQ*(k)=0. (3.4) 


Note that the limits on « integration will always be 0 
to +. By choosing the imaginary rather than the real 
part of @s(k) exp(ik-x) in (3.2b), we have elected to 
satisfy the Lorentz condition in the “pseudo-covariant”’ 
form (3.4) rather than in the form k-@—ix@'=0. 
(For a discussion of the knotty covariance problems 
encountered in this theory, see the end of Sec. 4.) The 
expansion of A_(x#) as Fourier-Besse] sums rather than 
integrals, useful for some purposes, is sketched in 
Appendix 3. The finite-box boundary condition on the 
A dependence gives a discrete mass spectrum «l= ¢), ¢2, 
f3:--, where the ¢; are the zeros of Jo(z) and 1 the 
length of the box in the \ dimension. The transition 
from sums to integrals also is not so trivial as usual, 
due to the presence of the Bessel functions. 

We quantize the field Aa(x) now in the Lorentz 
gauge by demanding of the amplitudes 


[ @a(k),@g*(k’) |= gagd(k—k’)5(x—x’), 
(3.5) 
[ @a(k),Ga(k’) |=(@a*(k), @g*(k’) ]=0. 


With this normalization the coefficients in (3.3) have 
been determined so as to give the energy, momentum, 
etc., of the field correctly." Thereby the subsidiary 


18 k,, like the coordinate x*, is no 5-vector in this geometry. 

‘4 We prefer not to use “natural units” 4=c=1 in a general 
theoretical exposition. For one thing, the physical dimensions of 
quantities are not so immediately apparent in these units. For 
another, the strictly quantum mechanical and strictly relativistic 
features are masked thereby, and can be readily confused with 
classical features. In fact one can go so far as to equate physical 
processes whose magnitudes are equal only in virtue of the 
accidental (i.e., unit-dependent) equalities h=c=1. Take, e.g., 
the confusing statement “The order of magnitude of all atomic 
phenomena involving photon emission is governed by the single 
pure number a= e¢*/4mrhc,”’ whose basis is the fact that the power 
loss of a slow electron e#*/49c* = ad? in these units. 
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condition (3.4) is replaced by 


kaQ@*|)=0, ka@**|)=0. (3.6) 


Here we can specialize any k, to (0, 0,0, —«,«) with 
no loss of generality by a Lorentz transformation 
leading to its rest system, whence the problem of 
solving for the admissible state vectors |) becomes 
formally identical with the corresponding problem in 
quantum electrodynamics [ where, by a spatial rotation, 
k», can be specialized to (0,0, k,, —|k.|) ] and can be 
solved by similar means.'® 

The field Aq is the sum of a positive and a negative 
frequency part, Aq“? and A,‘*’, respectively, where 
the notation (—) is to suggest absorption rather than 
the sign of the frequency, etc. For later convenience we 
write these out explicitly: Aa=Aa~?+Aa'*’, where 


1 1 wal sau hx! 
A, (x)= | f J d*k ancl ) 
—i} (2x)! J, * 2w 


XAT (a) (KA) Aa(k) exp(ik-x), 


1 1 ot cu hk\} 
A,q"*) (x)= | f f dk dnc ) 
+74 (29)! 0 wo 2w 


KAS (a) (KA) da*(k) exp(—tk-x), 


where +i go with a=5 and 6(m)=1, 6(5)=0. Indeed, 
A,”, Aq‘? are annihilation and creation operators, 
respectively, for the quanta of the supertield except 
for a=4, where by (3.5) these roles are reversed. 
Definition of the vacuum: we can define the vacuum 


by 


@,(k)|0)=0 (i=1, 2, 3) (3.8) 


in the rest system k=0 of the mode & for all k [see the 
remarks following (3.6) |; i.e., the vacuum is that state 
with no transverse or longitudinal mesons in the rest 
system. The proper ordering of energy, momentum, 
etc., is defined by bringing all annihilation operators to 
the right, as usual. The vacuum then has zero energy 
and momentum in virtue of (3.6). 

Energy ‘and momentum: the covariant, gauge- 
invariant field equations (2.1) can obviously be derived 
from the invariant, gauge-invariant Lagrangian 


<4 | Fash yyy? yhd*x 
Y ’ 


by reason of their exact formal similarity to the ordinary 
source-free Maxwell equations. However, it will be 
easier to derive the constants of the motion if we go over 
to a Fermi-type Lagrangian, involving the auxiliary 
quantity ®,, which we get by transforming the above 
Lagrangian by partial integration, neglecting surface 
terms, and using (2.16’) to drop terms whose expecta- 
tion values vanish. One can start therefore from the 


'6 See, e.g., reference 7, Chap. 6. 
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Lagrangian 
L =— bf ar dr £. £ (A qPgd™b* + Xr *p,, Pb"). (3.9) 


The theory of this field ®,, when completed by the 
subsidiary condition (2.16’), then describes the physical 
system of interest here. In this Fermi form the Lagran 
gian is formally the sum of the Lagrangians of five 
independent scalar fields ®,. Note the curious analogy 
to the usual scalar meson Lagrangians with A~? playing 
the role of (mc/h)*; continuing the same analogy, the 
fifth field @, is ‘‘massless.” It can now be immediately 
verified that L gives the field equations [(2.5a) and 
(b) ] in their “‘manifestly noncovariant” form. By the 
general theory of fields, the canonical energy tensor 
field associated with L, 
OL 
Ogh?+ Pag, 
O(0%P7) 


be« omes 


Tab A{ AaP, gh? 4 fap (OyPsd 14? { nN *),,b™))}, (3.10) 


which is in fact symmetric. From Tag we build the 


energy-momentum-‘‘mass’’ quantity 


1 
| = f dogl Pa, 
c § 


where we specialize S to the surface a 
what follows. The 4-vector P,, of energy-momentum is 
conserved, in virtue of 0,7%,=0. The “mass” Ps, 
however, is nol conserved because 0,7% #0. The reason 
is of course that £ (3.9) depends explicitly on A, There 
is, of course, the familiar mass m= hk/« 
with each which is conserved 
momentum and ‘“‘mass” become 


constant in 


associated 


mode x, The linear 


(3.3%) 


c 


] 
Pe fo: ddAO 050%, (a= 1,2,3,5), 


while the energy, after a bit of manipulation to facili 
tate differentiating the Bessel functions, reads 


4 
& -~cP, i fos dd{r i I, P,P” 


mel 
6 
trAD,A AA" +A D> (DaPs)*). 


a=~| 


(3.12) 


Integration over \ always goes from 0 to +. If we 
now insert the plane-wave expansions (3.3), we get 


(3.14a) 


hk 
P= foe dn—{ Ga* (k)47(k) + Gal(k) a**(k) |, 
9 


hu, 
& - fv dx—|_ Aa* (k)A*(k) + Gal k)a**(k) | (3.13b) 
) 
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for the linear momentum and energy. The details are 
relegated to Appendix 4. These are yet to be properly 
ordered (see above). Equations (3.13) justify the 
previous remarks interpreting our field as describing 
noninteracting bosons of mass h«/c for 0<«< «. There 
are two transverse, one longitudinal, and one ‘‘scalar” 
boson in the usual photon terminology ; 


’ 


in addition 
there is yet another scalar boson given by the com- 
ponent of the polarization vector along the d axis. ‘The 
j-angular momentum is obtained as usual: M,,, 
(1/c) [d*xd\{ XmT4n—XnT am}, conserved. 
Naturally we get no conserved quantity from AT%4, 


arid is 


Cal ws. 

At this point we are ready to show why the three 
other plane-wave solutions (3.2) must be excluded. For 
when we form the energy integrals for these fields 
(quantizing in a box of volume L*/), we encounter d 
integrals like 


l 
(a) f dy AV (KA) V i(k’), 


(3.14a) 


l 
(b) J AX AV o(kdA) Volx’d), 


0 


l 
(a) i) dd d***1, (db) f 


l 


dd", (3.14b) 


l 
J dd 
0 


“Y meson,” the “e photon,” and the “boson- 


(3.14c) 


for the 
neutrino,” respectively. One objection to the “Y meson” 
is now that there is no orthogonality relation for the 
VY ,(xA) as there is for the J,(cA), hence the different 
modes «#«’ would interfere. Moreover, taking «=«’, 
each mode would possess an infinite energy since the 
integrals (3.14a) diverge at the lower limit: e.g., : 


xV P(x)~ — (2/m) Inx as x0. 


As for the “e photons” and ‘boson-neutrinos,”’ the 
integrals (3.14b) and (3.14c), with /= ©, are all diver 
gent, some at the lower and some at the upper limit, 
the individual energy- 
normalizable either. Of course, normalizable energies 
could always be obtained by cutting A off. But since the 


so that modes here are not 


and ‘‘(—1)-photon” diverge at the lower 


“(+-1)-photon” and “boson-neutrino” 


“VY meson” 
limit, and the 
at the upper, A would have to be cut off at both ends. 
Such a procedure, however, runs counter to the whole 
spirit of this geometry— it would, for example, destroy 
covariance against the whole sphere group (although 
still a covariant procedure against certain subgroups 
like Lorentz rotations and space-time translations). One 
subgroup thereby thrown out is the interesting one 
r"—ux™ dh 


of scale 


uA (u=constant >O) of uniform changes 
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Representation of the photon: The question arises: 
Can the “photon” solutions (3.2b) be represented as 
superpositions of J-mesons according to (3.3), or, more 
generally, of J and Y mesons? Owing to the linear 
independence of the different exponentials, this comes 
down to asking whether 


D(K)T (KX) + E(x) Vi (kX) =A4(k), (€e= +1) 


has solutions D(x), Z(x). No solutions exist, so that the 
“e photons” cannot be obtained by judicious mixtures 
of the well-behaved J mesons. (This conclusion is also 
borne out by the remarks on energy normalization 
above.) Similarly the “boson-neutrino” admits no J- 
and/or Y-meson expansion. 

There is, however, another possibility of representing 
the photon, namely the limit «=0. By this we mean the 
limit taken, not in operators [which by (3.3) makes of 
course no sense |, but in c-number-valued functions like 
S-matrix elements, cross sections, etc., which involve 
as parameters the k, x, and the index @ (polarization) 
describing the bosons in the initial and final states. The 
four components a=m would then give photons. The 
same remarks apply to the representation of a spinless, 
massless particle, taking a= 5 and the limit «=0. 


4. COMMUTATION RELATIONS IN POSITION SPACE 


The field has been quantized in momentum space, 
so that the evaluation of the commutators in position 
space is now just a matter of computation. This is done 
in Appendix 5; in this section we wish rather to proceed 
by postulating the commutation relations in position 
space on a surface S and then derive them for generally 
situated points via the solution of the Cauchy problem 
(2.13). Using then only covariant quantities in these 
integrals, we postulate 


[Aa(x),Ag(x’) ]=0,  (x,x'eS) > (41a) 
f aor vy (x) [A a(x), VA g(a’) | f(x’) 
S 


—theyag(x) f(x), (4.1b) 


where y*!(x") and y*(x’)=(A’)~® are taken at the inte- 
gration point x’, Yas(«) at the fixed point x on S, V;’ 
is the covariant derivative with respect to the metri 
Yas, and f(x) is any function. The mathematical cova- 
riance problems met here will be briefly discussed at 
the end of this section. If we now express Yag explicitly 
in terms of the constants gag and A, Aq in terms of ®, 
via (2.4), and use the fact that by (4.1la) the terms 
linear in A in the covariant derivative contribute 
nothing to the commutator, so that effectively V;'A, 
can be replaced by 0;'Ag, we get the equivalent equa- 
tions 


[.(a),Py(x’) | 0, (x,x'eS), (4.24) 


J da,'(X') * P, (4 ) 0’ 4 (x) f( r’) 
S 


ihc %o apf (x), (4.2b) 
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which no longer has any obvious covariant aspects. Now 
let us form [,(x),®(x’) |, where x and x’ are unre- 
stricted, and express ®,(x) via (2.13) in terms of 


quantities taken on a surface S through x’. We get 


[, ( x) Py ( x’) 


-f day" {(D! 4 (x"") ,Bg(x’) |G'™ (x; x”) 
s 


= OG) (x5 0") Dax") Pala’) |}, (x’%eS) (4.3) 


where G6" =G'=G, G?)=G@=H. [Do not sum over 
a in (4.3). ] Using (4.2a), the second term in the inte- 
grand gives nothing, and D’’” can be effectively replaced 


by 0””. Therefore 


[ 4. (x) P(x’) | 


J 


ihc(X’) 


da,""(X"") [ba v’) 0 1b ( we 
« (!")2Gh(a (x: y!") ( 1.4) 


; 1) 27% (x) (ap » a! 
49 (AX )°G® (x: x’) 


thegag(d’) 3G) (x; x’) 
if one uses (4.2b), or finally, 


[A a(x),A g(x’) |= thegagdAG? (x; x’). (4.5) 


t 


These are our commutation relations in position space 
in terms of the invariant functions G and H defined by 
(2.11) with A, corresponding to the path’? C. Note that 
it is the combinations in the right members of (4.4) 
and (4.5) which are symmetrically defined in x and x’ 
rather than G and H themselves, this fact stemming 
originally from the “extra” A’ factor in the 6-function 
representation (2.10). G HT are evaluated in 
Appendix 1. The result is 


and 


the 1 


[Am(x),A n(x’) | - x'4) 


Bmne( x4 
4? dr’ 
0, |cosé|>1 
(4.6a) 
cosé, <1, 


X 
(1—cos’0)~! 


’ 


A,(x’) |=0, (4.6b) 


1 hi 1 


(at —4"4) 


€ 
4” dd’ 


(), cos#| > 1 


x (4.6c) 


cos#(1—cos’6)~! cos#) <1, 


’ 


where e(x)=+1 according as x>0 or «<0, in terms 


of the fundamental finite invariant of this geometry, 


the cosine of the angle 6 between the two spheres!® x 


16 Notice that we use only timelike spheres: the radii are actually 


id and id’. 
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and x’ 


[ (r—r’)?—e(t—0)? ++ (0')? | 20’. (4.7) 


cos9 


To evaluate S-matrix elements in the coupled theory, 
one needs the commutators of the positive and negative 
frequency parts (3.7) separately. They are, in full 


analogy with the older theories, 


[Aa" 
[Aa' 


where G,'=G, and G,°=//, are detined by (2.11) with 
A, corresponding to the path? Cy. The details are given 
in Appendix 5. The identities linking Gy to each other 


(x),Ag’’(a") |= ihegapd\Gy)™ (x; 


(4.8) 
(x) 


As 


and to G are here 


G(x: x')=G,(x; x')+G_(x: x’), (4.9a) 


AG ( 19b) 


whence 


AG(%: x )=AG,.(x; 2 


N'G,.(x' : x) (4.9¢) 


’ 


which is seen to be necessary for the consistency of 
(4.8) and (4.5). Corresponding equations hold for //, 
and /, 

Here we must comment briefly on some mathematical 
features of this theory which arise from the nonlinearity 
of its group. It is a fact that when the group is non 
linear, sums and products of tensors taken at two dif 
ferent points, mM parth ular inteyrals of tensors, do not 
in general have tensorial properties. Therefore there is 
no reason to expect that (4.1) will yield invariant com 
mutation relations. Indeed, these relations (4.6) are 
nol invariant (form-invariance is always meant); for 
although rather remarkably they do involve the finite 
invariant cos@ of «and x’, they involve also the quantity 

(1/AX) gaa, Which is unfortunately not invariant. The 
Vap(X) \*gaa iS of course invariant, 
but by the symmetry in x and «’ of the coefficient of 
e(xt—x"") in (4.6), the former expression rather than 


angle metric 


Yap(X) OF Yaa(x’) must appear here. This means that a 
nonlinear transformation of our group (once and for 
all, all the formalism here is form invariant under all 
the linear transformations of the group) will take the 
right members of (4.6) into expressions which look 
quite different when expressed in the new coordinates 
This is not alarming, for the J-meson expansions (3.3) 
themselves are not invariant under the nonlinear ele 
ments of the group 

The following point is worth mentioning 
mutation relations (4.6) are correct, that is, they are 
the (3.5) in 


momentum space are on firm ground in 


the com 


equivalent to commutation relations 


(where we 
virtue of the energy expansion, etc.) as is confirmed by 
direct evaluation using (3.3) (Appendix 5). However, 
(4.6) were derived from (4.1), so that the covariance 
arguments leading to the form of the integrand, which 
we have seen must be only specious, have nevertheless 
a practical, rule-of-thumb validity. Again, the correct 
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Vic. 1, Typical crescent regions for a pair A, \’ 
energy-momentum 4-vector P,, of the field [the equa 
tion after (3.10) | formed without regard for manifest 
covariance from the canonical tensor 7, can be written 
in full pseudocovariant form, i.e., 


Pe 


1 
fe Vy" 'T va; 
cf 


yg FP, (indices here raised 
with y**) if one integrates by parts, neglects surface 
terms, and uses the Lorentz condition (2.16). This is 


where Tag= Fal p 


certainly more than an accident-——the reader who has 
followed through the calculations in the appendices will 
certainly realize what havoc a wrong power of ) in 
integrands can create. The situation is roughly this: 
we get correct results by writing everything in 
nearly covariant form as possible” and ignoring the 
fact that against a nonlinear group integrals, etc., can 
not have any invariance properties. This is one of the 
mathematical features of this theory not clearly 
understood at present. 


“as 


5. MEASURABILITY OF THE FIELD; DEFINITION OF 
THE “AGONAL” SURFACES 


By (4.6) measurements on our superfield at two 
points «, x’ do not interfere if |cos@| > 1, i.e., if the two 
spacetime spheres x, x intersect under an imaginary 
angle, or in words, do not intersect at all. This means 
by (4.7) whenever 


[(r—2’)?—A2(t— 0+ (V')PV/2MN'| > 1. (5.1) 
This criterion is an invariant one under our full group, 
which is, in fact, just the largést group of space-time 


transformations which preserves this angle. For a given 
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sphere x, of which we placef 2 at the origin, the space- 
time parts Z of all the spheres (Z',A’) with a fixed \’ 
satisfying (5.1) fill out the two disjoint space-time 
regions R, and R_ shown in Fig. 1. R, is a connected 
region comprising the exterior and part of the interior 
of the light cone of Z, and is separated from the two 
parts of the disconnected region R_ lying entirely 
inside the light cone of # by the shaded regions. For 
each pair \,\’ we get a similar diagram, the shape and 
location of the crescent-shaped regions changing as 
discussed in the Introduction. For a given x, then, 
measurement of the field at x commutes with measure- 
ment of the field at all points «’eR,, as we shall say for 
brevity. These regions are defined analytically by 


R,: cos>1 or, equivalently, 


(2—#')-(2—2/)>—(A—X’)?, (5.2) 


R_: cos6<—1 or, equivalently, 


(— 2’): (—#')< —(A+)’)?, (5.3) 


and the equations of the boundaries of the crescent 
regions are obtained by replacing the inequalities by 
equalities in (5.2) and (5.3). Note that all #’eR_ are 
related in a timelike manner to Z; R- is the region in 
which the disturbance created by measuring the field 
at x has already completely passed over (see the dis- 
cussion in the Introduction). 

This suggests immediately that we define the surfaces 
S which occur in the postulated commutation relations 
(4.1) and as the surfaces bearing the initial values in 
the solution of the Cauchy problem (2.13) as surfaces 
in sphere space such that any two spheres on § do not 
intersect : 


S: |cos6|>1 for «#¥x’, x, x5. (5.4) 


It now follows that S can have no pairs, x,«’ for which 
cosé << —1, so that we can drop the absolute value sign 
in the definition (5.4). This can be seen in the following 
way: Given x, there are no nearby points x’ on S for 
which cos#<—1, for by (5.5), upon taking #=0, the 
space-time parts Z’ of such points satisfy 


(z' -#')< —(A+-0’)?< —d?< 0, (5.5) 


and hence all lie outside the spacetime sphere (2’: 2’) 

\* around = 0. This is easily seen also from Fig. 1, 
where the surface (#' - #’) ? lies somewhere between 
the two bounding surfaces of the crescent. Therefore 
all the points x’ on S in a neighborhood of x on S 
satisfy cos@(x,x")>1. Since cos@(x,x’) is a continuous 
function of x on S, it follows finally that cos@(x,x’)>1 
for all x’ on S. The definition of S then becomes finally 
S: cosé>1 or, equivalently, 


(@—2')-(#—2')> (A—D’)? for xx’, x,x'eS. (5.6) 


The surfaces a= constant are particular examples of 
such surfaces. Let us examine more closely their relation 
to the spacelike surfaces of the old theory. From (5.6) 
it can happen, for \#’, that we have a pair of events 
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£,z' related in a timelike manner. But if the two gauges 
are the same, A=)’, then # and # must be related in a 
spacelike manner. Thus the spacelike surfaces of the 
old theory are correlated with the families \= constant 
of surfaces S. Of course in this theory it is the criterion 
(5.6) rather than the old spacelike criterion (#— 2’) 
*(Z—#')>0 which is important. 

If x and x’ are neighboring, (5.6) gives (d#-d#) 
+ (dd)?>0, which by (2.2) means (d0)*<0, i.e., dé is 
pure imaginary. 

The surfaces S, being composed of spheres any two 
of which have no angle of intersection, may be called 
agonal surfaces for want of a better name. 

Let us look at the singularities in the commutators 
(4.6). They oceur only on the boundaries of the crescent 
regions and are of the single simple algebraic type 

lim (1 


u-l 


u’)4 

in terms of the natural invariant u=cos@ associated 
with x,x’, w=[s?+A?+ (V’)? ]/2AX’, where s £—Z’| is 
the space-time separation of x and x’. 

Comparison with regulator theory: the aim of regu- 
lator theory, systematized by Pauli and Villars,® is to 
remove the divergences in the commutation relations 
and various quadratic expressions like vacuum polari- 
zation, electron self-energy, etc, encountered in quantum 
electrodynamics by regularizing the invariant fune- 
tions. This was to be done by replacing each function!” 
A, by a linear combination A,r of it and the corre 
sponding functions A,(x) for mesons of various masses 
m=hk/c: 


s 


Aar(Z) f dk b(x)Agl(®: x) 


te 


(3:73 


in the case of a continuous distribution'® of (x)dk 
auxiliary mesons of inverse Compton wavelengths in the 
interval (x,x+dkx). This is the “realistic” case; in the 
“formalistic” theory one allowed different distributions 
for different functions A,. The distribution @(k) was to 
be chosen such that the additional meson functions 
A(x) canceled the singularities of the quantum electro 
dynamical D, and Ag(xo) functions. This was equivalent 
to the pair of equations 
* ‘£ 


(a) f «ow 0, (b) favor) 0. (5.8) 


re a 


A glance at (2.11) shows that for each pair A,A’ the 

invariant functions G and / of this theory are distri- 

butions (5.7) with 
i(k) 


(x>Q) 


NI (Kr) J (kr), 
0. (e<0): 

(5.9) 
(x>Q) 


NI (Kr) To(nr’), 
QO, (x<Q). 


pol) 


'7 Here Aa (2; x) stands for both the photon (x=Q) and electron 
(xo=Amo/c) invariant functions. be 
'®Qur notation in (5.7) and hereafter differs slightly from that 


of Pauli and Villars; our «-~m whereas their x~m’. 
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We therefore use no negative-mass mesons. ‘These dis 


tributions satisfy (5.8) for each pair \¥X': 


f dx s(x) vf 


a) 


x 


dx x 4(xrX)Ja(krX’) =5(A A‘) = O 


(5.10) 


by (2.9), where 6=0 and 1; as for the second equation, 


NA LOA 
s 1 wr 
f dk xd (Kk) Oy) wf dx KJ \(KrX)T (Kd) 
rn 


1 
A yy[A(A—A’) | =O, 
d 


D £ 


dk xh, (x) Vain f dk KJ (KX) J o( KX’) 
0 


nr 


N/A J=0 


where we have used (2.7). This fact was already 
obvious for G and H from Fig. 2, for these functions 
vanish on the light cone for A#X’ and (5.8) are necessary 
as well as sufficient for the regularity of Agr on the 
light cone. This also suffices to show that all our 
other G,, H, are regular on the light cone for A\#)’, 
(Presumably they all vanish outside crescent regions 
like those shown in Fig. 1, but this has not yet been 
verified.) 

It was found that 
F(A,4;4) had to be regularized without factorization 
(to secure gauge invariance in vacuum polarization, 
etc.), for which the conditions (5.8) were inadequate 


interesting bilinear products 


to remove all singularities. Hence the regularization of 
the individual 4, in the first place seemed rather 
academic. In this theory, however, bilinear products 
of the G? are automatically already regularized (A#X’). 
This may be of small interest, since terms with A=)’ 
certainly occur. This question cannot be settled without 
going to the coupled theory 

As a final point, note that “regularized” above was 
really used in the sense of ‘‘regularized on the light cone”’ 
(\#X’). For the continuous mass distributions (5.9) 
used here engender singular surfaces inside the light 
cone when \#\’; when A=)’ the light cone again is a 
singular surface. But these singularities are of a much 
different nature [see the equation after (5.6) | from 


those of quantum electrodynamics and meson theory. 


OUTLOOK 


In the opinion of the authors, the main value of the 
present theory lies in its showing how intrinsic finite 
size in signal sources is to be incorporated into quantum 
field theory, modifying the present theory of physical! 
causality at smal] distances. The problematical nature 
of the new coordinate is really no trouble here, since in 
getting numbers out of a coupled theory, this coordinate 
is integrated out along with space and time. Its imter- 
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pretation could, practically, wait on getting the correct 
numbers first. The modification of the present day 
causality takes precise form in the definition (5.6) of 
the agonal surfaces, those basic surfaces between whose 
points no signals can propagate. The essential feature 
is that the space-time region influenceable by a given 
event stands in general at a finite (nonzero) distance 
from the given event, so that in particular a source 
fixed at r feels its own influence only after a finite time 
lag. The existence of this finite time, lag raises hopes of 
a divergence-free interaction theory 

There are, however, apparent physical difficulties 
from which the theory, in the form in which it now 
stands, suffers; and these we shall briefly enumerate 
below 

The chief difficulty is the mass spectrum, both in the 
spacing of the levels and in their too great abundance 
In the body of the article we have used a quantization 
box infinite in every dimension (1-+~, l-+* ), which 
leads to a continuous mass spectrum. Although one can 
not quarrel with L-+~*, it seems actually more natural 
to keep the box finite in the A dimension, which leads 
to a discrete mass spectrum «l=¢,, ¢; being the zeros 
of Jo(z). (One is then to use the finite-box formalism of 
Appendix 3 for the x’s.) Choosing «,;10" cm”! to give 
the pion mass, one gets [10° cm, certainly a sig 
nificant length for elementary particles. But then this 
scheme [ (A2.3)] does not fit observed boson mass 
ratios, Of 
might be considerably shifted by virtual pair clouds. 
should 


course, these are bare boson masses and 


Relative to the abundance of these levels, one 
note that the method of getting a mass spectrum out of 
a differential operator of one coordinate will always 
lead to an infinite spectrum on completeness grounds. 

Another difficulty is that of identifying the 5 com 
ponents of the vector potential, which one has when 
one uses the 5 inhomogeneous sphere coordinates, with 
the charge states of the bosons. This pairing off in 
terms of charge states can be done in a natural way, it 
seems, with components referred to the 6 homogeneous 
coordinates (see the remarks in footnote 4). A related 
difficulty is that of getting pseudoscalarity out of fields 
deriving from the Maxwell theory. We should have 
mentioned earlier, perhaps, that these are Yukawa 
mesons; their short-range forces result in the usual way 
from their nonzero masses: the static, spherically sym 


metric modes of the solutions (3.3) are 


P,~J (Krew /r, Da~ Tole /r. 


Finally, there is the remark that this family contains 
only bosons of the photon or pion type. For example, 
the A particles, isotopic fermions, are certainly not 
included 


APPENDIX 1. EVALUATION OF G(x;x') AND H(x;x 


(r"") 1 
have to 


for 6 u 
(2.11) we 


Let g(x’; 2") = (A) G(x’; x”), 
KH (x5 4"), for 6=0. Then by 


AND J. FORD 


evaluate 
et 


ga(x'; x") J ten lalen’ya(en A" x’: x). (A1.1) 


0 


The invariant function A is evaluated” to be 


Cr> Pr 


A(x; x) 


1 a | ad Tle - r’)} |, 


(Al.: 


der OrlO0, CP <r 


where x=x'—x’. We are left with the problem of 
integrating a triple product of Bessel functions in A. 
These are given by MacDonald”: 


{ dk k TKI ON) ST of (CP —7*)3 | 


v9 


0, cosh, >1 
- 
cos8(1—cos*6) i cosé 
We ee 


x 


f A KJ (en) (crn) J ol x (CF —r*)! | 


" cos >1 
1 


cos’))~? cosé 


’ 


| (1 
| rr'r”’ 


(r 


is the cosine of the angle between the spheres 2’ ,x 
Combining (A1.1), (A1.2), and (A1.3), one gets 


where 


cosh cr (X’)? + (\/")? aa (A1.4) 


7 


io 
g(a ; x’) =¢€(x") 
4err Or 


(0), cos) > 1 


x 1 
cosh (4 cosh <1 


wr'r”’ 


cos’9)~} 


’ 


0, lcos#| > 1 
10 

e(x*) 
4arr Or (1 


mr'd”’ 


” 


go(x’; x”’) 


cos’6)} cos# 


’ 


Performing the differentiation, one gets finally 


1 j° cosh > 1 
g(a’; x") €(x") 
4a (X")?("")? (1 


cos’@) 3, cos#) <1, 


1 


, ‘7 
Lox , xX )= 


5 


€(x"*) 
4a? (2 (4)? 


0 
x 
cosh (1 


cosé| > 1 


,’ 


cos’é)!, | cos@| <1. 
"L. Schiff, Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1955), second edition, pp. 369, 370. 
*” H. M. MacDonald, Proc. Math. Soc. (London) 7, 142 (1909). 
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For any pair \’,A”, the condition |cos6| <1 restricts 
one to the interior of crescent regions as shown in Fig. 1. 


APPENDIX 2. CONSERVATION OF THE 
SUBSIDIARY CONDITION 


Write the Cauchy solution (2.13) in the unified form» 


Pg(x) = f daa’ { D! Bg (x')G>® (x; x’) 
8 


(A2.1) 


— 9/4G*'B) (x; x") bg(x; x’))}, 


with the notation of (4.3). Taking the divergence 0g 
and using the identities of footnote ” to change the 0; 
to Og’, we get 


OgP* (x) = f donl{ Dio a’) asGx52!) 


8 


0% Og'G (x ; x0’) PF ( v’)}, (A2.2) 


where, remarkably, now only the invariant function G 
appears. Integrating by parts, and using the notation 
(2.16), one finds 


x (x) =f dontag {Dia x)GCx v’) 


Ss 


_ 0'°G(x; x” ) DA ( v’)} Hf do 4'{ D'*x ( ¥") 


X G(x; x’) + [0g ,D’* |}? (x)G(x; x’) 


OG (x; x’)x(a")}.  (A2.3) 


In the first integral on the right, we use do4’0,' = dag'04' 
and then notice that by (2.14a) the part of the integrand 
which is equal to {*°"(x’) has vanishing divergence: 
Aq f2"™ (x')=0. Now [0,’,D’*] 5°55%(A') *. Hence 


x ( v) J das'[ Aa’ { D/*( W)G( v: r’) 
Ss 


— 0°G (x; x0") P(x") } + (0) 28 (x)G (x; x’) } 


tf dont Dex (eVGr vs v’) 


dG (a; x')x(x")}.  (A2.6) 


The integrand of the first integral on the right equals 
(DO? +. 9')b9(x’)G(as 0’) 4-3/5 (4) d4/G (x; x’) 
1 


+-—s (x") G(x; x’) 
x’ 


/ 


a” Wada 
Jd, 0 “Ga : v9 ) 


1 
_ O'°G (x; wg P*( v’) t (4G (x: v’) 


(r’)? 


Paw Lae 


MAXWELI THEORY 


| 
(x) G(x; x’) 
1 
On” WG(x; x’)b*(x’) 
/ 


The first and last terms of the last line vanishing by 
the field equation (2.5b) and by (2.15), respectively 
Finally, we can write the second integral in (A2.6) 


f dover G(x; x’) — 0'G(x; x’)x(x’)) 
Ss 
tf dos'xa'V( N’)G(x; x’), 


| 


(A2.7) 


which x (x) 


Ox ( v’) 


proves that x(«#)=0 everywhere, if 


OonsS 


APPENDIX 3. QUANTIZATION IN A FINITE BOX 


If we quantize in a finite box of volume L‘/, we get 
the J-meson expansion of 4,(x) as the Fourier-Bessel 
sums 
An (x)= LIS AV n)e(h/2w~) AT 1 (Kr) 

kx 
XK {4m (k) exp (ik: x)+-Am*(k) exp(—itk-x)}, 
(A3.1) 
tL > No (K)e(h/ 2a) AT (Kr) 

k« 


XK {-4A5(k) exp(tk: x) 


A5(x) 


1,*(k) exp(—ik-x)}, 


where the usual periodic boundary conditions vive the 
discrete set of k’s and it proves expedient to define the 
x’s in the sum by the boundary condition 


J o(xl) =0; (A3.2) 


(k?-+-42)4, 
PSP (wl)/2. 


the normalization is «-dependent. ‘The 


where k, w/t and A(x) having the 
The novelty here is that 


1’s have the 


dimensions of area 


usual commutation relations 


[- Aa(k), Ag*(k’) | 


P “ae 
EY af i (OKK , 


14(k), tg(k’) | | 1a" (kh) Ag*(k’) | =0 


To go over to the continuous case, note that for a fixed 
x, as/-+*% the density of « modes —ol/m, independent of 
k. Also J\?(kl)—92/axl as l->*% by (A3.2), and hence 


l\3 ‘ 
>A (Kx) I(x) ( ) J dk wh (x) (A3.4) 
“ w 


0 


This argument can easily be made rigorous. Since 
Yiu (L/ le) f' dk, (A3.1) go into the Fourier-Besse! 
integrals (3.3) if we define @4(k) = (l/m)*(L/2m)!.4,(k) 
etc., which are the properly normalized operators (3.5 


’ 


for the continuous case 
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APPENDIX 4. EVALUATION OF THE ENERGY 


Inserting the plane wave expansions into (3.12), one gets 


a | d Ch fw’? 4 
J evan} f fan ( ) T(r) Ii(K'r) OS (—) Rmkm’[ An(k) exp(ik- x)—H.c. | 
) (2r)* 2 


fa 
& 
) 


“a 


m=! 


WW) 


] 2 h U i 


A ( Kk \? 
K[a"(k’) explik’-x)—H.c.) }4 ff farnave ( Nx’ J o(krA)J (ne A)LGn(R) explik-x)+H.c. | 
(29)? 2 \ ww’ 


A(—1)? Ch x’ 3 4 
«KL a"(k’) explik’-x)+Hoc. ]4 J fanaw ( ) olan) tola’n) & )RmBm 
(2r)* 2 i 


WU) m=! 


A(—1)? Ch fw’ \! 
K[ y(k) explik-x)4+-Hec. |[ ae(k) exp lik’ x) + Hoc. |4 f fanow ( ) T (xr) J (n’d) 
(2mr)* . 2 Naw’ 


* [| ts(k) exp(tk- x) — H.c.)(@5(k’) expik’ +a Hc]. (A4.1) 


Here dk means d*k dx, w= w,, and H.c. means the Hermitian conjugate. We perform the rand A integrations, using 


1 
fox exp| i(k-4 k’)-r} 5(k+k’), ferrcorisacony ster) b5(x—x«’), (A4.2) 


(2a)? 
with 6=1 or O, and collect terms. This gives 
oh 
f the '{( a(k)a(—k) 4+ * (hk) *( — hk) — Ay (k) Ay ( — k) — Ap*(k) A5*(—k) (WP — ke +e’) 


j 
t+-[ a*( Rk) (k)+ A(R) A*(R) + 5" (R) Cty (R) + 5 (Rk) 5*(k) (K+ Re +4°)} 


hw 
fo [ @a*(k)7(k) + Gal(k)ae*(k) |, 
) 


“< 


which is (3.13b). The evaluation of P presents no new features. 


APPENDIX 5. DIRECT EVALUATION OF THE POSITION SPACE COMMUTATORS 


We evaluate the commutator of A,‘*) (x) and Aq“ ’(x’) from which all the others follow immediately. From (3.7) 
1) 1 | 1 Ch fw’ 3 
[Aa*'(x),Ag@ (vr) ] | : | ff aware ( ) NT cay (KAYA T 58) (xX) exp ( — ik ¥+-ik’ + x’) 
i} l—il, (2x) 2 News! 
XL a@a*(k),@g(k’) ], (A5.1) 


I ; . —— ’ ' , 
where {.} means a factor 1 or i according as a=m or 5, etc., and the notation is otherwise as in Appendix 4. 


‘The momentum space commutator ga90(k—k’)5(x—x«’) by (3.5). Therefore 


C exp[ —ik: (x—x’) | 
[Aa‘t(x),Ag (x’) | hegasdn’ fa KI 5a) (KX) I aca) (KA) for ; 
(2) 


dw 
é exp —ik: (a—x’) | 
A, (x—2x's«)=1 fae ; 


(2a) 2w 


where w/< ky = (k®+-«°)!, we get finally 
[Aa'*)(x),Ag (x’) | incgaodN’ fd KI 56) (KA)I 5¢a) (KN Ay (x — x"; x)= ihcgaprAG.? (x; 2’), (A5.4) 


which is (4.8). From this and the identity (4.9c), one gets immediately [A4(x),A w)(a’) ] as given in (4.5). 
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Relativistic dispersion relations are used to derive equations for low-energy S., P 


, and D-wave meson 


nucleon scattering under the assumption that the (3,3) resonance dominates the dispersion integrals. The 


P-wave equations so obtained differ only slightly from those of the static fixed source theory 


I he cone lu 


sions of the static theory are re-examined in the light of their new derivation 


1, INTRODUCTION 
gether relations for the scattering of 


mesons by nucleons have been given by many 
authors.! Proofs’ based on the field theory formalism 
have been given for the special case of forward scatter 
ing by Symanzik, Lehmann and Jost, and Bogoliubov, 
for angles infinitesimally near forward by Symanzik, 
and for arbitrary angles by Bogoliubov. 

In the neighborhood of the forward direction, the 
dispersion relations express real parts of scattering 
amplitudes as integrals over sums of partial-wave cross 
sections. Since these quantities are at least in principle 
measurable, one has at hand a multiple infinity of sum 
rules which may be compared directly with experiment. 
This is the procedure which has been followed by 
Anderson, Davidon and Kruse,* by Haber-Schaim,‘ and 
by Davidon and Goldberger.® 

Another use to which the dispersion relations may be 
put has been pointed out by Oehme® who showed that 
in the static limit, provided higher waves than /=1 are 
neglected, the equations of the static P-wave theory are 
obtained together with a similar set of static S-wave 
equations. 

We will here consider the problem in an intermediate 
way, one which is motivated at the same time by the 
success of the static P-wave theory in correlating meson 
scattering and photoproduction experiments and by the 
observed dominance of the (3,3) resonance in dispersion 
integrals. In effect we shall assume that the (3,3) 
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resonance not only dominates dispersion integrals but 
exhausts them. Once this assumption is made, the equa- 
tions of the static theory follow naturally, since in the 
energy range of the resonance the nucleon recoil ve 
locity is small, v/es 4. Including effects of order v/< 
gives us the contributions to the dispersion integrals of 
the resonance region accurate to about 10%. Our most 
important conclusion will be that these assumptions 
lead to effective range relations for the P-wave phase 
shifts; they do not make possible a determination of the 
actual location of the (3,3) resonance, which must be 
taken from experiment. Once the (3,3) phase shift is 
known the S-, D-, and small P-wave phase shifts may 
be directly calculated in our approximation. The 
validity of the approximation is hard to estimate 
without knowing the partial wave decomposition of 
cross sections in the Bev region; order of magnitude 
estimates based on known total cross sections indicate 
that the resonant state is correctly given to about 10%, 
but that the contribution of high-energy cross sections 
to a typical small amplitude, although less than 10% 
of the (3,3) amplitude, is still comparable to the small 
amplitude itself. More detailed studies of this question 
are now being made. 

In Sec. IT we introduce the necessary variables and 
describe the transformation from relativistically in 
variant scattering amplitudes to a partial wave de- 
composition in the center-of-mass system. This material 
is not new, nor is it related to meson theory; we include 
it only for convenient reference. In Sec. II] we give 
dispersion relations and use them to derive equations 


for S-, P 


section 1s quite complicated, We advise the interested 


, and D-wave scattering. The algebra in this 


reader (as opposed to the dedicated one) to read up to 
and including Eq. (3.18), by which time the method of 
calculation should be clear. The essential results of the 
remaining algebra are contained in Eq. (3.20), (3.30), 
(3.33), (3.34), and (3.35). In Sec. IV we discuss the 
conditions imposed on the P-wave scattering amplitude 
by the P-wave equations, and re-examine the solutions 
of the static theory in the light of their new derivation. 
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2. KINEMATICAL CONSIDERATIONS 


Let the four-vector momenta of the incident and out- 


going pion be qg; and go, respectively, while those of the 


initial and final nucleon are p,; and py. Momentum- 


energy conservation, 


. pitqim=potq (2.1) 


means that only three of the four vectors are inde- 
pendent.’ We chose to consider the combinations 


P= 3(pit ps), Q=Raitgq), «=4(q g2), (2.2) 


as the three independent four-vectors. 
‘The mass shell restrictions, p= p2" 
1, mean that 


(2.3) 


so that there are only two independent scalars, which 
we may take as 


y P-Q/M and _ x’. (2.4) 


The second of these variables is one-quarter of the 
invariant momentum-transfer squared : 


'" (qi gq.) }q’(1—cos9), (2.5) 


where q is the three-vector momentum and 6 the scatter- 


ing angle in the center-of-mass system. Also 


y=vy,— (x*/M) (2.6) 


’ 


where v,, is the incident meson energy in the lab system. 
‘Thus v is almost equal to the lab energy for moderate 
momentum transfer, 

To form further invariants, we must use the Dirac 


operators. By virtue of the Dirac equation, 


(ty: pit M)m=0, 
(17° pot M )to=0. 


(2.7) 
Thus the invariants iy: p; and ty: py may be anticom 


muted through the matrix element until they act on 


0 
the initial or final spinor, respectively, where by (2.7 


} 
they give a constant. The same is true for iy-«=ty 
‘(po 
pendent scalar, 

The S matrix can be written 


pi)/2, so that only ty-Q remains as an inde 


S= by, (20) 6"( pot qe pi- qi) 


M? 4 
x( ) tleTu;, (2.8) 
4 Ey Eew we 


where £, and £, are initial and final nucleon energies 
and w, and w» the initial and final meson energies. The 


7In this paper four-vectors are represented by italicized sym 
thus: p. Three-dimensional vectors are represented by 
bold-face symbols, thus: p. The four-dimensional inner product is 
pq? Lprga=p'q— pogo. We also set h=c=y=1, where yp is the 
pi-meson mass. The nucleon mass is M. 
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M?, qi = qr 
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spinor normalization is 


thot, = yu,= 1. (2.9) 


Qur considerations have shown that 7 


written 


may be 


(2.10) 


where A and B are functions of v and x*, and are also 
Charge independence limits 
this last complication to a doubling of the number of 
8 be the state of the final 
3) and @ that of the initial. Then 


-+ al TB,T a |A ‘ 


matrices in charge space. 


functions. Let 
(8=1, 2. 


meson 


A pa=5paA™ (2.11) 
and 
Boa 


bgaBO +4] TB,Ta |B ” (2.12) 


where A‘*) and B‘? are simply functions of v and x’. 
It is frequently useful to express the (+) amplitudes 
in terms of the total isotopic spin. One finds easily 


K(AY—A), etc. (2.13) 


Finally we state without proof the relation between 
the A’s and B’s and the conventional scattering ampli- 
tudes in states of definite parity and angular momen- 
tum. For this relation it is convenient to introduce the 
center-of-mass variables 

W = total energy, 
total nucleon energy, 


x= cosé, 
In terms of these variables, 
W+M 
E+M 


(2.16) 


Here f; and fy are simply related to the scattering cross 
sections in the center-of-mass system: 


do a qoo-q: | 
a ( fit hs » 
dQ 9241 
where the symbol > represents a sum over final and 
average over initial spin states. In (2.17) we have 
suppressed the superscripts referring to charge states. 
Finally 


Dd fiuPur’(x)—-¥ fr-Prs'(x), 
l=2 


let) 


(2.18) 


’ 


fo=> (fi 


l= 


~ fir) Pi’ (x), (2.19) 


where /i, is the scattering amplitude in the state of 





LOW-ENERGY 
parity —(—1)!' and total angular momentum j=/+}. 
P(x) is the first derivative of the conventionally 
normalized Legendre polynomial. 

The f, are normalized so that 


(j+4) Imfi (2.20) 


Ti+, 
a7 


where a1 is the total cross section of the partial wave 
involved. ‘Thus, for energies below the two-meson 
threshold, 


sindy4 
fig = ett (2.21) 
q 


where 6,, is the real phase shift in the state /,; above 
this threshold a representation of the form (2.21) still 
holds, but with complex 6;,. 


3. DISPERSION RELATIONS 


The form that the dispersion relations take depends 
on the behavior of A(yv,x*) and B(y,x*) for very large 
values of v. In what follows we shall make a drasti 
(and probably incorrect) assumption about this high- 
frequency behavior: we shall assume that A and B 
approach zero sufficiently rapidly so that all the inte- 
grals we introduce converge uniformly (as functions of 
x’) in the neighborhood of x°=0. With this assumption, 
we have 


ReA ‘+ (v,x2) 


P r* | 
f dy’ ImA“ v0) ( t 
1—22/M y—p y 


gr 1 
Re B (v.x*) ( | 
2MNvyp-—v ovety 


P a 
} J dv’ ImB‘*? (v" x?) 
ra "7M 


l—« 


and 


Here vyp= — (1/2M)—(x*/M) and g,’ is the rational 
ized, renormalized (according to the Lepore-Watson 
renormalization convention®) pseudoscalar coupling 
constant. Experimentally, g,?/4r=<14. As 
symbol P stands for principal value. 

In this paper we wish to exhibit the consequences of 
augmenting Eq. (3.1) and Eq. (3.2) with the assumption 


of the dominance of the (3,3) state. Put differently, we 


usual the 


shall investigate the effects of (3,3) contributions to the 
integrals in Eq. (3.1) and (3.2). Now if the integrals 
in question do not converge sufficiently rapidly to 
make (3.1) and (3.2) meaningful equations, it is still 
possible to obtain valid equations by subtraction at 
some fixed value of v. The new equations so obtained 


*K.M. Watson and J. V. Lepore, Phys. Rev. 76, 1157 (1949) 
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will contain arbitrary functions of «? which do not 
present 
cannot be predicted by dispersion theory. We shall 
therefore take the point of view that the existence of 
these arbitrary functions is one among many high 


arise from resonant integrals, and which at 


energy effects which we shall not attempt to evaluate; 
we shall therefore use Eq. (3.1) and Eq. (3.2). Finally, 
in order to simplify the results, we shall make the valid 
approximation that the nucleon velocity is small in the 
resonance region; we shall, however, carry our results 
to include first order terms in this velocity (as opposed 
to the static limit, which keeps only zero-order terms) 
It should be understood, then, in the following that 
although we shall continue to write integrals with an 
infinite upper limit we really have in mind as an upper 
limit the energy at which the (3,3) state fails to domi 
nate, say three or four hundred Mev lab energy. 

We first change the variables in (3.1) and (3.2) to 
v,, and x* by means of (2.6). We tind 


P n & 
| dv,/ ImA (vy kK ) 


1 


(v1,K*) 


and 
Reb 


i. 1 1 
i 
vo VL Vo { Vi 2K? M 


£ 


J dvy’ ImB“? (vz'n*) 
ie 
| 1 
~ } ), (3.4) 
vei —vy ov +e 2k*/M 


where vy 1/2M. 
Next we solve (2.15) and (2.16) for f/f; and fo. We 
find easily that 


¢ LM (" + (W—M)By 

/ , 

' \ow ) te ) 
( M 1+(W4+MDB 

/ 

2W ) tn ) 


As long as we intend to carry our calculation only to 


a finite order in v/c (or equivalently 1/M), we save 
ourselves a great deal of trouble by expanding in 
powers of «*. It will become obvious that S-wave ampli 


Mf,” 


(although in fact they are greatly reduced from this 


tudes may be expected to be of order ey M 


value for reasons that are still obscure), 7? waves of 
tate here is of order 
M, as long 


as high-energy contributions to (3.3) and (3.4) are 


order f,? (although the enhanced 


unity, of course) and D waves of order [,’ 
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negligible. In any case, these orders of magnitude should 
be kept in mind as a basis for comparison of different 
terms. Here f/f, is, of course, the rationalized pseudo- 
vector coupling constant, [>= g,°/4M?. 

Let us write (2.18) and (2.19) in terms of «? rather 
than the c.m, angle @. Including D waves (but no 
higher), we have 


hi=fs—fort Vini( 


and 


2x? 
fo=JPy fort 3 )urm fny)te::, 
y 


where q¢’ is the ¢.m. meson momentum. 
If we set «=O in (3.7), we obtain 


{(O)=fst+3/f rs, (3.9) 


since fp“fg in the region of interest. Differentiating 
(3.7) with respect to «* and then setting «=0, we find 


fi (O)\>—6fry/¢’, (3.10) 


where again D waves have been neglected. Combining 


(3.9) and (3.10), we find 


fs=fil(0)+4¢/\'(0)4+~D waves. (3.11) 


The prime here stands for differentiation with respect 
to «*, ‘The argument zero also stands for «’. ‘The ampli 


E+M 
Ref gH f,(0)4 bg? f,*)”(0) 
4dr = 2W 


ss mf i yt/M ) p 
; 1 t 
2W 2M Vo Vi Vo { VL (vo + Vi y? T 
1 /3(W/+M)(1 
aero | ! 
k’—M ve te E'+M k'—M 


W’—M 3(1—¢*/q”) 
| t(W u)( 
i’ —M K'+M 


3(1—9q*/q”) 1 q’/M 
(W—M ( )) { ( 
hk’+M k'—M (vp’+v,)* 


where g’ is the nonrationalized coupling constant, 


g’= kr 


We next express everything in terms of center-of-mass energies, using the relation v; 


2w’ w 2w’ w 
IG t )e(4 = ) fam i), (3.20) 
M M MM 


‘There results, to the desired order in 1/M, 


fa‘ 
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[ A‘)(0)+4q@°A 


4 1 3(W"+M)(1 
i dv! Imf'(n ( 
1 vy! “VL kh’ } M 


3(W’+M) 


M; ¢ w w 2M 7 de! 
old a(t 
wl 2M 2M 2M r J, g” 
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tudes f(0), (0), etc., are of course still functions of 


energy. Similarly, 
6 
fry= fi (O)+5G fi" (O)+~F waves, 
y 
ley fry 
60 
foy= fi (O)+~F waves, 
y' 


(3.12) 
{(O)+4q? fo (O)4+-~F waves, (3.13) 
(3.14) 


6 
(fny— Soy) = fo’ (0) +-~F waves. 
y 


(3.15) 


Finally, on the right-hand side of Eq. (3,3) we shall, 
at least for the moment, keep only the (3.3) state 
that is, we write 


1 
ImA ‘*) (yp" x) 
dor 
3(W'+M)(1—2x*/q*) W’-M 
| : | Im/;'*?, (3.16) 
k'+M k'—M 


1 
Im B‘*? (vz «*) 


dir 


3(1—2x*/q’) 1 
| Jimi, (3.17) 
M 


(3.18) 


k'+M k! 
where 
f;' +) 


§fo3, fs 4 f 33. 


We first calculate. the resonance contribution to the 


S-wave amplitudes: 


»)(0) + (W — M)(B(0)+3¢BO’(0)) | 
y’, q””) 
q’/q”) W'—M 


W’—M 


t 
h’+M k’—M 


3 1 
Treen) mae 
E'+M Kk'-M 


2/ dor. 


= (W?— M’—1)/2M. 
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where w= W— M, w’= W’— M, and terms of order 1/M 
relative to those kept are left out. 

We see that the strong energy dependence of /; pro- 
duces no reflection on the S-wave energy dependence, 
which to a high degree of approximation is given (ex- 
cept for the trivial phase space factor M/W) by a 
constant for /t) and a constant times w for f~’. 

It is a simple matter to add the low-energy contribu- 
tion of the S-wave amplitude under the integrals. Here 
we may be very careless in taking nonrelativistic limits, 
since the term f2/(E—M) in Eq. (2.15) and (2.16) 
receives no contribution from S waves. Thus, to lowest 
order in 1/M, 


Sf sSZA (x*=0) /4er, (3.21) 


so that Eq. (3.20) becomes 


wW w 
Ref |(r- Xr! Jae (rert d! ')] 
2M 2M 


Fr 1 1 
+ fu Imfs° i rr) — | (3,22) 
w Lw’—w w'+w 


where explicit expressions for \‘*’ are provided by 
Eq. (3.20): 


gy 2M do’ 2w’ 
ho = = f (1+ ) Im/fs‘*)(w’), (3.23) 
2M rd q? M 


ge 4M edo’ 
h@ =_—-+-— f- Imfs~ (w’). 
2M ard gq” 


These are the Oehme® equations. Now the contribution 

of the S-wave integrals in (3.22) at threshold is small, 

so that A‘*’ may be determined by experiment. 
According to Orear,’ 


{%(q=0)= 
{VY (q= 0) 


{()=—0.02, f—(0)=+0.09, 


(3.24) 


—0.11, 
+0.16. 


thus 


and 


AH =0,01, A =0.6. (3.26) 


These numbers for \‘*) are in fact not inconsistent 
with (3.23) and (3.24) integrated over the (3.3) reso- 


Re(fpy'*? — fry?) 


3(W’+M) (1 
M+ KE’ 


1 
x Imfa(*?(v1")| | 
l»,/- VI 


1 | 3(W’'+M) 
vil +L h'+M 

q?/M 

ne 

(ve +z)? 


§ J. Orear, Phys. Rev. 100, 288 (1955). 
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¢/q") W'-M 3(1—¢'/q") 
- +(W4 u)( 
k'~M 


W’—M 
(1—¢°/q") ~(W+ u)( 
k’—M 


3(W'+M) W'-M 
K'+M  K'-M 
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nance. We prefer not to take such an agreement seri- 
ously since the approximate constancy of high-energy 
cross sections (as observed in rays) argues 
strongly against the validity of Eq. (3.1) as it stands, 
so that at least one subtraction must presumably be 
made in Eq. (3.1). 

Of course, if one is primarily interested in calculating 
threshold scattering the partial wave reduction we have 
performed is unnecessary since only S waves contnbute 
at zero kinetic energy. The constants \‘*? should there- 
fore be calculated directly from (3.1) and (3.2). The 
result of such a calculation for A“? is inconclusive, 
whereas for A’, as carried out by Haber-Schaim,* it 
yields a number in surprisingly close agreement with 
(3.25). This presumably means that in practice no 
subtraction need be carried out to make (3.1)°? a 
correct equation. 

We turn next to the derivation of ?-wave equations. 
We calculate first 


Sry — fry fo (O) + 4G fo” (0) 


1/E-M 
( ) A‘*)(0)— 4q?A (0) 
4r\ 2W 


+ (W+M)CB™ (0)+4¢B (0) |}. (3.27) 


COSMIC 


The Born approximation to (3.27) is easily found, 
since (3.19) and (3.20) inform us that 


1 /E+M 
( Jar M)[B*(0)+4¢B(0) ]] orn 
4n\ 2W 
M g” w w 
DMCs h 
W 2M 2M 2M 


E~M 
( jouw | M)[ B‘*?(0) { by? B)'(0) io 
2W 


Thus 


(3,28) 


y w w w 
=F) =(a) 
w 2M 2M 2M 


where {?= g*/4M’*0.08. 
The contribution of the (3.3) integrals is, however, 
different from the S-wave case: 


gy P r* dv,’ 
4M m W 
1 
M+k’ k’—M )| 


7) 
k'--M 
5 1 | 
w+m)( )} ; 
k’'+M k'-M 


3(1 q’/ q’”) 
k'+M 
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Again we express v, and v,’ as functions of w and w’ a 


ners 


qf? 


WwW 


2M 


Re(f py'*? fpy'*’) 


(1 


w 


GOLDBERGER, 


LOW, AND NAMBU 


nd expand in powers of w/M and w’/M. The result is 
Ww 

a) 

P s 

J 

1 


, 


1 
f 
M wo'+w 


1 


dw 
(—Imf;‘* (w’) 
qy” 


) (3.30) 


ty 
Tv 


1 
(=— 
w’—w 


Notice that except for the added constant 1/M, all 1/M corrections under the integral have gone into the energy 


W—M. That is, the form of (3.30), except fc 


variable w 


wr the added constant, is the same as in the static theory”; 


the difference is in the meaning of the variable w, which is now obviously the appropriate one for describing low- 


energy P-wave scattering. 
Next we calculate /p4: 


6 
Ref py fi" (0) +4 fx""(0) 


Y 
I 
(5 


tM 
W 


ua t'(())4 


M 


) 


t 


votvy) 


6(W—M) 


4g?/M? 73(W'4 


igor. 


An entirely analogous reduction of this equation gives 


vii tv, \ 4 


k’+M 


hry 
6 Re 
qq 


) 


if) 


| (3.3.3) 
w’ +w 


6 
xX Im/py | 
w—w M 


Before going on to a discussion of these results, let 


us find expressions for the D waves 


60 


fpr )"(()), 


ef, 


2 (w’) 


+ 


“dw Im ly ; 


(w’+w)? 


(fps fy) fo (0), 


q 
0 (;. F Chew and F. E. Low, Phys. Rev. 101, 1570 (1956), 


M 


} (3.34) 


by A)”"(O)+ (W— M)(BO'(0)4+-4gBO"(0)) J, (3.31) 


) 
vot v,)* 


6(W'+M) 1 OCW 


= + 
( Mq” 


3 


x 


f dv,’ Imf, (vz') 
1 


M) 


4q?/M?\ P 


T 


1 


) 
) 


E’+M E'-M 


Y 
24 


(vi' +1)" 


(W u( 


*) 


M) 1 


)] 


or 
(fp? 


lg f? 1 edo’ Imf;"* (w’) 


+ 
3m 


| (3.35) 


(using 


J 


4. DISCUSSION OF RESULTS 


(w’ t+w)* 


w mds gq” 


The P-wave equations may be rewritten 


(2.1.3)) 


8 /*¢° 16 gq’ da’ Imf33(w’) 
Refi, 


Ww 


he fay 1 Refi, a 
14 


J 


a Im fate 
, 


4f*77" ¢ dos’ 
t 


T 


"y 


3 q ° 


WwW 
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These equations are almost the same as those of the 
static theory” (with the same assumption, of course, 
that the resonance region dominates so that the con- 
tributions of the “small phase shift” states may be 
neglected). To obtain the static equations from (4.1), 
one simply replaces g* by v*(q)qg* where v*(q) is the cutoff 
function, w by (1+g*)! [the reader will recall that 
here w is the total center-of-mass energy: w=’, 2M 
+ (1+ °)'], and finally one drops the explicit 1,M 
terms in (4.1). Since all of these changes are small ones 
in the resonance region, we have in (4.1) a “derivation” 
of the static theory and a method of partially under- 
standing its agreement with experiment. 

Let us repeat this last point, since it is an important 
one. ‘The reason the static theory agrees with experi 
ment is that in the integrals on the right-hand side of 
the dispersion relations the resonance region dominates, 
so that Eq. (4.1) holds; Eq. (4.1) is in turn a conse- 
quence of static meson theory, provided that there also 
one assumes the dominance of the resonance integral 
for low-energy phenomena. What we have achieved, 
therefore, is not really a complete derivation of the 
static meson theory, but a set of instructions on how 
that theory must be used and which of its results are 
believable. 

Let us replace Eq. (4.1) by the static equations [see 
reference 10, Eq. (40) |: 


g’v(q) — g’v"(q) du’ 
Ref.=)q { Pp 
w T J q/*v"(q’) 


, A ap Im fg(w’) 
x + > . 


/ = fd 


Ww Ww a) 


Im fa(w’) 
(4.2) 


and look for solutions subject to the one-meson approxi- 
mation and to the condition that the (3.3) resonance be 
properly located. These may or may not be such that 
the (3.3) resonance integral dominates for low values 
of w, depending on v*(qg) and, in the event of the existence 
of several solutions,!! on which one is chosen. All those 
solutions which have substantial non(3-3) resonance 
contributions to the right-hand side of (4.2) for small w 
we throw out. This will include all of those solutions 
having zeros in the low-energy region since these will 
necessarily also have extra resonances which will con 
tribute to the integrals. 

As shown in reference 10, the solutions of (4.2) for 
w not too large are roughly of the form 


Naf /w 
a= : (4.3) 
1 T IX off” WwW 


independent of the shape of the cutoff function (pro 
vided it is singular enough to produce the observed 
resonance), and provided there are no zeros of fa. As 
shown in reference (11), however, any zeros whose 


4 Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956) 
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corresponding resonances do not contribute to the 
right-hand side of (4.2) must be on the real axis, but 
quite far from w=0, so that they result only in new 
effective ranges for the three states. 

If one actually tries to solve Eq. (4.2) for the location 


of the resonance, one finds 


(4.4) 


1 33> W, 1 Il “Wimaxy 


Where @max is the cutoff energy. The location of the 
resonance at a moderate energy with a small coupling 
constant /*=0.08, therefore, necessitates a high cutoff, 
Winax>l. This circumstance in turn insures the approxi 
mate constancy of the effective ranges rq. 

This set of statements may be approximately deduced 
directly from Eq. (4.1). In particular, if we consider 


1/91 and 1/M>>1, then the equation for fy; becomes 


Aq? q dw’ Im/ ; (w’) 
f 

"> / 
T q° Ww ) le 


(4/3) /* or, for a narrow resonance, 


1 du’ 
i] Im f33(w’) 
rd? 


Ay’ Ww 


(4.5) 


with A 


where (4.6) follows from (4.5) provided w,—w>>I' 
where I’ is the width of the resonance; in going from 
(4.6) to (4.7) we have actually integrated (4.3) over 
the resonance, again assuming the width to be smail. 
One may also derive (4.7) directly from (4.5) by noting 
that for w>>w,, f3,;~0; thus the integral in (4.6) must 
equal X. 

Thus the effective-range formula is approximately 
with (4.1) for any the 


equation does not, therefore, determine the resonance, 


consistent resonance energy ; 
since the left and right sides are approximately equal 
for any w,. ‘Thus small terms in the equation, such as 
1/9, or 1/M, or /’, or the high-energy contribution, will 
actually determine the precise location of the resonance 
In this way we can reconcile the cutoff dependence of 
the resonance energy predicted by Eq. (4.4) and the 
dominance of the resonance integrals in Eq. (4.2). 

We conclude that the shape of the resonance curve is 
determined by our considerations once the position of 
the resonance has a given value; this position how 
ever, we have not been able to determine from first 
principles 

For the small phase shifts, we have only to do the 
integrals over dw’. We find easily 
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where we have again set I’, 1/M, and 1/9 approximately 
equal to zero. 

Let us summarize: the assumption of the dominance 
of the (3.3) contribution to low-energy dispersion 
integrals, together with the experimental location of 
the (3.3) resonance, leads to the following results: 


(1) The P-wave phase-shifts approximately satisfy 
effective-range formulas 


haf’ 


cot6,—1 WW a, 


with 


An (8/3) /*, Aas $/?, Ais= Aa ay, 


fy8a=1/H,, 11> 


¥\3= 731 — 143. 
Also, to order 1/M, fis= fa, a8 in the static theory. 
(2) The S-wave amplitudes should be approximately 
given by the two zero energy scattering lengths, \“ 
since we have not considered the addition of any arbi- 
trary constants, the only interesting fact that emerges 
is that even to order 1/M the strong energy dependence 
of the (3,3) state has no reflection in the S-wave energy 
dependence. 
(3) The D-wave phase shifts are approximately 
given by” 


9 


112 Ww , 
bpy! rol + ( ) | (4.10) 
9 \w+o, 


"The D-wave phase shifts given here have been previously 
obtained by V. Wataghin (unpublished). We would like to thank 
Dr. Wataghin for informing us of his results 


28 w 2 

ing! dof 2 ( ) ; (4.11) 
9 \wtw,7 - 
32 w : 

into] 4 ( ) | (4.12) 
9 \wtu,/ - 


* w : 
bpy'= do] 8+ ( ) | (4.13) 
9\wt+w, 


[with Ap=(1/15)(f?/M)q*/w* |, as one finds simply 
by carrying out the integrals in (3.34) and (3.35) in 
the zero-width approximation. Now \p~0.21° atw=w,, 

so that the D wave phase shifts are all very small. 
Since, however, 5p,! is of the order of magnitude two—~ 
degrees at ww,, and since the weighting factor for a 
j=5/2 state is 3, the present analysis in terms of P 
and § states is unreliable as far as the small ? phase 
shifts and S phase shifts are concerned in the resonance 
region. 

Finally, which of these results will survive the addi- 
tion of contributions from high-energy cross sections? 
It is our tentative opinion that only the (3.3) amplitude 
will stand this test, since the others, with the possible 
exception of /;;, are so small that very small corrections 
can change them by their own order of magnitude: 
the present theory predicts 6;;~63:;—4° at the reso- 
nance, which is just the order of magnitude of the 
high-energy contributions we have estimated from the 
known total cross sections at 1 Bev. The chances of 
the present theory adequately describing 63, 63:, and 
the D waves are thus very small. A slight consolation 
is perhaps that the argument can be turned around, 
and eventual measurement of 5); and 63; used to provide 
information on the high-energy cross sections. 
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Relativistic dispersion relations for photomeson production, analogous to the pion-nucleon scattering 
dispersion relations, are formulated without proof. The assumption that the 33 resonance dominates the 


dispersion integrals then leads to detailed predictions about the photomeson amplitude 


An attempt is 


made to keep first order (in v/c) nucleon recoil effects. Except for the latter, the predictions of the cutofi 


model are generally reproduced 


A. INTRODUCTION 


HE preceding article’ has applied the relativistic 

dispersion relation method to a discussion of low- 
energy pion-nucleon scattering; the purpose of the 
present paper is to extend the dispersion approach to 
photomeson production. Two distinct problems will be 
faced: First the general dispersion relations for photo- 
meson production must be formulated, and second a 
way must be found for approximately evaluating at 
low energies the integrals which occur. 

Sections B and C of this paper will be concerned 
with the formulation of the dispersion relations while 
D and E describe an attempt to evaluate them on the 
basis of the assumption that the 33 resonance domi- 
nates all integrals. In Sec. F a formula for the complete 
low-energy photoproduction amplitude is written down 
and discussed. 


B. KINEMATICAL CONSIDERATIONS 


2. Let the four-vector momenta of the incident 
photon and outgoing pion be denoted by & and 4, re- 
spectively, while those of the initial and final nucleons 
are p; and po. Momentum-energy conservation, 


pitk = potg, 


means that of these four momenta only three are inde- 
pendent. We choose to consider the combination 


P=} (pit pr) 


together with k and q as the three independent four 
vectors. 


(2.1) 


(2.2) 
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t Dispersion relations for photomeson production have also 
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The mass shell restrictions, p= p?? M?, ¢’ :. 
and k?=0, means that only two independent scalars 
can be formed from our three independent vectors. 
We ( hoose 

P-k/M 


P.g/M, (2.3) 


and 
vi) q:k/ 2M. (2.4) 

‘To form further invariants, one must use the photon 
polarization « and (or) the nucleon Dirac operator y. 

3. The most general S-matrix element must be a 
function of Lorentz invariants so it is useful to enumer 
ate all the independent invariant quantities involving ¢ 
and y. Remembering that 


VV VV n= 26y,, (3.1) 
and that 


(3.2) 
(3.3) 


(iy: pitM )u,=0, 
(17> pot M )u.=0, 


where 4, and wu, are the Dirac spinors associated with 
the initial and final nucleon states, it follows that the 
only independent invariants involving y are y-e and 
yk. The reason is that yp; and y: py can be moved 
via (3.1) either to the extreme right or the extreme left 
of the S-matrix element, where they may be eliminated 
by use of (3.2) or (3.3 
placed by y-(pi~ pot) from momentum conservation, 
The only independent scalar products involving ¢, in 


The quantity y-g can be re 


addition to y-«, are ?-e and q-e, since k-e= 0. 

The matrix element must, of course, be linear and 
homogeneous in € but from (3.1) it follows also that it 
can at most contain 7-& linearly. Because y-& anti 
commutes with y-e all factors of yk may be brought 
together and by (3.1) reduced to the zeroth or first 
power. A substantial further restriction on the form of 
the matrix element results if we consider in addition the 
requirement of gauge invariance 

4. Stated concisely, gauge invariance demands that 
if € is formally replaced by & the matrix element must 
vanish. Taken together with the considerations of the 
preceding section, this requirement allows only four 
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Matrix elements of 9 
charge configurations 


Tassie I for the four possible 


ont +p on? +n 


l 1 
0 0 
1 1 


1+? 


yn 


independent functions of y and e: y-ey-k, P-ey-k 

vy: eP -k, qe k—y €] k, and P €q k q eP-k. It 
will turn out that a certain linear combination of the 
first and second of these forms is more convenient than 
the second alone. Also a factor y; must be added to 
each because the meson being produced is pseudoscalar. 


We are thus led to define the four fundamental forms: 
M 
My 
M, 
My 


rysy eyk, (4.1) 


21y3(P-e- k-—P ky €), (4.2) 


- 1 kg 6), (4.3) 


7 kP-¢ 


Y 5(¥ eq k 


2ysly-eP-k iMy-ey-k). (4.4) 


Phe factors ¢ and 2 are for convenience in subsequent 
calculations.’ 

Combining all results to this point, we see that the 
complete invariant photomeson transition matrix ele 
ment may be written 


H=M,A+MyB4+-McC+M pD, (4.5) 
where the quantities A, B,C, D are functions of v and 
v, a8 well as the nucleon isotopic spin r. It is under 
stood, of course, that (4.5) is to be sandwiched between 
initial and final nucleon spinors in the standard manner 
ollu,? 

5. The isotopic spin analysis has already been given 
by Watson.’ If one denotes the isotopic spin index of 
the outgoing pion by ~, there are three independent 


nucleon isotopic spin combinations possible : 


S,°" A (rats T3Tp) = 643, (5.1) 


I! } (rg73— T3TQ) b[ 78,73 |, (5.2) 


(0 


I4 Tf. (5.3) 


combinations are chosen so as to be 
For future refer 
ence we present in Table I values of the matrix elements 
of g‘*” 
Note that the superscript (+ ,0) bears no simple rela 


These particular 
either Hermitian or anti-Hermitian 


for the four possible charge configurations. 


tion to the charge of the meson being produced. 
It is now possible to make the isotopic spin depend 


2 For purposes of orientation, one may remark that the non 
relativistic limits of these forms are as follows: M,-iw@-e, 
Wn oiwq- ta (k-—q), Meio qX (kXe)+i%e-2, and Mp 
q: (kX), where o, q, k, and w are as defined in Sec. (7). 

*A discussion of the limitations imposed by gauge invariance 
essentially equivalent to that given here has been published by 
Z. Koba et al., Progr. Cheoret. Phys. (Japan) VI, 849 (1951) 

4K. M. Watson, Phys. Rev. 95, 228 (1954) 
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ence of the amplitude explicit by writing 
A“ (v,v1) 9," 


+A ' (vv) Ip! 4 (v,v1)9—° 9 


A(v,v1,7) 


(5.4) 


with a similar decomposition for B, C, and D. The 
problem has thus been reduced to 12 invariant func- 
tions of the two variables v and v;. These will be re- 
ferred to in general as 1/,(v,v,) where j runs from 1 to 12. 

6. Now let us investigate the consequences of cross- 
ing symmetry. The most convenient expression of this 
symmetry arises from an exchange of incoming and 
outgoing nucleon lines in the Feynman diagrams, which 
one can show is achieved by setting pi= — p2, po= — pi 
and taking the transpose conjugate of the nucleon spin 
and isotopic spin operators. The photon and meson 
variables are untouched. Since P-»— P and since each 
of the y’s which occurs anticommutes with each of the 
others, we see that under crossing 


Ms—Ma, Mp-Mp, Mc>—Mc, Mpo->Mpy. (6.1) 


The chosen isotopic spin operators also have a pure 
crossing symmetry. Evidently 


IV gt), g-— i—g gg, (6.2) 


’ 
Finally observe that under crossing 


vo—v, VIN, 


so that in order to satisfy the crossing requirement 
AY”, B®, CO), and D*” must all be even functions 
of ywhile A, B,C, and D™ are odd functions. 

The standard symmetry considerations have now 
been exhausted but one general principle still remains 
unexploited— the unitarity of the S matrix. It is well 
known‘ that, for photoproduction, unitarity relates the 
phase of an outgoing state of well-defined angular 
momentum, isotopic spin, and parity to the phase of 
the corresponding scattering amplitude. The above de- 
composition of the photomeson amplitude into twelve 
parts H;, however, does not correspond to an eigenstate 
expansion. In order to apply unitarity, it is necessary 
to find the relation getween the amplitudes H; and 
eigenamplitudes. 

7. Let the complete photoproduction amplitude be 
denoted by /f, such that the differential cross section 
for meson production in the barycentric system is 

da q 
=~|(2|5)1)|’, 
h 


(7.1) 

dQ 
where the matrix element indicated is taken between 
initial and final Pauli (not Dirac) spinors. For a given 
isotopic spin configuration, it is then possible to write 
5 as follows 


oqo: (kXe) 
I 
gk 


J=10-efi4 2 
ia-kq-e io qq-e 
F3+ 5 


9 


a 


+ (7.2) 


4) 


gk 
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where f;---f, are functions of energy and angle in the 
barycentric system and q and k are the meson and 
photon three-momenta. The angular dependence may 
be made explicit through an expansion involving deriva 
tives of Legendre polynomials : 


DY My AE Pua’ (x) 


l=0 


+[ (1+-1)M, thy IP, (x), 


=> [(1+1)My+1M Py (x), 
l=1 


x [Eu- M,, Piya’ (x) 
l=1 
{ [hey + M, IP, i’ (x), 


Fs Zz [M1, = Ku - M, . ky Py’ (x). 
lel 


Here x is the cosine of the angle of emission in the bary 
centric system and is related to v, by 


x= (kw,—2Mv,)/kq, (7.7) 
if wy=(qg’+1)'. The derivation of formulas (7.3) to 
(7.6) is lengthy but can be carried out by straight 
forward methods which have nothing to do with meson 
theory. 

The energy-dependent amplitudes M,, and £4 refer 
to transitions initiated by magnetic and electric radia 
tion, respectively, leading to final states of orbital 
angular momentum 7 and total angular momentum 
1+ 4. Superscripts (+ ,0) may be added to each quantity 
in formulas (7.2) to (7.6) in order to designate the iso 
topic spin character of the transition. 


-M Dy 


defined by (4.1)--- (4.4), in terms of the spin combina 


It is possible to express the operators M4- 


tions introduced in (7.2) so long as the initial and final 

states do not contain antinucleons. By a straightfor 
ward comparison, one then arrives at a set of linear 
equations connecting the four amplitudes A, B,C, D to 
the four amplitudes /,- + + #4: 

2W 5, 
F, 4dr 
W—M ((M+:)(M+E,) }! 


2M v, 
M)D-+ (C—D), (7 
W-—M 


A+ (i 


M 
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2W 1 Ts 
dor 


W—M [(M+E2)(M+E,)}* q 


(W—M)B+(C—D), (7.10) 


2W (M+E.\!5, 
I, Aor ( ) 

W-M\M+Eh,/7 ¢? 
(W+M)B+(C-—D). (7.11) 
As in the scattering problem, W’ is the total energy 
in the barycentric system. However, here we must 
distinguish between the initial energy £, 
(k®-+- M*)! and the final nucleon energy Ey= (q?+ M?*)!. 
Some identities helpful in deriving the above relations 


nucleon 


and in further calculation are as follows: 


v=[(W?— M?)/2M |—v, (7.12) 


vi= (1/2M) (kw, k-q), (7.13) 


(7.14) 


(7.15) 


k/(M+E,) 


W?— M*=2kW. (7.16) 


The preliminary machinery is now complete. To 
proceed further we need a new physical principle —in 


this case to be provided by dispersion relations 


C. THE DISPERSION RELATIONS 


8. ‘The assumptions which led in the case of scatter 
ing to the forms given by Eqs. (3.1) and (3.2) of the 


preceding paper lead to a similar result here, That is, 


| 1 
Re//;(v,v1) n( t ) 
Vp—Vv vate 
1 4 
ml 
Wey 


/ 


v 


dv’ ImI1,( v.00) 


where 
Vv; k q 2M, 


and 


(8.4) 


These last two forms are the same as for scattering if 
keg is replaced by qi-ge. The principal value of the 
integral in (8.1) is as usual to be understood ; obviously 
the plus signs are to be used with the even //,’s and 
the minus signs with the odd ones 

The poles at + vy in (8.1) correspond once again to 
the renormalized Born approximation, with the Pauli 


magnetic moment term included explicitly. The residue 
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turn out to be: 


RLA‘” he, fs, 


1 
Ri Baew ( het 
2Mv, 


R(C |= RD ] 
R(C ]= RED} 


Bf (unr Mr), (8.6) 


Bf (rr +h), (8.7) 


where wp,’ and wy, are the rationalized anomalous stati 
nucleon moments (no form factor) and e, and f, are the 
rationalized and renormalized electronic charge and 
pion-nucleon coupling constant,' respectively. That is, 
1.78¢,/2M, pnre=—1.91e,/2M, 

1/137, fP/49= 0.08. 


/ 
MPr * 


8.8) 
e,’/4x (8.8) 


An important special characteristic of the photo- 
production problem, when electromagnetic radiative 
corrections are ignored, is the linear dependence of the 
amplitude on e and uw. In other words it is possible to 
consider those parts of the amplitude generated by e 
separately from those generated by the magneti 
moment.’ We make this separation explicit by writing 


Alt = A ft") 4 (8.9) 


(+0) 
A, , etc., 


doubling the number of independent amplitudes but 
simplifying the Born terms. In other words, 


REA, # = REB,*"") 


RIC{4*” |= RUD” ]=0, (8.10) 


while the residues for A ,‘*"’, B,{*", C,"*", and D,‘*" 
are as given in formulas (8.4) to (8.7). 


Practically all the general remarks made in the pre 


ceding article about the scattering dispersion relations’ 


apply also to (8.1). One must assume that each of the 
amplitudes H,(v,v,) vanishes for infinite vy and that a 
continuation to the nonphysical range of the variable 
v, (which corresponds to «* in the scattering problem) 
is possible. Fourth-order perturbation calculations give 
support to these assumptions.’ In what follows, the », 
continuation will be made via Legendre polynomials 
even though considerations pointed out by Symanzik*® 
indicate this method to be questionable. 

9. The first step in the implementation of (8.1) is 
the change of variable from v to W and the replacement 
of A, B,C, D by Fy---F4, using (7.8)-(7.11). These 
changes produce relations much more complicated than 
(8.1) but if unitary is to be employed so as to express 
the imaginary parts of the amplitudes in terms of 

* A physical basis for this separation may be seen if one reflects 
that the nucleon anomalous magnetic moment is independent of 
ein the sense that it can be changed by the addition of new (heavy) 
meson fields. Formally the separability of e and yw parts is made 
possible by the linear character of the photomeson unitarity con 
dition. In contrast to the case of scattering, where the imaginary 
part of the amplitude is given by a quadratic form, the imaginary 
part of the photoproduction amplitude is a bilinear function of 
scattering and production amplitudes—-so long as electromagnetic 


radiative reaction is ignored. 
*K. Symanzik (private communication) 
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scattering phase shifts, the complication seems un- 
avoidable. By a lengthy but straightforward calcula- 
tion we find 


1 s 
Re (W,v,)=F 8+ J aw'| ImF\(W’,v1) 
© 


M+1 
1 W’+W—4M>,/(W—M) 
—_ | 
W’—W 
. IP" 


W"+W?—2M’?—4Mr, 
1 | 


— + 
W'+W W"?+W*—2M*—4My, 


0 F(W’,v1) F,(W’,v;) 4M, 
+ ( ) im 4 | ; 
1 


}, on 
W’—M W'+-M JIW—M 


1 a 
ReF (Wn) = F#+- f aw’| tmes(W'») 
Tv M+i 


1 
| oo 
W'—W 


- ImP(W"] 


W!+W—4Mv,/(W4+M) 
W244 W?—2M—4M yy | 

1 W'—W4+4Mv,/(W4+M) 
WW W842 4My, | 


0 F3(W'y1)) Pa(W',v1) | 4M vy 
+ ( Jim + 
1 


; ; (9.2) 
W'—M W’'+M JW+M 


ImF;(W’,v) 


1 wx 
ReF 3(W v4) = FF + f dw’ 
Ww M+! 


| 1 —W'+W-—2M+4M»,/(W’— | 
4 

W'-—wW W"4+-W?—2M*—4My, 

1 
+ IFW") 

W'+W 
2M —W’'—W+4M»,/(W'+M) | 
W”?+W?—2M?—4Mr, 
£2 Im Fi(W",1:) + F (Wr) ] 
1 
x , (9,3) 
W"+-W?—2M?—4M», 


1 en 
Ref, (W v1) = FF + f aw’! ImF,(W’,v) 
TY M+i1 | 


I 
_—_ 
W’—W 


1 
+ Imi s( u ‘sl 
W'+W 


—~W'+W+2M | 


W"+W?—2M*—4M >, 


—2M —W'—W+4M»,/(W’— ~| 
t 


W"+ W?—2M*—4M>, 


F z Im[ Fy ( Wy) +f 4/ W’',v1) } 
1 


x - ; (9.4) 
W"+W?—2M*—4M vy, 
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where in each case the upper signs go with the isotopic 
superscripts (+) and (0) and the lower signs go with 
the superscript (—). 

The Born terms induced by e are 


2M 2M 
t | (9.5) 
2% M2 W*—M*—4Mp, 
2M(W-M) + 
+ | 
W+M W?—M?*—4Mp, 
1 | 2M 2M(W+M) | 
f ’ 
2MvyltW—M W?—M?*—-4M>y, 


F,# , — Ff, ier | 
HW 


1 2M 


Jr (9.6) 
2M vy, 


Cr 


FB = —herfr 


while those induced by u are 
bf rr 
2M 
| ; 
W+M 


F,,®= 


2M (W—M)—8M?*v,/(W =| 


W?+ M*+4My, 


F,, sta bf rr 


(9,9) 


2M 
Fa 


2M (W+M)—8M?*r,/(W+M) | 
W—M 


W?+ M?+4M yr, 


4M 


Fy,°=F,,? (9.10) 


+ b fbr ’ 
4M v,—W?+ M?* 


where the abbreviation uw, means py,’ —Har in the case 
of isotopic superscripts (+) and (—) 
Myr thn in the case of superscript (0). 

10. From this point, the most sensible path to 
follow is not clear. We shall assume that the polynomial 
expansions (7.3)-(7.6) are legitimate (even though 
under the dispersion integrals values of x outside the 
range —1 to +1 are involved) and by projection we 
shall form dispersion relations in which individual 
multipole amplitudes occur on the left-hand side. In 
each case on the right-hand side, under the integral, 
an infinite sum of multipole amplitudes will occur and 
a method must be found for evaluating this sum. 

An exact evaluation is, of course, out of the question 
until an understanding of very high-energy phenomena, 
including K-particles and hyperons, is achieved. The 
success of the cutoff model,’ however, suggests that if 
only the sub-Bev range of the integration is considered, 
sensible results may be obtained. The dominance of the 
low-energy 33 resonance is presumed to be responsible 
for this circumstance. 

We shall consequently keep only /=0 and l=1 (S 
and P) amplitudes under the integrals and in addition 
neglect multiple-meson production. Furthermore we 
shall everywhere expand in powers of 1/M and keep 
only terms of zeroth and first order in 1/M. It is 
conceivable that the main results to be obtained are 


and means 


7G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956) 
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more generally valid than the method of derivation 
indicates. The approach described here should be re- 


garded only as a first attempt. 


D. EVALUATION OF THE DISPERSION INTEGRALS 
IN THE STATIC LIMIT 


11. ‘To gain an orientation in the photoproduction 
problem, where the details can be very complicated, 
we begin by writing down the static (M= ) limit of 
the dispersion relations for the electric dipole amplitude 
leading to a final S state and the electric quadrupole 
and magnetic dipole amplitudes leading to final 7 
states. These relations are obtained by projection from 
(9.1)-- 
the individual multipole amplitudes. Introducing w 

W—M and then setting M= «, 


-(9.4), using (7.3)---(7.6) in order to identify 


one finds 


x 


Reko, (w) ko, B | [ day’ 


we) 


| 1 1 1 
xX \— Imo, 7) f | 


w'+w 


1 M, (w’) Mi,(w’) 
2( Jin : 
ft) k'g’ 


6 fu’ Ey (w') | 
Im : 
Duy k'g! 


, 
| Ww WwW Ww 


(11.1) 


ky, (w’) 1 ] 
Im t 
LJ / , 
WwW WwW « 


, 
a) fw 


(11.2) 


M,,% 


| M, (w’) M ,,(w’) | | 
dus’ } Im | | | 
| k'g! w’—w w'+w 


670 Bry (w") | 
} ( Jin thao 
w NI k’q’ | 


M,(w)+2Mi,(w) My8+2M,," 
Re 
ky kq 


tr? 3s My (w’)+2M ;, (w’) 
{ [ du’ Im 
hk’! 


] ] 

x t | 
, / 
ww ww 


Wwe; 


(11.4) 


where the isotopic spin convention is the same as in 
Kys. (9.1)-(9.4). 
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12. The Born terms associated with yw are very simple 
in the static limit: 


Ih B+ 
LO, 


Ky, Pts 


2M, BA4+My BO 


kg 


where f, w,’, and ww, are now nonrationalized constants. 
‘The Born terms associated with e are more complicated 
so we postpone their consideration. It is worth mention- 
ing here, however, that a well-defined group of the 
1/M corrections to the static limit of the e terms turns 
(12.4) 
with pw,’ replaced by e/2M and y, equal to zero. In 


out to have precisely the same form as (12.1) 


other words, if the folal nucleon moments are used in 
(12.1)---(12.4), rather than the anomalous moments, 
a well-defined group of 1/M effects is correctly included. 

It is evidently consistent with Eq. (11.2) to set Ay,, 
equal to zero, a result which agrees with the cutoff 
intuition. Further, with no 
electric (11.3) (11.4) 
equivalent to those of the cutoff model for the ampli 


and with one’s 


quadrupole, Eqs 


model’ 
and become 
tudes referred to in reference 7 as 3C' and 3%, except 
that the cutoff factor here is missing. If, however, all 
important contributions to. the dispersion integrals 
occur for w less than the cutoff energy (~1 Bev), the 
solutions of the cutoff-model equations must approxi 
mately satisfy Eqs. (11.3) and (11.4). These solutions 
of the dispersion equations are probably not unique 
and we do not understand at present how to justify 
their selection without using the cutoff model as a 
guide. It would be surprising, however, if any other 
solutions should be physic ally interesting so long as the 
neglect of high-energy effects is correct. 

13. The solutions of the four equations for M,,,°+ 
indicated by the cutoff model are simple multiples of 
the corresponding P-wave scattering amplitudes : 


1 Mp Bn Kp Bn 
M4, 4° hy, : fia’? 
kg 2/ 2/ 


(13.1) 


The ? amplitudes /,,‘*’ are detined by formula (2.20) 
of the preceding paper and comparison of the static 
dispersion relations (4.2) of the preceding paper satisfied 


by fi,{*’ shows immediately that (13.1) is consistent 
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with (11.4). The group of four amplitudes M,,,,‘*? is 
precisely equivalent to 3" in reference 7 if the full 
nucleon magnetic moments are used.* 

Reference 6 gives no closed form solution for 5C%, the 
amplitude equivalent to M,,,,“ here, but from a prac- 
tical standpoint the Born approximation should be 
adequate. The Born term to begin with is small (since 
Mp tHn=0.88e/2M, in contrast to wp—bn=4.09e/2M), 
but also the dispersion integrals, in equations for iso- 
topic type (0) amplitudes, contain only /=} contribu- 
tions, which are uniformly small at low energies. We 
shall therefore make no effort to improve the Born 
approximation for M,,,,“. 

14. The remaining equation (11.1) for the electric 
dipole amplitude generated by yw, has no counterpart in 
the cutoff model even after the electric quadrupole 
term is dropped. We are correspondingly uncertain as 
to the correct method of treatment, but the argument 
can be made that under the dispersion integral only the 
large J=},7=% magnetic dipole amplitude need be 
considered ; in particular the electric dipole terms under 
the integral, which are proportional to S phase shifts, 
may be dropped. We are then led to the results 


Kos, wt (w) } 
— f(y = Mn) 


2 My 4 (w')— Muy, p(w’) 
f da’ Im é 
Ww?); k’g’ 


16) 


(14.1) 


Foy, w' '(w) 


0 (14.2) 


’ 
w 


Fox, »° (w) 


I (Mp thn): (14.3) 


w 


The contribution of the 33 resonance to the integral 
in (14.1) is of such a sign and order of magnitude as 
to make a substantial cancellation of the large Born 
term. It is impossible at present to make a reliable 
calculation of the remainder but it may be quite small. 

15. Let us turn our attention now to the e amplitudes 
in the fixed nucleon limit. The Born terms here are well 
known,’ at least before decomposition into multipoles : 


o-(k—q)q-e 
ioe 2 — | (15.1) 
(k—q)’+1 


The multipole analysis of (15.1) is perhaps not so well 


*It should be observed that in the cutoff model the nucleon 
moments occurring in the formula corresponding to (13.1) carry 
a form factor, whereas here we have only the static moments. 
rhis puzzling circumstance, shown below to persist even when 
1/M effects are considered, is presumably due to the basic in 
ulequacy of the cutoff model with respect to Lorentz and gauge 
invariance, 
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known but is straightforward, the first four terms being 


Koy. Pa : 


Fs, 


Q) 
(0 
ef | 1| F My 
la | 


oP! 0 | 2M, F t,0) 


where 


(15.6) 


if v=qg/w is the outgoing meson velocity. 

Higher e multipoles are not negligible but are pre- 
sumably well approximated by the Born terms alone. 
That is to say we need to add to (15.1) only the dis- 
persion integrals associated with Fo,,, £y4,-,and Mi, ., 
as given in Eqs. (11.1)-(11.4). The estimation of these 
integrals is the difficult part of our problem. 

16. Equation (11.2) for the quadrupole 
amplitude is relatively simple, since it contains no 


electric 


coupling to the electric dipole and magnetic dipole 
amplitudes. ‘To analyze this equation, we first introduce 
cigenamplitudes of total isotopic spin through the 
relations 
Ei4,6 , 4 Ey, ft ae Pp 


Es, o' bE is, 0! Wa - (16.1) 


One of course sets /,,,,‘"’ equal to zero. Then defining 


O;=3E,, ,!, kq, (16.2) 


Eqs. (11.2) lead to 


ReO,(w) =F gt 


ImO7(w") 
| 


ImO;/(w’) 
(16.3) 


/ 
wd W 
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where 


and 


(16,5) 


Equation (16.3) is substantially simpler than the 
corresponding Eq. (39) obtained in reference 7 on the 
basis of the cutoff model. The earlier equation con 
tained two variables rather than one and was conse- 
quently less tractable. Presumably the physical con 
tent of the two equations is the same although this 
fact has not been proved. 

The unitary condition tells us that Q; has the phase 
e°'8 while Qy has the phase e", The type of argument 
used in reference 7 then says that if there were a cutoff 
a solution to (16.3) could be found of the form 


* 


nik g(w) { inslw) f day’ 
v 1 


ver , 

q'% (q’*) nikkg(w ) 

x t 
w”? w’ Ww 1€ 


O1(w) 


Gar(w’) 


(16.6) 


w’ | Ww 
where 1 (q'*) is the cutoff fac tor, 


eels sindy3 
hrs , (16.7) 


g'v" (q*) 


and Gg;(w’) is an unknown function to be determined 


by the crossing requirement, 


+ 1Crn Or (oe) (16.8) 


Phe introduction of a cutoff at this point is, of 


course, not really legitimate since we are supposed to 


be considering a local theory At the present time, 
however, we do not know how to discuss solutions of 
equations of the type (16.3) in the absence of a cutoff, 
Therefore, to make any progress at all, we are forced 
to assume that those features of the cutoff solution 
which persist in the limit as the cutoff is removed are 
features of the local theory. It will be seen below that 
there is no cutoff parameter in our final formulas. 
Satisfaction of the unitarity requirement by (16.6) is 
easily seen if the delta-function part of the integrand 


is separated out. This leads to a term 


ie"!4 sind;ynrl ag, (16.9) 


which when added to the Born term gives back the 
latter multiplied by a factor e'* coséy5. The principal 
value part of the integral is of course real and by itself 
leads to a contribution which satisfies unitarity. 

The part of the principal value integral proportional! 
to nig converges without the cutoff factor and is 
roughly independent thereof. Calculation shows this 


part to be small; the reason is the rapid decrease 
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(~1/o*) of Fg at high energies plus the extra factor 
of w/w’ which somehow crept into the quadrupole 
integral. In configuration space one would say that 
electric quadrupole mesons arise from the outer surface 
of the nucleon and do not suffer a strong interaction 
after production. 

Because the known part of the principal value inte- 
gral in (16.6) is so small as to be marginally detectable 
by present experiments we have not made an effort to 
solve for Ger. We believe that Gg; can be determined, 
however, by numerical methods if not by analytic, and 
improvement in the experimental determination of the 
quadrupole amplitude will make such a calculation 
worthwhile. For the moment we shall be satisfied with 
adding the delta-function term (16.9) alone as the 
quadrupole correction to the Born approximation. 

17. The same type of analysis as the above can be 
carried out for the magnetic dipole equations (11.3) 
and (11.4). In terms of eigenamplitudes of isotopic 
spin and angular momentum, defined by 


M/k, (17.1) 
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where 


The J/=43,J , /=% is a char- 
acteristic of the static limit and will not persist in a 
fully relativistic treatment. 

It is interesting to note the appearance of the electric 
quadrupole term under the integral in (17.2). The 
magnetic dipole equations derived in reference 7 from 
the cutoff model were completely decoupled from the 
quadrupole, but at the same time, of course, they con 
tained two variables rather than one. The source of 


these differences deserves further study but we have 


} equivalence to J 


nothing to report now. 

If the approach used to discuss the quadrupole 
equation is applied to (17.2), one again arrives at the 
conclusion that the principal value part of the integral 
analogous to that occurring in (16.6) is probably so small 
as to be barely detectable. This time there is a logarith- 
mic dependence on the cutoff because the extra factor 
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of w/w’, present in the quadrupole integral, is missing. 
However, the Born term in the important 33 state is 
smaller here by a factor 3. We therefore propose to 
add as the magnetic dipole correction to the Born 
approximation just the delta-function term 
ie sinbatal’ y. (17.5) 
Further study of Eq. (17.2) should certainly be made 
to see if a better determination of the dispersion 
integral is possible. 

18. The final and most difficult of the static limit 
dispersion relations is (11.1) for the electric dipole 
amplitude. The cutoff model is almost useless here as 
a guide and, as in the case of S-wave scattering, it 
seems necessary to concede ignorance and include some 
arbitrary quantities in the amplitude. 

First of all, any attempt to evaluate the parts of the 
dispersion integral in (11.1) which involve M, and E, 
will give results proportional to the cutoff, if the cutoff 
model is used to estimate £, and M,. The part of the 
integral involving Eo can be estimated by an iteration 
of the Born term but current knowledge of the energy 
dependence of S phase shifts is so inadequate that 
nothing more than an order of magnitude estimate is 
believable. Of course, unitarity requires part of the 
correction to the Born term to be of the form (16.9) 
and (17.5). 

Because the S phase shifts are smal] in the low-energy 
region under consideration, it is legitimate to replace 
sind, by 6, and cosé, by 1. We then write the electric 
dipole amplitude generated by e as 


1 0 
Fox, e'* (w) ( yrs 
ef 1 
2 (5, 63) wi\ oF 
+is( ) +( ), (18.1) 
4 (26, +63) wN & ) 


where VV‘ and .V“~ are unknown real numbers which 
we hope are roughly energy independent. [The other 
unknown electric dipole amplitude (14.1) may be in- 
cluded in the definition of V“.] Order of magnitude 
theoretical estimates suggest that the quantities NV‘) 
are probably no larger than ~0.2 in absolute value and 
they may be negligible.’ As discussed below, experi- 


® Assuming small S phase shifts everywhere and the approxima- 
tion to F,,,and M,,, described above, Eq. (11.1) leads to 
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ments indicate that both V™ and V© are smaller 
than 0.1. 

In contrast to the situation regarding dispersion cor- 
rections to the electric quadrupole and magnetic dipole 
amplitudes, it seems likely that an evaluation of NV ‘*? 
will require a major advance in our understanding of 
pion physics. In particular, the theory of S-wave 
scattering must be placed on at least as firm a footing 
as that for the P wave before progress can be expected 
with the electric dipole calculation. 


E. 1/M CORRECTIONS TO THE STATIC LIMIT 


19. Because the accuracy of many experiments on 
photopion production is now ~10% or better it is 
worthwhile to attempt to improve the static limit by 
considering first-order nucleon recoil effects, at least 
for the large parts of the amplitude. Let us survey the 
static limit results in order to identify the large terms. 

First of all there is M,, ,‘*, which in the static limit 
is given by (13.1). This amplitude is large, partly be- 
cause 4,—s, is large and partly because the large 33 
scattering amplitude is contained in the / factors. In 
contrast M,,,) is small because yp+u, is small and 
the 33 amplitude is absent. All the electric dipole 
amplitudes generated by mw are small and the electri: 
quadrupole vanishes completely in the static limit." 
Of the u-generated amplitudes, then, we need to correct 
only Mi4, ,°*’. 

Among the e amplitudes the Born term (15.1) must 
be considered large and requires correction. All dis- 
persion integral additions to (15.1) are small, however, 
so that 1/M modifications are unnecessary. The recoil 
problem for the e part of the problem is then very 
simple: One simply calculates the 1/M parts of the 
standard Born approximation. 

The results of this calculation are surprisingly trivial. 
As mentioned in Sec. (12) a group of the 1/M e terms 
simply augment the anomalous proton moment by an 
amount e/2M so that if the full proton moment is used 
in all formulas involving yu,’ these corrections are 
accounted for. A second 1/M correction is easily 
identified with the current due to motion of the final 
state nucleon. This contribution turns out to be 


1 + T3 1 
ef Tg 
) 


“ IVE) 


ig Qq:e, (19.1) 


which is a mixture of S and D waves vanishing at 
threshold and acting only when the final particle is a 
proton. The remaining correction is simply to multiply 
the entire Born term (15.1) by a factor (1+a/M)"+. 
The latter statement requires the qualification that 
in (15.1) as well as formula (7.2) the quantities g and 
k are the exact (or at least accurate to order 1/M) 
values of the meson and photon momenta in the bary 


© The vanishing of £,,,% is maintained in order 1/M 
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centric system. Confusion is possible here because the 
three quantities w=W—M, w,=(q’+1)!, and & are all 
equal in the static limit but differ in order 1/M. Also, 
of course, the laboratory and barycentric systems are 
indistinguishable in the static limit. 

The factor (14+w/M)~ is often considered to be 
associated with phase space but because of our starting 
definition (7.1) of & we here associate the factor with 
what we call the amplitude. There is, of course, no 
physical content in this departure from conventional 
proc edure. 

20. The essential part of the recoil problem, then, 
lies with the magnetic dipole amplitude induced by the 
nucleon magnetic moment. By a straightforward calcu 
lation, keeping 1/M terms, the relations which replace 
(11.3) and (11.4) for the uw case turn out to be 
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These equations should be compared to the P-wave 
scattering equations (4.1) of the preceding paper, 
which we reproduce here for ease of reference : 
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w—w wtw M 
It should be added that Eqs. (20.3) and (20.4) differ 
from Eq. (4.1) of the preceding paper in that they con- 


tain contributions to the integrals from the small 
P-wave scattering amplitudes, which are of course 


Re hy‘*? (w) + 2hy"* (w) | 


(20.4) 


numerically negligible. 

Both in the scattering relations, (20.3) and (20.4), 
and in the photoproduction relations, (20.1) and (20.2), 
orbital angular momenta of 2 units and higher have 
been discarded under the dispersion integrals. The 
legitimacy of this neglect is not clear but, with the 
present state of knowledge about scattering phase 
shifts, it seems the only practical course to take. 

Notice that even when one includes 1/M corrections, 
the first and the third of the above four photoproduction 
relations have the same form as the first and third of 
the P-wave scattering relations. The simple propor- 
tionality (13.1), then, would continue to satisfy these 
two magnetic dipole equations. However, the second 
and fourth dispersion relations differ between scatter- 
ing and photoproduction when 1/M terms are kept. 
Let us see how much alteration in (13.1) this difference 
requires one to make. 

21. The dominant amplitude in both scattering and 
photoproduction belongs, of course, to the 33 state. 
By taking appropriate linear combinations of the above 
equations, one finds for the 33 amplitudes the relations 
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where the indices 1, 2, 3 have the significance explained 
in Sec. (17). One may now substitute the simple trial 
solution 


M ,,*(w) Mp Mn 
hy(w) (21.3) 


kg 2/ 
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into the right-hand side of (21.1) to see how well it 


reproduces itself. The error is a constant, 


(21.4) 
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: ive M 1,7(w’) — Mi,3(w’) 
: dw’ 
3M Tw’; k'q’ 


which can be approximately evaluated, if one assumes 
a sharp 33 resonance at w= 2, to be 


1 


5S (Mp ies Mn). 
3M 


(21.5) 


The error (21.5) numerically is no larger than 1/M? 
corrections which have systematically been dropped, so 
we shall assume (21.3) and thus in general (13.1) to 
be of adequate accuracy. 

Presumably the reason that a factor (1+w/M)~ is 
not needed in connection with (13.1) as it was for 
(15.1) is that such a factor is already contained in the 
scattering amplitudes hg. 


F. COMPLETE PHOTOPRODUCTION AMPLITUDE TO 
ORDER 1/M. DISCUSSION 


22. We summarize the results of the preceding con- 
siderations by writing down complete expressions for 
the three fundamental amplitudes ft’, f, and f. 
To facilitate the writing, the following combinations 
of P-wave scattering amplitudes are introduced : 


Wt) = 4 (hy + 2hy3+ 2hg1+-4h33), 
A 4 (hy, — hy3+ 25, — 2h), 
h— > =4 (hy, + 2hy3—hg,— 2h33), 
h'—~ =4(hy— hy 


(22.1) 
(22.2) 
(22.3) 
hsithgs), (22.4) 
as well as the constant 

A= (gp—Bn)/4M f?, — 1.91. 


where g,=1.78, gy 


One then has 
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The dominant terms here are those containing the 33 
scattering amplitude multiplied by \. All other terms 
may be regarded as perturbations. Omitted from (22.5) 
are “small” P scattering amplitudes multiplying Fe 
and Fy, which arise from (16.9) and (17.5). These 
could be included without difficulty but numerically 
they are no larger than 1/M? corrections. 
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Next we have 
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Here, in addition to terms containing Af/3, the Born 
part of the e amplitude is very important. 
Finally there is 
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This amplitude has no iarge part at all and may be 
considered as +) and §“). The 
chief significance of 7°) is that it gives rise to a differ 
ence between the cross sections for positive and negative 


perturbation on § 


meson production. 

23. In a paper to be published later, the above ampli- 
tudes are used to calculate various experimentally 
measurable cross sections. [t turns out that with the 
unknown terms .V‘t’ and A 
f?=0.08, no serious discrepancies between theory and 


set equal to zero and 


experiment are apparent up to the resonance energy. 
This value for f? is in good agreement with determina- 
tions based on scattering experiments. 

In closing, it should be emphasized again that the 
results given above by no means represent a definitive 
evaluation of the dispersion relations (8.1), even if one 
assumes the latter to be valid. Our central assumption 
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has been that under dispersion integrals, the only 
significant contributions arise from the 33 resonance, 
but beyond this many further approximations have 
been made. The extent to which the cutoff model has 
been used as a guide also should not be ignored. There 
is as yet no real justification for the identification of the 
cutoff equations with dispersion relations, 

The practical results of this paper seem so similar 
to those of reference 7 based on the cutoff model that 
it is worthwhile to emphasize the differences. As men 
tioned already in reference 8, these differences are at 
least partly due to the lack of Lorentz and gauge in 
variance in the cutoff model. 

First there are trivial modification which could be 
guessed on the basis of plausibility considerations. 
These are the ‘phase space factor” (14+@/M)"', the 
imaginary parts of the electric dipole amplitude pro 
portional to S phase shifts, and the nucleon recoil 
current contribution (19.1). The absence of the cutoff 
factor also could, of course, be guessed. Nontrivial new 
results are the real electric dipole terms NV“), V“ and 
the corresponding term in 5° 
the threshold negative to positive ratio. Only the latter 
is predicted quantitatively but a qualitative under 
standing of \ and \ has been ae hieved. Also the 
absence of magnetic moment form factors from the new 


which is responsible for 


results should be noted. Finally it should not be for 
gotten that simpler equations for calculating “secondary 
scattering” corrections have been achieved even though 
these equations are as yet unexploited, 

With luck, if we have made no serious mistakes, the 
final amplitude written above may have an accuracy 
~5-10% in the subresonance region. It will certainly 
deteriorate rapidly above resonance. Some further 
improvement of the theoretical formula should be 
possible but a basic limitation will necessarily remain 
due to electromagnetic radiative effects, which among 


The fact 


that radiative corrections are strong enough to produce 


other things destroy charge independence 


a 4°, difference in mass between neutral and charged 
the 


minimum error possible within the charge-independent 


pions shows that we must already be close to 


framework of calculation 
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Growing Electromagnetic Waves 


V. A. Battey 
University of Sydney, Sydney, Australia 
(Received January 21, 1957) 


NDER this title J. H. Piddington has published 

a paper’ in which he arrives at the following 
conclusions with regard to the theory of electromagneto- 
ionic (EMI) waves: 


(1) “The growth of radio and other electromagnetic 
waves predicted by the EMI theory is spurious and 
does not depend on any real transfer of energy from 
the gas to the waves. 

(2) No new waves, other than four types already 
recognised, result from the various ion movements 
allowed in the EMI theory.” 


For this purpose he uses the Lorentz transformation 
and (effectively) the following criterion : 

If an observer A is at rest relatively to the electron 
gas and a second observer B moves with a constant 
velocity relative to this gas, then the observations of A 
are real but those of B are unreal. (Piddington calls A 
the MI observer and B the EMI observer.) 

On becoming aware of this fact many critical readers 
of Piddington’s paper would find it difficult to proceed 
with it, for this criterion is directly contradicted by 
Einstein’s principle of (special) relativity under which 
all inertial frames of reference are equally valid for 
expressing the laws of nature. 

Thus, Piddington’s conclusions (1) and (2) given 
above are based on a false criterion and therefore they 
have not been proved true. 

Qn the other hand, the conclusions of the EMI 
theory are consistent with the principle of relativity, as 
may be seen by examining the relativistic formulation 
of it which was published previously by this author.? 

Since this theory shows by means of generally 
accepted principles that spatially growing wave modes 
can exist and that when they exist there is a real 
transfer of energy from the streams of charged particles 
to the waves, Piddington’s conclusions (1) and (2) 
are wrong. 

The error in Piddington’s views about the transfer 
of energy becomes clearer on noting that the observed 
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transfer of energy is different in different frames of 
reference. This is shown by the following simple 
example: a light particle of mass m moves to the right 
with the velocity »<c, collides elastically with a heavy 
body of mass M>>m which is at rest relatively to an 
observer O,, and rebounds to the left (with the velocity 
—v). This collision is also viewed by observers O2 and 
Os who are moving relatively to the heavy body with 
the velocities » and —v, respectively. O, observes no 
resulting change in the energy of the particle, while 
Oz and O, observe respectively a gain of energy and a 
complete loss of energy by the same particle. Each of 
these observations is physically real, and so none of 
them is illusory as Piddington’s views would lead him 
to conclude. 


! J. H. Piddington, Phys. Rev. 101, 9 (1956). 
?V. A. Bailey, Phys. Rev. 83, 439-454 (1951). 


Application of an Approximate F-Center 
Wave Function. Magnetic Hyperfine 
Interactions in KClIt 


F. J. ADRIAN 
Applied Physics Laboratory, The Johns Hopkins University, 
Silver Spring, Maryland 
(Received April 10, 1957) 


EHER has recently used a double spin resonance 

technique to study the hyperfine structure of 
the F-center electron spin resonance line in KCI.! 
Both the isotropic (Fermi term),? and the anisotropic 
magnetic hfs constants, which we denote as a and J, 
respectively, were determined for the nearest neighbor 
potassium and chlorine ions. 

Gourary and the author® have recently calculated 
the a’s for the nearest neighbor ions in LiF, using a 
relatively simple F-electron wave function which had 
been orthogonalized to the ion-core orbitals by the 
Schmidt process. This function is 


gr=N[vr—Lili| Pi), 


where the nonorthogonal function Wr was obtained from 
a variational calculation using a point ion lattice. ‘This 
method is equally applicable to the calculation of the 
b’s. Comparison of such a calculation with Feher’s 
results is desirable, since it will provide another test 
of this F-center wave function, and give some idea as 
to its usefulness in future calculations. 

The details of the calculation, which are given in I, 
will be summarized briefly. To calculate a or 6 for a 
given ion, one uses, respectively, Eq. (50) or (51) of I. 
vr is the type III ground-state function of I. Hartree 
functions are used for the ion-core orbitals. Asymptotic 
series for the overlap integrals are derived by expanding 
Wr about the ion being considered. With the exception 
of the diffuse Cl- 3p function, these asymptotic series 
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converged rapidiy, and at most two terms were needed. 
If one uses only the first term, the results for ion s 
have the form 


a(s)A,|\Wr(s)|?; b(s)=B,| (dpe/dr),\?, 


where r is the distance from the center of the vacancy.® 
The coefficients A, and B, are properties of the ion 
and its nucleus alone, and Wp and its radial derivative 
are evaluated at the nucleus of the ion. The above 
formulas are useful for extrapolating results from one 
substance to another since the parameters of ~r vary 
smoothly with interionic distance. 

The calculated results, in Mc/sec, are a(K*) = 35, 
b(K®)=1.0, and a(Cl®)=12. Feher’s experimental 
results are a(K*®) = 21.6, b(K*®) =0.95, and a(C|*) =7.0. 
The calculation of b(Cl) has been omitted because of 
failure of the asymptotic series. More laborious methods 
could be used, but it is inadvisable in view of the 
sensitivity of calculations involving the negative ions 
to small changes in the variational parameters of rp. 

These results do show that the relatively simple 
wave function used can give the correct order of 
magnitude for most of the magnetic hfs constants. 
Consideration of these results and those of I indicates 
that the positive-ion results are the most reliable, the 
agreement improving with increasing interionic distance. 

The author is indebted to Dr. G. Feher for the 
opportunity of seeing an advance description of his 
experiment. Miss Martha Neuman did the numerical 
calculations. 

t Work supported by the Bureau of Ordnance, Department of 
the Navy. 

1G. Feher, Phys. Rev. 105, 1122 (1957) 

* First determined by Kip, Kittel, Levy, and Portis, Phys. Rev. 
91, 1066 (1953). 

4 B.S. Gourary and F. J. Adrian, Phys. Rev. 105, 1180 (1957). 
Hereafter referred to as I. 

‘Kt: D. R. Hartree and W. Hartree, Proc. Roy. Soc. 
166, 450 (1938). Cl>: D. R. Hartree, Proc. Roy. Soc, 
156, 45 (1936). 

5 Farlier, D. L. Dexter [Phys. Rev. 93, 244 (1954) ], and J. A. 
Krumhansl [ Phys. Rev. 93, 245 (1954) ], proposed similar methods 
for calculating a. Krumhansl’s method is used in I to get a(K®) 
=29 Mc/sec. However, their methods are not immediately 
applicable to the calculation of b. 
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Paramagnetic Resonance Hyperfine 
Structure of Np’**} 


M. ApranaM, C. D. Jerrries, R. W. Kepzir, 
AND J. C. WALLMANN 


Radiation Laboratory and Physics Department, 
University of California, Berkeley, California 
(Received May 2, 1957) 


HE discrepancy between the spin value of Np 
as measured by Conway and McLaughlin! using 
optical hyperfine structure (J=4), and the value 
inferred from various decay scheme studies? (J = $) has 
led us to redetermine the spin by an independent 
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method: microwave paramagnetic resonance absorp- 
tion.’ Using this technique Bleaney, Llewellyn, Pryce, 
and Hall‘ have investigated the paramagnetic resonance 
of long-lived Np*’ incorporated as NpO,** ions in a 
single crystal of UO,Rb(NOs)s. Their results are in 
good agreement with a spin Hamiltonian: 


=, BHS.+g,8(HS,+H,S))+ASi1, 


+B(1,S,+1,S8y)+PU12—4l+t)]; (1) 


are the crystalline field principal axes, 
S=}, I(Np*7)=§%, g,=3.40, g:0.2, A=(+)0.1654 
cm™, B=0.0178 cm™, P= (—)0.0301 cm™, B= Bohr 
magneton. We have prepared 4 ug (~1 curie) of Np™ 
by thermal-neutron irradiation of U™* in the Materials 
Testing Reactor at Idaho Falls, Idaho. This was 
incorporated, together with 3 wg of Np’, as NpO,t* 
in a single crystal of UO.Rb(NOs)3 weighing about 
200 mg; KBrOs was added to the aqueous growing 
solution to maintain the Np (VI) oxidation state. The 
crystal was installed in the microwave cavity of the 
paramagnetic resonance apparatus previously described® 
with the crystalline z axis approximately parallel to 
the de magnetic field 7. Examination of the spectrum 
at 4.3°K showed a pair of lines near g,—3.4 which we 
attribute to Np™. We thus conclude that /(Np™’) = 4, 
confirming the earlier result of Conway and McLaugh- 
lin.! The Np resonance lines were first seen with a 
signal-to-noise ratio of about 20; this decreased to unity 
after about 12 hours because of radiation damage. No 
lines attributed to Np*? were observed, presumably 
because the large quadrupole interaction in this case 
makes them more susceptible to radiation damage. 
Thus our experiment does not rule out the possibility 
that there is perhaps an isomeric state of Np™® with 
I = §. 

Detailed resonance data were obtained by rotating 
the wave guide and cavity containing the crystal about 
an axis perpendicular to the H field. The position of 
the two Np™ lines was found to fit within about 1% 
the first order theoretical expression [Hee (hv+- 4A) 
g,8 cosé, which is obtained from the Hamiltonian (1) 
for /=4, assuming 0<45°, where @ is the angle between 
H and z, and »v is the microwave frequency (9380 
Mc/sec in our case). The best fit is obtained by taking 
£,,= 3.40, A(Np*) =0.05034-0.0005 cm! and cosd 

cosa cosy where y is the (variable) angular position 
of the crystal about an axis perpendicular to 7, and 
a19° is the fixed minimum angle between z and H 
The angle a should be zero if the crystal were perfectly 
aligned in the cavity ; in our case this is not true because 
the active crystal was quickly aligned by simply sighting 
with the eye. The excellent fit of the observed lines 
to the theory establishes them as certainly a hyperfine 
doublet, and we believe that the observed spectroscopic 
splitting factor g,, establishes their chemical identity 
They clearly could not be due to Pu™ (7 = 4) as PuO,*, 
for which Bleaney et al.‘ report g,,= 5.4, g,~0, A = 0.0862 


where x, y, 2 
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cm', B4 in the crystal used here. There remains 
the remote possibility that the Pu™ in the crystal, 
resulting from the decay of Np”, exists as Pu (IV) 
and might be observed with, fortuitously, the g factor 
of NpO,**, An experiment to rule out this possibility 
will be attempted. 

A crystal containing 0.3 ug Np” and 100 yg Np”? was 
also prepared, This showed only the Np”? lines (both 
allowed and forbidden), but the Np” lines were too 
weak to be seen. 

A separate experiment in which we attempted to 
dynamically polarize Np™ nuclei by saturating the 
forbidden paramagnetic resonance transitions as sug- 
gested by Jeffries® was also performed. No y-ray 
anisotropy was observed (€<0.05%), which is con- 
sistent with J(Np*) = 4. 

Using the value A(Np*’) of Bleaney ef al.4 and our 
value A(Np”") quoted above yields the ratio of the 
nuclear g factors: 


g(Np™) | /| g(Np™)| = A (Np™")/A (Np™) 


3.287+0.04. 


Neglecting hyperfine structure anomalies, this gives for 
the magnetic moment ratio 
|w(Np”’) u( Np) 16.45+0.17. 
Taking the value |w(Np*7)|=624-2.5 nm of Bleaney 
et al.,* we find |w(Np™)|0.3 nm. 
We wish to thank Professor B. B. Cunningham for 
his helpful discussions and advice. 


t Supported in part by the U. S. Atomic Energy Commission. 

‘J. G. Conway and R. D. McLaughlin, Phys. Rev. 96, 541 
(1954), 

* Hollander, Smith, and Mihelich, Phys. Rev. 102, 704 (1956); 
Smith, Gibson, and Hollander, Phys. Rev. 10&, 151 (1957); 
J. M. Hollander, Phys. Rey, 105, 1518 (1957); Newton, Rose, 
and Milsted, Phil. Mag. (to be published); I. Perlman and 
I. Asaro, Annual Review of Nuclear Science (Annual Reviews, 
Inc., Stanford, 1954), Vol. 4, p. 157. 

* See, e.g., B. Bleaney and K. W. H. Stevens, Repts. Progr. in 
Phys. 16, 108 (1953); K. D. Bowers and J. Owen, Repts. Progr. 
in Phys. 18, 305 (1955). 

‘ Bleaney, Lewellyn, Pryce, and Hall, Phil. Mag. 45, 991, 992 
(1954) 

® Dobrowolski, Jones, and Jeffries, 
(1956), 

°C. D. Jeffries, Phys. Rev. 106, 164 (1957). 
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Electrical Properties of BaTiO,} 
Containing Samarium 


Grorce G. HARMAN 


Electron Devices Section, 
National Bureau of Standards, Washington, D. C., 
and University of Maryland, College Park, Maryland 
(Received April 10, 1957) 


HE properties of BaTiOs have been shown to be 
sensitive to impurities.'® Work in this laboratory 
has revealed that BaTiO; containing samarium has very 
unusual electrical characteristics associated with its 
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Fic. 1. Resistivity vs temperature for BaTiO;+0.1 mole % 
Sm,O;. Note the change of abscissa scale from 108/T (°K)~! 
in the left-hand portion to T°K in the right-hand portion. 


crystallographic transitions (Fig. 1). In the tetragonal 
region (O— 120°C) the resistivity is almost independent 
of temperature, but at constant temperature it decreases 
with increasing applied voltage (noted also in other 
temperature regions). This voltage dependence is too 
large to be explained by non-ohmic contact effects. As 
the temperature increases above the Curie point 
transition (about 120°C), the resistivity rises rapidly 
through several orders of magnitude until about 250°C 
(not shown in the figure) when the resistivity then 
decreases with increasing temperature. The resistivity 
in all temperature regions varies widely with a small 
change in the percentage of samarium. 

Below the 0°C transition the material displays 
characteristics of a semiconductor with a small thermal 
activation energy (0.1 ev). The —80°C transition 
produces a very small jump in the curve (unnoticeable 
in Fig. 1) but results in no apparent change in properties. 
Thermal hysteresis is observed around the various 
transitions. 

At room temperature the material gives large front 
to back resistance ratios, when tested with a phosphor 
bronze point contact using dc voltage. Alternating 
current, however, experiences little or no rectification. 

Optical measurements indicate that samarium intro- 
duces one or possibly two absorption bands between 
0.9 and 1.5 ev below the optical absorption edge (3.1 at 
room temperature). 

The only electrodes employed so far have been silver 
paint, indium-gallium, and evaporated silver (soldered 
with indium). The latter two are by far the best, 
though not entirely ohmic. Aging effects at room 
temperature, in the form of an increase of resistance 
with time, are ascribed to contacts. ‘Temperature 
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cycling above 250°C with ac voltage applied helps to 
stabilize the resistance. Quenching through the Curie 
point has not apparent effect on this aging process.’ 
When relatively high voltages are applied, the current 
becomes independent of the voltage and the material 
acts as a current (or voltage) regulator. This effect is 
due to the Joule heating developed in the material 
which raises the temperature above the Curie point. 
Under these conditions there have been no aging effects 
noted over a period of several weeks. 

A rigorous explanation for the observed effects is not 
available at the present time. The percentage of 
samarium is high enough to lead one to suspect impu- 
rity-band electrical conduction. The crystallographic 
changes at the BaTiO, transitions would be expected 
to modify the band structure and thus the conductivity. 
It is possible that the conductivity is due to overlap 
of the wave functions of the inner-shell (4/) electrons 
in the samarium. 

The material used so far has consisted of 106 
stoichiometric,’ spectrographically pure BaTiOs with 
from 0.025 to 0.2 mole percent Sm.Q3 introduced as the 
nitrate. The samples were pressed and then fired on 
platinum for 20 to 30 hours at 1350°C. This long 
firing has been found necessary to diffuse the impurity 
throughout the specimen.‘ 

Future work will involve studies of other ferroelectrics 
and antiferroelectrics, with additions of various 
4f- and 5f-type rare earths. Because of the tetragonal 
nature of BaTiOs there exists the possibility of obtaining 
controllable anisotropic conductivity. Tentative meas- 
urements have indicated a very high thermoelectric 
power and this will be further investigated. 

The author wishes to acknowledge valuable discus- 
sions with Dr. Alan Franklin. 


I% 


t This work was supported by the Department of the Navy, 
Bureau of Aeronautics 

‘See for instance, J. P. Remeika, J. Am. Chem. Soc. 76, 940 
(1954); A. Nishioka, J. Phys. Soc. Japan 11, 180 (1956); K. 
Oshima et al., J. Chem. Phys. 24, 903 (1956). After the manuscript 
was submitted the author’s attention was called to the following 
note: H. A. Sauer and S. S. Flaschen, Ceramic Industry 66, 95 
(1956). 

2 J. Meisinger, Z. angew. Phys. 8, 422 (1956). 

*W. S. Clabaugh et al., J. Research Natl. 
56, 289 (1956). 

‘Samples were kindly prepared by Harold Johnson, 
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Prediction of Delayed-Neutron Precursors* 


G. R. Keepin 
University of California, Los Alamos Scientific Laboratory, 
Los Alamos, New Mexico 
(Received May 3, 1957) 


ECENT studies on the delayed neutrons from six 
fissionable nuclides! have revealed large variations 
in both relative and total delayed-neutron yields 
among the various fissionable nuclides. In order to 
explain individual group yield values—these being the 
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TABLE I. Predicted delayed-neutron precursors 


Group 


Delayed-neutron 
index J 


period (U%5) Predicted precursor nuclides*® 


| 54.5 sec Br*? 

2 21.8 J'37, (Br®*, Se*) 

3 6.0 18) Br®, Be®, (Cs!) 

4 22 1 Br, Kr, Xe, (Xeb2) 
5 Q 50 [#0 Kr®, Br®, (‘git 
6 O18 tee 


ppears to be the 
minor contributors 


The nuclide which 
ted first; possible 


*® All predictions are tentative 
‘most probable’ main precursor is li 
are enclosed in parentheses 


product of relative group yield and total absolute 
yield 
nuclides which are responsible for a given delayed 
neutron the 
probable precursors, a comprehensive survey has been 


one must hypothesize particular precursor 


group. in an attempt to select most 
made of all possible delayed-neutron contributors 

more than 100 nuclides under the light and heavy 
peaks of the fission mass distribution curve, No presele« 
tion was made on the basis of nuclide mass or charge, 
odd-even characteristics, etc. Individual precursor 
yields for the six fissionable nuclides have been cal 
culated from the appropriate mass- and charge-distribu 
tions, including shell effects.’ Comparison of precursor 
yields thus calculated with measured delayed-neutron 
yields for the various nuclides then gives neutron-to-8 
branching ratios which may be related to theoretical 
branching ratios.*-° This treatment provides criteria 
for selecting the most probable precursors associated 
with a given delayed-neutron group. The predictions 
resulting from preliminary calculations are summarized 
in Table I 


theoretical ?, values are expected to narrow further 


Refined calculations, now in progress, of 


the choice of possible precursors for each delayed 
neutron group 

Br’ and I'* in ‘Table I are, of course, the well-known 
55-sec and 22-sec delayed neutron precursors chemically 
identified by Sugarman.®? The third-group precursor 
has previously been attributed to an isotope of bromine 
with mass number in the range 89 91,° although present 
calculations would indicate ['* as the most probable 
third-group main precursor. Certain other nuclides 
previously proposed as delayed-neutron emitters (e.g., 
Sb! proposed for the fourth group, and Sb!’ or As*® 


‘are not supported by the 


proposed for the fifth group? 
selection are 


Table I. No satisfactory prediction is available, as yet, 


criteria and therefore excluded from 


for the sixth delayed-neutron group. Reported yield 
Be lah 


fission’? provide a basis for rejecting the hypothesis* 


measurements on Be’ and formation in | 


that the sixth group follows Li’ 


B-decay, the Li’ being formed as a light fragment in 


delayed neutron 


ternary fission. Similarly, the possibility of short-period 
neutron contributions from photoneutron production 
(via high-energy fission gammas from the irradiated 
sample) may be ruled out on the basis of simple yield 
The  sixth-group thus 


considerations, precursor 1s 
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expected to be found among the products of binary 
fission. At this time, the only sixth-group possibility 
appears to be an isotope of bromine (A~93), or an 
isotope of selenium or arsenic with mass A~90. 


* This Letter summarizes briefly the predictions given in a 
review paper on delayed neutrons, presented at the Washington 
meeting of the American Physical Society, April 1957. A more 
detailed account of this work is in preparation 

1G. R. Keepin, Bull. Am. Phys. Soc. Ser. II, 2, 194 (1957); 
based on work of Keepin, Wimett, and Zeigler, Phys. Rev. 
(to be published). The six nuclides are U™, U#, U%*, Py, 
Pu™, and Th™, 

*L. KE. Glendenin and E. P. Steinberg, Proceedings of the Inter 
national Conference on the Peaceful Uses of Atomic Energy, Geneva, 
1955 (United Nations, New York, 1956), Paper No. 614 (8B) 

* Calculations of neutron-to-8 branching ratios (also called 
“delayed-neutron emission probability,” P,) have previously 
heen carried out and the results compared with experimental 
branching ratios for U™* fission (see references 4 and 5), 

* A.C, Pappas, Massachusetts Institute of Technology Labora 
tory for Nuclear Science Report No. 63, 1953 (unpublished). 

*G. R. Keepin, in Progress in Nuclear Energy Series 1, Physics 
and Mathematics (Pergamon Press, London, 1956), Vol. 1, p. 191. 

*N. Sugarman, J. Chem. Phys. 15, 544 (1947), 

™N, Sugarman, J. Chem. Phys. 17, 11 (1949). 

*P. J. Bendt and F, R. Scott, Phys. Rev. 97, 744 (1955). 


Longitudinal Polarization of Bremsstrahlung 
and Pair Production at Relativistic 
Energies* 

Kirk W. McVovy, Brookhaven National Laboratory, 
Upton, New Vork 

AND 


Dyson,t Columbia University, New York, New York 
Received April 16, 1957 


hkEEMAN | 


YINCE the discovery of longitudinal polarization in 
J p decay,' it has become important to calculate the 
cross sections for bremsstrahlung and pair production 
with specified longitudinal polarization for the incident 
and outgoing particles. We have found a simple argu 
which determines sections when 
the energies of all the particles concerned are highly 
relativistic. 

In the case of bremsstrahlung, we consider an 
electron of energy o radiating a photon of energy & and 
going out with energy E= £y—k. In the case of pair 
production, we consider a photon of energy & producing 
a positron and an electron with energies F,, E 
Let the ¢ axis be along the direction of the photon in 
both cases. In the bremsstrahlung process, we take 
the component of momentum transverse to the z axis 
to be given by the vector (u,v,0) for the incident 
electron and by (s,t,0) for the outgoing electron. In 
the pair production, we take the transverse momenta 
to be (—u, —», 0) for the positron and (s,/,0) for the 
electron. In the relativistic range the differential cross 


ment these cross 


sections are 


M |? (1) 


do KN" 


C(dk/ RE \dudod sdt(q") 
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for bremsstrahlung, and 


da,=C(dE,/k®)dudvdsdt(q*)*| M |? (2) 


for pair production. Here C is a constant, g is the 
momentum transferred to the nucleus, and M is the 
element of a particular Dirac matrix between the 
electron or positron spin-states. It is simple to calculate 
M by using the explicit form of the spinors for longi- 
tudinally polarized particles.? In this way the compli- 
cated apparatus of projection operators and spin-sums 
is completely avoided. 

For calculating cross sections between states of purely 
longitudinal polarization, only the absolute values of M 
are required. Since we are also interested in transverse 
polarizations, we have taken some trouble to calculate 
the phase of each M according to a consistent set of 
definitions. We define any particle to be “forward” 
or “backward” according as its spin and its velocity 
constitute a right-handed or left-handed screw. (Thus 
a forward photon is left circularly polarized according 
to the old optical convention.) The Dirac spinors for 
forward and backward electrons and positrons have 
their phases fixed by the convention that the numer- 
ically largest component is in each case real and 
positive. 

The transverse momenta (u,v,s,t) are of the order of 
magnitude of m when the energies are highly relativistic. 
Keeping terms only of the leading order in (m/Eo) and 
(m/k), we find for the bremsstrahlung matrix elements 

M rre= EA rs M ppp= oA ; (3) 
Meer mkB, M wre mkB, (4) 
M vbr FA, M pee EA”, (5) 
Mrps=90, Mourr=0. (6) 


Here the three suffixes (/ = forward and B= backward) 
refer to the spin-states of the incident electron, the 
photon, and the outgoing electron, reading from left 
to right. The pair production matrix elements are 


Meee . mkB, M BBB mkB, 
Mrvs=E,A, Manr=E,A*, 
Mvur =—KE A, M wee -~E_A ’. 


Mrsan=0, Murr=9, (10) 


with the three suffixes referring respectively to the 
photon, the positron, and the electron. The quantities 
A and B are given in both cases by 


(11) 
(12) 


A= (ut iv) (m+? +-0")"!— (s+1t) (m?+9+F) 4, 


B= (mi? +10? +07) — (m?+8+Py, 


sufficient accuracy in the relativistic 


we have 


To a range, 


g=F+(u-—s)?+(v- 0)’, (13) 


where Y is a constant determined by the size of the atom 





i i, i 


in case screening is important. If there is no screening, 
then O= (m*k/2E,E) for bremsstrahlung and O= (mk 
2E,E_) for pair produc tion, 

Now consider the problem of integrating do, given by 
Eq. (1) over the angular variables u, 2, s, and ¢. For 
purely dimensional reasons the result of the integration 
can be a function only of (Q/m) multiplied by £y’, 
k*, or E according as M is given by Eqs. (3)-(5). 
But from the Bethe-Heitler formula,® the cross section 
summed over final spin-states is 


(2k? + 2K + k*) (dk/3kE PR), (14) 


where R is a function of (O/m) which is given the name 
of “radiation length.” From this it necessarily follows 
that the angular integrals of Eq. (1) must have the 
values ({R"', }R-', §R') for the three separate final 
spin combinations. We have also checked these values 
by a direct integration. We therefore conclude that the 
integrated for with 
assigned polarizations are given by 


cross sections bremsstrahlung 


(dover, doven, dovur, dovnp 
[2K,?, k?, 2B, O\(dk/3kE?R), (15) 
where the suffixes refer respectively to the incident 
electron (energy Ey), the photon (energy k), and the 
outgoing electron (energy £). 
A precisely similar argument applied to the pair- 
production process gives the integrated cross sections 


[dorrr, dovrn, dover, dornp ] 


[h’, 2E,*, 26 *, O)(dE,/3k'R), (16) 


where the suffixes refer to the polarization of photon, 
positron, and electron, respectively. 

These cross sections are of interest for two reasons. 
First, they show more clearly than the unpolarized 
cross sections the symmetry between bremsstrahlung 
and pair production, and they explain the origin of the 
unsymmetrical factors (2/o?+2k°+k*) and (k*+2E,? 
+2 *) which appear in the unpolarized cross sections. 
Second, they clearly indicate the possibility of a 
large-scale persistence of longitudinal polarization in 
an electromagnetic cascade originated by a single 
polarized electron of high energy.’ The latter effect 
will be the subject of a separate communication. 

* Work done under the auspices of the U. S. Atomic Energy 
Commission 

t On leave of absence from the Institute for Advanced Study, 
Princeton, New Jersey. 

'T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956); 
Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and De Pasquali, Phys. Rev. 106, 386 (1957); Goldhaber, 
Grodzins, and Sunyar, Phys. Rev. 106, 826 (1957) 

* Kirk W. McVoy, Phys. Rev. 106, 828 (1957) 

7 W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, New York, 1954), third edition, p. 248, Eq. (21). In the 
case of complete screening the cross section is given by Heitler’s 
Eq. (26), and the extra (2/9) in this formula makes a slight 
change in the coefficients (2, 2, 1) in our Eq. (14). We have 
neglected the (2/9) term 

‘This possibility was suggested by M 
communication) 


Goldhaber (private 
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Further Experiments on § Decay of 


Polarized Nuclei* 


Kk. AMBLER, R. W. Haywarp, D. D. Hoprges, anp R. P. Hupson, 


National Bureau of Standards, Washington, D.C 
AND 
C.S. Wu, Columbia University, New York, New York 
(Received April 29, 1957) 


N a previous communication! we reported that we 

observed a large asymmetry in the angular distribu- 
tion of electrons from polarized Co nuclei. It was 
concluded that unequivocal proof was thereby estab 
lished of the nonconservation of parity as well as of 
noninvariance under charge conjugation in beta decay. 
It was also pointed out that according to Lee, Oehme, 
and Yang,’ invariance under time reversal could also 
be investigated by studying the momentum dependence 
of the asymmetry parameter f. Since then we have made 
further measurements and checks. In particular we 
have carried out similar experiments’ with Co®* and 
observed an asymmetry in the positron emission with 
a coefficient opposite in sign and roughly one third of 
that from Co®. Through more detailed measurements 
on Co we have obtained the general behavior of the 
momentum dependence of 8. The linear dependence of 
68 on v/c in the range from 0.4 to 0.75 is good, 

In order to put upper limits on possible spurious 
effects in our experimental method, we have performed 
a similar experiment with Bi’ incorporated in the 
crystal. Since the bismuth ion in cerium magnesium 
nitrate is diamagnetic, there can be no. significant 
nuclear polarization set up and therefore no beta 
asymmetry should be expected. In fact no effect was 
observed to an accuracy of better than 5%, 

Although no changes were made in the apparatus, 
a simpler and more effective method was found for 
preparing samples; a_ high-specific-activity cobalt 
nitrate solution was spread on the surface of a crystal 
so that a small part of it was dissolved. When this was 
allowed to dry, the solution again crystallized with 
apparently the same crystallographic orientation as 
the parent crystal and also formed a very thin source 


The experiment with Co is very similar to that of 
Co”. 


capture to the first excited state of Fe and then to the 


Co** decays by positron emission or electron 


ground state with the emission of a y ray of energy 
0.805 Mev. The anisotropy of the 0.805-Mev 7 ray was 


used to determine the degree of nuclear polarization. 


The sign of the coefficient @ 18 positive; i.e., more 
positrons are emitted in the same direction as the spin 
of the Co nuclei. The reversal of the sign of the 
coefficient a in the case of the positron emission as 
compared with electron emission can best be understood 
from the two-component theory of the neutrino and 
pure G-T interaction. The negative coefficient found in 
our Co® experiment can be interpreted by supposing 
that electron emission is associated with a left-handed 
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antineutrino.4’ Then in the case of positron decay a 
right-handed neutrino is emitted, and emission in the 
direction of the nuclear spin must be preferred. In the 
case of Co™, however, the spin change of 2*-—»+2? 
indicates that both allowed Fermi and Gamow-Teller 
are The magnitude of the 
asymmetry in a J—+J transition is quite different from 
that ina J-+/J —1 transition. Besides the terms resulting 
from the interference between the parity-conserving 
parity-nonconserving terms in Gamow-Teller 
there are the interference terms 
and Gamow-Teller interactions as 


interactions involved, 


and 
interactions, also 
Fermi 
shown in Eq. (1).° 


between 


(J,) 
a | t dvs el (CC Ca”) 
] 


Zé 
$7 Cacr+CxCr)| Man , 
hcp 


(J / 
téyy ( ) ee (Cr'Cg*+CrC x" 
/ J 4-1 


Zé 
(Ca'Ca*+CaCs’* 
hcp 


Ca’Cy*—Ca 


Cr'Cy* cev")| My x May | 
(1) 


(CsCy*+Cs'Cy") 


+ | Moar 2(CrCa*+Cr'( 


t* 
“weg B 


jy 


y=(1—(Ze*/hc)? }'. 

If the ratio |My Maa 
then the asymmetry coefficient would be positive and 
on account of the 


in Co were negligible, 
only one third as large as that of Co® 
factor 1/(J+1)= 4. However, a small admixture of 
Fermi interaction could result in significant changes 
in the asymmetry observed. The positive or negative 
sign of the asymmetry coefficient may determine the 
relative sign between the scalar and tensor interactions. 
For Co the ratio of |My \?/|Maevx\* has been deter- 
mined to be | by the study of the anisotropy of the 
0.8-Mev y ray from aligned Co nuclei.® If this ratio 
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Fic. 1. Experimental asymmetry coefficient a and the sym 
metry parameter 6 for Co®* asa function of pulse height and v/c. B 
has been deduced assuming that the total contribution to the 
asymmetry comes from the G-T interaction alone. 


is used, and the constants C4, C4’, Cy, and Cy’ are 
assumed to be small in comparison with Cs, Cs’, Cr, 
and Cy’, then the calculated asymmetry according to 
the two-component theory of the neutrino is positive 
and nearly 81% of that of Co for Cs| Mr! /Cr| Mar! 
<0 and nearly 22% of that of Co” for Cs|MFr|/ 
Cr| Mar| >0. Nevertheless, the observed asymmetry is 
positive and only one-third of that of of Co.” Thus 
it becomes extremely important to reinvestigate the 
ratio |My!\*/|Ma-r!|? and also to re-examine the order 
of magnitude of the constants Cy, Cy’, Ca, and C4’. 
It also suggests that a careful study of the asym- 
metry coefficient of neutron decay where the ratio 

My'\?/|Mer'\? can be calculated, will shed much in- 
formation on questions such as the relative signs of 
Sand 7. 

At the lowest temperature our observed gamma- 
anisotropy is 17% which corresponds to a polarization 
of (J,)/J=0.6, The asymmetry coefficient a vs the 
pulse height and v /c are shown in Fig. 1. The asymmetry 


parameter, 
(J,) 1 
B= «/( x ), 
J JI+1 


calculated considering pure G—'T interaction, is labeled 
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Fic. 2. Experimental asymmetry coefficient a and the asym 
metry parameter 6 for Co as a function of pulse height and 0/¢ 


on the right side of Fig. 1. The accuracy of the values 
a is not as good as our results for Co™, 

From both the oriented nuclei! and the r—y—e 
decay experiments,* the conservation of parity, 7, 
and invariance under charge conjugation, C, in these 
interactions are violated. The most important question 
now is whether the weak interactions violate invariance 
under the operation of time reversal, 7. If 7 is con- 
served, then CP is conserved by the Schwinger-Liiders- 
Pauli-theorem. Theoretically one could determine the 
question of time reversal by examining the momentum 
dependence of the asymmetry parameter 8, which is 
proportional to 


1 Zé 
Re CrCr'*- Cala + 1 (C,C+" + Crt 7") 9 
hcp 


where the Z-dependent term automatically vanishes if 
T is conserved. Unfortunately this term for Co™ is 
rather small, the upper limit’ for its contribution to 
8 being only 2X (28/137) XK (1/v3) =0.24. Furthermore 
it must be borne in mind that even with high-Z nuclei, 
the absence of this Z-dependent term cannot be used 
as the criterion for invariance under time reversal, as 
it is quite possible that the coupling constants C4, 
C4’, Cy, and Cy’ are very small. Furthermore it has 
been shown® that in other possible experiments, where 
o-(p.Xp,) ora: ((J,)X p,) are involved, the terms which 
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appear if 7 is not conserved are cross terms containing 
Ca, Ca’, Cy, or Cy’. Thus in these experiments, as 
well as in the momentum or Z dependence when 
o-p,. is measured, the absence of the relevant term 
would not necessarily provide unequivocal proof of 
invariance under time reversal. 

To evaluate the asymmetry the 
observed asymmetry must be corrected for background 
and backscattering effects. These corrections vs energy 
were obtained from supplementary experiments, but 
because of the complexity of the conditions, the accuracy 
of these correction factors is rather poor. We consider 
that the v/c dependence of the parameter 8 for Co™ 
given in Fig. 2 is compatible with the predictions of 
the two-component theory of the neutrino.’ However, 
the presence of the Z-dependent term cannot be 
of the uncertainties in the back 


parameter p, 


determined in view 
scattering and multiple scattering corrections, Because 


of the possibility of Cy and C4’ being small, no conclu 
sion on time reversal can be made from Fig. 2. 

We wish to thank Dr. M. Morita of Columbia 
University for his valuable help in making many 


theoretical calculations. 
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Positron Polarization Demonstrated by 
Annihilation in Magnetized Iron* 


S. S. HANNA AND R. S. PRESTON 
Argonne National Laboratory, Lemont, Illinois 


(Received April 29, 1957) 


HERE are now several experimental confirma- 
tions’ ® of the suggestion made by Lee and 
Yang® that the traditional formulation of the conserva 
tion of parity may not be valid for weak interactions 
The existence of longitudinal polarization of negative 
beta particles from an unpolarized source has been 
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demonstrated by the group at Illinois.’ The purpose 
of the present investigation was to obtain evidence for 
the polarization of positive beta particles with quite 
a different type of experiment. 

As shown in Fig. 1, positrons from a Cu™ source 
impinged on the end of a cylindrical sample 4 mm in 
diameter, and the two-quantum yield was detected with 
two Nal counters placed 180° apart and operated in 
coincidence, Appropriate shielding suppressed radiation 
from positrons annihilating anywhere but in the iron 
sample. The sample was mounted in a magnetic field 
which could be made either parallel or antiparallel to 
the direction of the positrons and hence to the presumed 
polarization 

One counter, at a distance of 290 cm, had an aperture 
of 9X 10° * steradian. The second counter, at a distance 
of 165 cm, was uncollimated and subtended an angle of 
3x10 °* steradian. In order to observe the. angular 
correlation of annihilation radiation, cylindrical lead 
absorbers of successively increasing diameters were 
inserted in front of, and coaxial with, the uncollimated 
counter. A measurement of the angular correlation for 
annihilation in copper, obtained with this technique, 
agreed satisfactorily with the result of Lang et al.’ 

A lead absorber was selected which effectively eclipsed 
the central cone (half-angle equals 8.5 milliradians) 
of the angular distribution for iron, allowing observation 
of the “wings” of the distribution corresponding to 
annihilation in the sample by electrons of high momen- 
tum. The yield so obtained was normalized to the 
total intensity with the absorber removed. With fields 
producing saturation in the iron sample, this normalized 
yield R was consistently higher by (54-1)% with the 
field parallel instead of antiparallel to the direction of 
motion of the positrons, The effect vanished when a 
copper sample was used. The results from one series 
of measurements are shown in Fig. 2. Geometrical 
effects were investigated by reversing the direction of 
the positrons and the results were not significantly 
different. A further check on the experimental arrange- 
ment was obtained by performing the experiment with 
first one half and then the other half of the large 
counter covered with a lead shield. In both cases the 
same effect was obtained. It is seen in Fig. 2 that the 
ratio R is higher for copper than for iron, in agreement 
with reference 7. 

A plausible explanation of the above result may be 
summarized as follows: (1) Positrons emitted from a 
Cu®™ source (spin change 1-90) are partially polarized 
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Fic. 2. Normalized 
coincidence rate R, as 
defined in the text, 
plotted against the mag 
net current. For the (+) 
points the magnetic field 
was parallel to the 
direction of motion of 
positrons. For the (—) 
points the field was 
reversed. The lines are 
supplied merely to aid 
in visualizing the data. 
Fe and Cu signify an 
nihilation in the iron 
sample and copper sam 
ple, respectively 
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parallel to their direction of motion, i.e., opposite to 
the direction observed for negative electrons. (2) At 
the time of their annihilation the positrons still retain 
a substantial amount of this polarization. (3) Annihila- 
tion takes place predominantly in the region midway 
between nuclei where the d electrons mainly responsible 
for ferromagnetism have higher momentum than the 
s electrons. (4) Thus when the field is parallel (electron 
spin antiparallel) to the positron spin, two-quantum 
annihilation is enhanced in the high-momentum region 
of the angular correlation, and when the field is reversed 
it is diminished. 
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Beta-Gamma Circular Polarization 
Correlation Measurements* 
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WING to nonconservation of parity in 6 decay,’ 

y rays following @ transitions are circularly 
polarized. The angular distribution of circularly 
polarized y rays emitted under an angle 6 with the 
preceding 6 particles is W(@,+)=1+4A(v/c) cos6 (+ 
for right-hand, for left-hand circular polarization) .* 
We consider § transitions with spin change 0 or 1 
between levels with spin j, and j, followed by a mixed 
dipole-quadrupole y radiation (mixing ratio 6) between 


' 
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Fic. 1. Experimental arrangement for measuring 6 — 7 
circular polarization correlations. 


levels with spins 7 and jy. A is then given by the 
following formula, derived from the work by Alder, 
Stech, and Winther? who also give a table of the 
coefficients F,: 


(— FOF (1,2, )7,9) 4 met) 


K 1+6 


I i ( 1,1,7%,7) + xk y( 1,0, 43,9) 
x( ), 
1+" 


Cs\ SB /Cr Sf Ba for allowed transitions, 


in which x 
and 


B 
x {cr fo +Crt [oor | / 
1 
x |e fice +Cr fir +Crt frre | 


for first forbidden transitions.’ 

Circular polarization can be studied experimentally 
by utilizing the polarization dependence of the Compton 
scattering cross section.’ We have designed a polariza- 
tion-analyzer magnet consisting of a hollow Armco 
iron cylinder which can be magnetized with help of a 
coil (Fig. 1). The y rays emitted from a radioactive 
source are scattered at an angle of approximately 
52° on the inside of this cylinder. A lead absorber 
suppresses the direct y rays. Gamma rays are measured 
with a Nal crystal, electrons with an anthracene 
crystal. Light pipes between crystals and photomulti- 
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pliers and magnetic shields eliminate the influence of 
the magnetic field on the detectors. The % differences 
in single 8 and y counting rates with opposite saturated 
magnetizations in the analyzer were negligible: 
(0.02+0.005)% for 8 rays and (0,0054-0.04)% for 
y rays. 

Coincidences between 8 particles and scattered ¥ 
fast-slow coincidence 
In order 


rays were measured with a 
circuit having a resolving time of 0.03 usec. 
to correct for fluctuations in fast-coincidence resolving 
time and discriminator settings, the following precau 
tions were taken. Successive measurements (usually of 
10-min duration) were made with alternate magnet 
field every run about 10 
measurements in either field Care 
taken that corrections for accidental coincidences were 
not larger than ~15°,. The coincidence counting rates 
were divided by the product of the single counting 
rates before further analysis. 

In our geometry, the efficiency Of the analyzer, de 
fined as the percentage difference in counting rate for 
different directions of the (saturated) magnetic field 
rays of energy 


consisted of 
direction 


directions; 
was 


for completely circularly polarized ¥ 
k(myc*) is computed to be® (with an estimated accuracy 


€=2.90R(14-0.13k) /(14+0.36k+- 0.09"). 


Kor ®—y angular correlation this efficiency has to be 
multiplied by the cosine of the average angle between 
B and y radiations (148°). 

Partly as a check to this formula, we have measured 
the bremsstrahlung of 6 particles of Tm!”. According to 
theory’ and experiment,®” these 8 particles are polarized 
in the direction of their According to the 
two-component neutrino theory! the degree of polariza- 
tion is approximately —v/c (~—0.92 for the highest 
McVoy* computed that 
completely polarized electrons of about 900° kev 
would give rise to bremsstrahlung circularly polarized 
to a degree of 85% near the high energy of this brems- 


motion 


energy electrons in Tm!”), 


strahlung spectrum. We found a difference of (2.44-0.4) 
% in the single counting rates near the high-energy 
end of the Compton scattered bremsstrahlung spectrum 
for opposite magnetic field directions. This yields an 
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efficiency of (3.140.4)%, compatible with the value 
e=3.3Y, computed with the formula given above. 
Reversely, the experimental result together with the 
computed efficiency can be considered as a check on 
the v/c law for the polarization of electrons emitted in 
§ decay. 

We have made B—vy coincidence measurements with 
Co”. The difference in coincidence counting rates 
(corrected as described in the foregoing) with opposite 
field directions was (0.924-0.19)%. This value is the 
average of 9 runs with different sources and under 
slightly different conditions. This result, together with 
the fact that in the average v/c=0.69 for the electrons 
selected by the § discriminator, leads to a value 
A 0.404+-0.09, in agreement with the theoretical! ? 
value, —0.33, 

Recently we were informed that Schopper’ had made 
experiments in a very similar arrangement. His result 
for Co® is A 0.414-0.07. 

A measurement of A may be used to obtain data 
about nuclear spins. We have applied this method to 
Au" and Hg™. Au’ is essentially a simple first 
forbidden 960-kev 6 transition to a 2+ 411-kev excited 
state followed by a single £2 y ray to a 0* ground state. 
The Au™*® ground state was first thought to have a 
spin 3," but later measurements indicate a spin 2." 
Hy” has a first-forbidden 210-kev 6 transition to a 3+ 
279-kev excited state followed by a mixed M1—E2 
vy ray (6= 1.45)" to a 4* ground state. The spin of the 
Hy” ground state is unknown. The very low intensity 
of the ground-state transition" is most easily explained 
by assuming a spin §. 

The measurements were made with the arrangement 
described in the preceding letter. For Au 
counting rate difference of (0.714-0.17)% was found, 
value A=+0.52+0.16. This 
result excludes a spin 3 for the Au'’*® ground state, 
which should have yielded A 0.32. Figure 2 gives 
A as a function of the mixing parameter x for a spin 2. 
Our experiment indicates that the spin changes direction 
in roughly 4 of the Au! decays. The sign of x is 
negative. 

The measurements on Hg”* are more difficult, due 
to the lower energy of both 8 and y rays. Preliminary 
measurements yielded a coincidence counting rate 
difference of (0.074-0.24)%, corresponding to a value, 


198 


a coincidence 


corresponding to a 


A= +010+40.30, The precision is not sufficient to 
0.21; 


208 


exclude a spin § for Hg®™*, which would give A 


our result, however, agrees better with a spin $. 

The authors are indebted to Dr. K. Alder, Dr. B. 
Stech, and Dr. A. Winther for helpful discussions and 
W. M. DuMond 


interest in this work. 


to Professor J. for his continual 


* Supported by the U. S. Atomic Energy Commission. 

t On leave of absence from the Institute for Nuclear Physics 
Research, Amsterdam, and the Technical University, Delft 

1T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956); 105, 
1671 (1957). 


THE EDITOR 

2 Alder, Stech, and Winther, (to be published). 

* According to the two-component neutrino theory with 
Ca=Cy=0. In the case of first-forbidden transitions, we assumed 
t=aZ/2R<1 

‘ For example, see H. A. Tolhoek, Revs. Modern Phys. 28, 277 
(1956). 

5 We thank Dr. K. Alder for the computation of this formula. 

® Frauenfelder, Bobone, von Goeler, Lerine, Lewis, Peacock, 
Rossi, and De Pasquali, Phys. Rev. 106, 386 (1957). 

7 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 106, 826 (1957). 

*K. W. McVoy, Phys. Rev. 106, 828 (1957). 

* H. Schopper, Phil. Mag. (to be published). 

 F}liott, Preston, and Wolfson, Can. J. Phys. 32, 153 (1954). 

4 Elliott, Preston, and Wolfson, Can. J. Phys. 33, 607 (1955). 

" Christensen, Hamilton, Lemonick, Pipkin, Reynolds, and 
Stroke, Phys. Rev. 101, 1389 (1956). 

' Nijgh, Wapstra, Ornstein, Grobben, Huizenga, and Almen, 
Nuclear Phys. (to be published) 

4 N. Marty, Compt. rend. 240, 291 (1955). 


Possible Existence of a Heavy 
' Neutral Meson* 


Yorcutro NAMBU 
The Enrico Fermi Institute for Nuclear Studies, 
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(Received April 25, 1957) 


N an attempt to account for the charge distributions 

of the proton and the neutron as indicated by the 
electron scattering experiments,' we would like to 
consider the possibility that there may be a heavy 
neutral meson which can contribute to the form factor 
of the nucleon. We assume that this meson, p°, is a 
vector field with isotopic spin zero and a mass two to 
three times that of the ordinary pion, coupled strongly 
to the nucleon field. An isolated p® would decay through 
virtual nucleon pair formation according to the follow- 
ing schemes: 


(a) p—r'+y, 2e+y7, attart+y; 
eT +e_, 


ont +3 


(b) p’- et+e; 


(c) p” 


The process (a) would have a decay probability roughly 
of the order of Pa~(pe?/h) (G*/he) (e?/hce) (u/M)*, where 
G is the nuclear coupling constant, » and M the p’ 
and the nucleon masses, respectively. For the process 
(b), the probability would be Py~ (ue?/h) (G?/he) (e/he)* 
x (u/M)*. The process (c) is a forbidden transition, so 
that it can take place only in violation of the isotopic 
spin conservation, with a decay rate comparable to 
that for (b). 

Now the process (b) gives rise to a short-range 
interaction between a nucleon and an electron (or a 
muon) by exchange of a p’. This will contribute a form 
factor F’(k*)~Gg/(w2+k) to the electron-nucleon 
scattering, where g is the effective p’-electron coupling, 
ev ho~(G* he) (e/he)*(p/M)*. Since p® is an isotopic 
scalar, F’ has the same sign for both proton and 
neutron, whereas the corresponding form factor F 
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due to the pion cloud should change sign. Relativistic 
field theory shows on general grounds that F(*) has 


the form 
* p(m) 
F(R’) f —dm, 
2m, m+ k? 


where the lower limit of integration corresponds to 
the threshold for pion pair creation by an external 
electromagnetic field. With our assumptions about p’, 
it is thus possible that the two form factors F and F’ 
cancel approximately for the neutron but reinforce for 
the proton, in agreement with observation. If we equate 
tentatively the mean square radius of the proton with 
the one due to p°: 
Gg/p~e*(a’)/d, 
we get 
(G*/he) (g°/ho)~[(e/he) /b P~10-*, 


which checks with the previous estimate since G*/he 
would be of the order one. The decay lives become, 
very approximately, 

10 sec, 


17__1()-'5 sec, 


T™ 10 m 
Ty~T~10 


We can pursue further consequences of our assump- 
tion. 


(1) p® could be produced by any strong nuclear 
reactions, but it would instantly decay mostly into a 
high-energy y(2140 Mev) and a p’. The ratio of 
charged to neutral components in high-energy reactions 
should accordingly be influenced. 

(2) The second maximum of the 
scattering around 1 Bev? could be attributed to the 


pion-nucleon 


reaction 
wr +p-n- p’, 


if a resonance should occur for such a system. 

(3) p® would contribute a repulsive nuclear force of 
Wigner type and short range (<0.710~" cm), more 
or less similar to the phenomenological hard core. 

(4) The anomalous moment of the nucleon* should 
be affected by p®. The main effect seems to be that p° 
and the usual pion give opposite contributions to the 
isotopic scalar part of the core moment, thus tending 
to bring better agreement between theory and 
experiment, 

(5) If it is energetically possible, we ought to expect 
that K mesons and hyperons would sometimes decay 
by emitting a p’. 


It should perhaps be added that the neutral meson 
considered here is similar in nature to the one introduced 
by Teller for quite different purposes.‘ 
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5 established 


ECENTLY, 


the nonconservation of parity in 8 decay, w decay, 


various experiments! 


and yw decay. The purpose of this note is to emphasize 
that, in view of these developments, experiments on 
hyperon production and decay in (w+ p) collisions of 
the type done by various groups using bubble chambers,‘ 
seem now to be especially important’for a clarification 
of the following related questions: (i) whether parity 
conservation is violated in hyperon decays" and (ii) 
whether parity doublets exist.® 

A detailed analysis concerning the possible detection 
of parity doublets exists in the literature.® In the 
following we shall make a phenomenological study of 
the problem of possible detection of parity nonconserva 
tion in hyperon decay under the assumption that there 
exist no parity doublets for either A mesons or 
hyperons.’ 

To make the analysis unambiguous and to draw 
conclusions that are relatively definite, it is necessary 
that one knows something about the polarization of the 
hyperons produced, It seems that a good plan is to 
study hyperon production and decay near threshold. 

Production and decay of X, Yor example, let us con 


sider the production of 2~ from (4 + p) collisions: 


wr +p-2 


It is perhaps worthwhile to try to do the experiments 
at laboratory kinetic energies of the pion of, say, 955 
Mev and 1 Bev, corresponding to center-of-mass total] 


3 


rh” (1) 
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kinetic energies of the 2~+-K* system of 30 Mev and 
(0 Mev. At these energies one hopes that only s and 
p waves are produced in the 2 +A‘ system. 

It is then easy to see that the differential production 
cross section per unit solid angle dQ (in the center-of 
mass system of production) of the 
by 


produced is given 


1 (0) a+b cosé'\*+ \¢ * sin’6, (2) 


where a can be chosen as real and 6 and ¢ are complex 
numbers. We use the following notations: 


momentum of the incoming mr, 


Pin 


pxy= momentum of the © produced, 
6=angle between pj, and py. 


In (3) both p;, and py are measured in the center-of 
mass system of production. The polarization of the 2 
produced at the angle 6 is always in the direction of 


Pin py and has the magnitude 


P(6) (0) 12 sind Im! c*(a+-b cosd) |, (4) 


where /’?(0) is defined to be the average spin of the 2 
in units of 4h. In Eq. (4) the assumptions have been 
made that the spin of X is 4 and that the spin of K* is 0. 

If parity is not conserved in the decay of Y~, the 
polarization ?(@) can be measured by using the decay 
process of 2 


be (5) 


oanTT , 
as an analyzer. Let R be the projection of the momen 
tum of the decay pion in the direction of pi, X py. 
The distribution function for R at an angle 6 of produc 

tion is given by 


W (OE )dQdé = 1(O)d2QX* §{ 1 4+-ap (OE lak, 


where 


fe= R 


& (maximum value of R)J=R/(100 Mev/c). 


In terms of the coefficients a, 6, and c, defined in Eq. 


(2), W(6,é) can be written as 
| a+b cosé\?+ \c\* sin’ \dQX 4dé 
+-@ sind Im| c* (a+b cosd) \dQ* td€. 


W (0,¢ )dQdé 


(7) 


‘The existence of a nonvanishing @ would constitute 
an unambiguous proof of parity nonconservation in 
Y decay. In such a case the final state of (m+) in 
process (5) would be a mixture of s; and py states with 
amplitudes, say, A and B respectively. The asymmetry 
parameter a is related to these amplitudes by 


a=2 Re(A*B)/() 4 /?+)B.*). (8) 
If time reversal leaves invariant the decay process of 


y, then* 


2;A|X\B 


cos(6,,—4,), 


1 |?+- |B}? 
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where 6, and 64, are, respectively, the phase shifts of 
(n+) scattering in the p, and s, states at about 117 
Mev in their center-of-mass system. If the decay 
interaction is invariant under charge conjugation, then® 
2\|A|X|B 
sin(6,—6,). 


A |?+|B)? 


(10) 


The following remarks are useful concerning the 
measurements Gf a and p(6). 


1. The polarization P(@) may sometimes be very 
small. E.g., if (1) gives 


1(0)= (14 cos@)?, or 1(0)=(1—cos@)?, (11) 


then ?(0)=0 identically. 

2. At production energies near the threshold, the 
variations of the quantities a, 6, and c, introduced in 
Eq. (2), with respect to py 


are given by 


a= do(py)', 
b= by( py)! exp(ixy), 


C= Co(py) } exp(1x-), 


where dy, bo, co, x», and x, are all real constants in- 
dependent of py. Thus by selecting two or three energy 
values near threshold, it is possible to determine do, 
by, co, and x» from the angular and energy dependence 
of /(@) alone. 

If the energy dependence of the cross section should 
be not representable by (12), one would have an 
indication that resonance effects might be important 
in the m +p system near the threshold for 2 
production, 

3. If x»#0, then by comparing the coefficients of 
the sind and sin@é cosé-terms in W(6,é), 
cal also be determined. 

4. From the values of these five real constants, do, 
by, Co, x», and x,, the asymmetry parameter a can then 
be deduced from W (0,£) (Eq. (7) }. 

5. 


the phase x, 


© 


a| > |sin(6,—6,)|, 


(10) both invariance under charge 
conjugation and conservation of parity do not hold in 


then from Eq. 


the decay of 2~. 

Since the phase shifts in the J 
the conclusion is essentially that any appreciable 
asymmetry with respect to the sign of & in W(@,&) is 
an indication that conservation of parity and invariance 
under charge conjugation do not hold in the decay of 2 

Production and decays of other hyperons. The foregoing 
analysis can also be applied to the productions and 
decays of other hyperons. We consider, for definiteness, 


} states are all small, 


the following processes concerning A°: 


r+ pon+ K®, (13) 
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and 

A’ p+r (14) 

All the previous formulas for /(@), p(@), W(@,&), 

and a [i.e., Eqs. (2), (4), (6), (7), and (8) | ‘remain 

unchanged. The only difference is that in Eq, (8) 

the amplitudes A and B of s- and p-wave final states 

in the decay process of A° are now each a mixture of 

two isotopic spin states. These amplitudes can be 

written as 

A (4)'As+(4)*Ay, e 

ne ee (15) 

B= (3)'By+ (4)'B 


; 
? 


where ;, B, are, respectively, the s- and p-wave 
amplitudes for final states with the total isotopic spin 
value =}, and Ay, By, the corresponding amplitudes 
for states with /= 3. In place of Eqs. (9) and (10) we 
have now the following conditions for invariance under 
time reversal and charge conjugation : 

If the decay process is invariant under time reversal, 
then we can choose® 


On the other hand, if the decay process is invariant 
under charge conjugation operation, then these ampli 
tudes are® 


A,je™!, 


t 1, e's 


+i| By) ett, 
t i By e's - 


The phase shifts 6 are the usual pion-nucleon scattering 
phase shifts at 37-Mev total kinetic energy: 


6,= phase shift for s waves, /=}, J=}, 


2): 


ay 


6,;= phase shift for s waves, /= 3, . 


6,,= phase shift for p waves, /=/2, J=y/2. 


All these phase shifts are small at 37-Mev total kinetic 
energy. Therefore asymmetry in 
W(6,£) with respect to the sign of & is an indication 
that 
charge conjugation do not hold in the decay of A°. 


any appreciable 


conservation of parity and invariance under 


A measurement of the branching ratio in the decay 


pros esses 
(18) 


pT 


\° n+ rr’, (19) 


and a measurement of the distribution function W (6,£) 
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for process (19) would lead to additional information 
concerning the amplitudes A,, By, Ay, and By. 
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Cs ILDSTEIN and Talmi' have pointed out that 
it is sometimes possible to determine the excita 


tion energies of the states of a 7" configuration by 
making use of the experimentally measured splittings 
of the 7? configuration together with the tabulated 
coefhcients of fractional parentage.? We have used this 
technique to make spin assignments for the excited 
with (f7/2)” 


shell) neutrons. The purpose of this note is to stimulate 


states of nuclei protons and 28 (closed 
interest in obtaining experimental verification of these 
predictions. 

As our starting point we take the excitation energies 
for the configuration ( fy/s) 


ments’ on Fe™ 


‘as given by (p,p’) measure 
Making use of these, one finds it a simple 
matter to compute the energy splittings for (fz/.) 4 

We also 
)* should be the 
This conclusion follows from 


which, of course, should be the same as ([;,.)* 
predict that the lowest states of (/; 
same as those of (f7/2) 
the Supposition that the lowest states should be those 


4 


of lowest seniority. Consequently, the (f72)* states of 


seniority two, J = 2, 4, 6, correspond to the recoupling 
of only two of the protons, the identical physical 


(frjo)*. A our 


predictions together with the known experimental 


situation occurring in summary « of 
information is contained in the table 
It should be noted that the predictions for (fy/2) 

are extremely sensitive to the values assumed for the 
two-particle energies. If, for example, one averages the 
(fz/2) Buechner and the 
(fr/2)' values obtained by Huiskamp ef al.,‘ one obtains 
for (f; ‘the energies 0.32 (5/2 
0.89 (3/2), 


excitation energies trom 


Mev (above ground), 
bid (9/2), 1:75- (11/2), and 3.12 (15/2) 
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Tasie I, Excitation energies of protons in the fy, shell. The 
calculated energies are based upon the levels from Buechner and 
Sperduto,* assuming spin assignments 4* and 6* for the second 
and fourth excited states in Fe“, Spin assignments, where known, 
are given in parentheses. 


Theoretical 
energy 
(Mev Prive 


Config Predicted Known levels 


uration spin sre whe «4 


(aja) * or 0 0 (Ot) 0 (0) 
2* 1.41 1.58 1.46 (2°) 
4° 2.54 2.40 (4°) 


3.13 (6° 


wVud 


0 (7 
0,32 (5 
0.93 (3 
1.61 
1.84 
2.22 
2.43 
2.65 
15/2 3.11 


See reference 4 
) See reference § 
See reference 4 
‘trom Nuclear Level Scheme 1 40 4 ~92, compiled by Wa King, 
McGinnis, and van Lieshout, Atomic nergy Commission Report 111i) 5400, 
lune, 1955 (1. S. Government Printing Office, Washington, 1). ¢ 1955 
* Dobrowolski and Jeffries, Phys. Rev. 104 (1956 


Jones 147% 


THE EDITOR 
Here the positions of the 5/2 and 3/2 states are in 
excellent agreement with experiment, and the relative 
positions of the 9/2 and 11/2 levels are reversed from 
the predictions made by using only Buechner’s values. 
In Table I we have given, under Ti™, only the levels 
that have been found by Pieper.® If we take the Ti” 
level at 1.58 Mev to be a 2+ level, we can make use of 
the known excitation energies of V" to find that the 
4* and 6* levels should lie, respectively, 2.76 and 3.56 
Mev above ground. Morinaga® has observed coincidence 


gamma rays from Ti* with energies of 1.59 and 1.17 


Mev, which would tend to verify this prediction. 
We are indebted to Dr. John Newton fora stimulating 


discussion. 
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Question of Parity Conservation in Weak Inter- 
actions, T. D. Lek anp C. N. YANG [Phys. Rev. 
104, 254 (1956) |. Equation (A.4) in the Appendix of 


this paper should be amended to read as follows: 


9 


ag=—(|Cs|?— |Cv|?+|Cs"|*— |Cv"|?)| Me. |? 


2+ 1Cr’ |?—[Ca4’|")| Mar 


| Zé’ 
+2 Reii [(CsCy*+Cs'Cy"™)| My 3 
| hcp 


—4(CrCa*+Cr'Ca")| Ma.7,|? (A.4) 


This change does not affect the text of the paper, 
nor does it affect the other parts of the Appendix. 

The authors are indebted to Dr. R. B. Curtis 
and to Dr. M. Morita! for pointing out to them 
the error in the original Eq. (A.4). 


1M. Morita, Progr. Theoret. Phys. Japan 10, 364 (1953). 


Separation of the Cross Section for Scattering of 
Photons by Protons into Spin-Flip and Non-Spin- 
Flip Parts, k. Gomez AND D. WacLrcka [Phys. 
Rev. 104, 1479 (1956) ]. In Appendix 1, both 
amplitudes should start with [(#+ y)/2£ }* instead 
of (E+y)/2K, and a missing exponent 4 should be 
inserted in the second [(H—yp)/(E+ 4) |! of the 
equation for Ay. In Appendix 2, 6 should be replaced 
by 8 in the equation for e. 


Theory of Hyperfine Structure, (CHARLES 
Scuwartz [Phys. Rev. 105, 173 (1957) |. The 
definition of the Dirac quantum number « following 
Eq. (64) should read «= (j—1) (2j7+1). 


Separable Noniocal Potential and Nuclear Satu- 
ration, M. K. SUNDARESAN [ Phys. Rev. 105, 1075 
(1957) }. It has been kindly pointed out by Dr. C, T. 
DeDominicis that a normalization factor 42° is 
missing from the expressions for the potential 
energy. When included, these expressions yield a 
binding energy of the order of 20 Mev per particle. 
The note added in proof is incorrect. 


Lifetimes of «, K,;, and K, Decay Modes, |. I. 
Hoana, M. F. Kapton, AND G. YeKUTIELI [ Phys. 
Rev. 105, 278 (1957) |. In a recent paper on the 


MBER 6 JUNE 


lifetimes of At mesons we have utilized a method 
of lifetime estimation by a comparison of the ratios 
of various types of A* mesons in two emulsion 
Ax. The 


quoted on the lifetimes in the paper are quite 


stacks separated by a distance errors 
grossly underestimated and the error was detected 
at too late a date for correction in final proof. 
The errors quoted in the paper arose from an 
attempt to take into account (incorrectly) the 
condition >°,f(Kyt)=1, f(K,*) is the 
fraction of A* mesons of type 7. The actual results 
with the errors properly taken into account lead 


where 


to the conclusion that from this particular analysis 
of the experimental data no upper limit can be 
placed on the individual lifetimes, but a lower limit 
does exist of about 0.510°* sec for each type of 
At meson. The limit of resolution of this type of 
experiment as concerns the setting of an upper 
limit on the lifetime is characterized by the magni- 
tude of the quantity (Ax/c7y)(mc/P); the larger 
this quantity is for given statistics, the greater the 
finite limit on the 


possibility of setting a upper 


A more exact statement is that 
—(~)] 
cT 9 P 

(Pa Po) min we the 
statistically for this ratio. Since in our experiment 


exp — (Ax/cT))(mce/P) |=0.711, any Pal Po 


<0.711 corresponds to an infinite lifetime; because 


lifetime 


(Pa/ Pr) min> exp 


where by mean lower bound 


ratio 


of statistical fluctuations all of our ratios encompass 
this value and the lack of an upper bound results. 
The statement of the upper limit as infinite is 
is certainly nonphysical. 


only mathematical and 


The observations of decays in flight of A* mesons 
in these emulsions set a physical upper limit of 
5X10°-* second. The conclusions of the paper are 
not appreciably affected by the foregoing comments. 


We wish to thank Mr. A. of Cornell 
University and Mr. S. Taylor of Columbia Univer- 


Connoly 


sity who communicated with us concerning this 


error. 


Transport Equation in Quantum Statistics for 
Spinless Molecules, \. W. SAunz [ Phys. Rev. 105, 
546 (1957) |. On page 546, the comma in the first 
line of the abstract should be suppressed. On 
5 keg. (2.1) contains the following errors: 
; u(qy) 
by u(q,); and the sign in the third Eq. (2.1) 
by =. On the line following (2.1), :q should read q,. 
On page 548, an extra term g™ should be added to 
2.7). On page 552, in the 


page 547, 


“here” should be replaced by “where” 


the right-hand side of 


1371 
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second line after (3.15), +4q'+q.— (p.s/m*) should 
read +4q'+4q.— (p.s/m). On page 557, the symbols 
(x) and ¢ in the second Eq. (A2.3) should read 
M(x) and te’, respectively. 


Electron Self-Energy and Temperature-Depend- 
ent Effective Masses in Semiconductors: n-Type 
Ge and Si, H. 1). Vasiterr [ Phys. Rev. 105, 441 
(1957) |. 


The first commutation relation given by (2.4) 
should read, 


“Cau (a’),ar* (a) +85, 0°51, 0’, 
the + sign occurring for all @’’ instead of 
“Tay (a’),ay* (a) > ol PPT 


the + or — sign occurring according as to whether 
@ is positive or negative.” 
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